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Let (R, m) be a commutative Noetherian ring and Q(R) the total
quotient ring of R. The aim of this paper is to study the
structure of intermediate rings between R and Q(R). Let X be
the set of all equivalent classes [I], where | is an ideal of R such
that | 2 = al for some non zero divisor a € I. Let Y be the set
of all intermediate rings A between R and Q(R) such that A
is finitely generated R-modules. In this paper, we establish a
bijection from X to Y. Some examples are given to clarify the
result. Firstly, we show that if R is a principal ideal domain,
then R is the unique element of Y. Secondly, we give a Buchshaum
ring R which is not Cohen-Macaulay and we construct a
Cohen-Macaulay intermediate ring A € Y. In order to solve the
problem, we apply the method investigated by S. Goto in 1983,
L. T. Nhan and M. Brodmann 2012.
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Cho (R, m) la vanh giao hoan Noether va Q(R) 1a vanh cac thuong
toan phan cua R. Muyc dich cua bai b4o nay la nghién ctu ciu
trdc cua cac vanh trung gian giita R va Q(R). Goi X la tap tat
ca cac lop tuong duong [l], trong do | la ideal cia R sao cho
| 2 = al véi a €1 1a phan tir khong 1a wdc cua khong trong R. Goi
Y l1a tap tat ca cac vanh trung gian A gita R va Q(R) sao cho
A 1a R-médun hiru han sinh. Trong bai b&o nay, ching toi thiét
lap mot song anh tir X dén Y. Mot sé vi du duoc dua ra dé lam
rd két qua. Tha nhat, ching t6i chi ra néu R la mot mién ideal
chinh thi R 1a phan tir duy nhat caa Y. Tht hai, cho mét vanh
Buchsbaum R ma khong la Cohen-Macaulay, ching toi xay dung
mot vanh trung gian Cohen-Macaulay A € Y. Dé giai quyét van
dé, ching t6i 4p dung phuong phap nghién ctu cia S. Goto nim
1983, L. T. Nhan va M. Brodmann 2012.
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1. Introduction

Throughout this paper, let R be a commutative Noetherian ring. Denoted by Q(R) the
total quotient ring of R, i.e. Q(R) = S™!R is the ring of fractions of R with respect to the
multiplicative closed subset S, where S is the set of all non zero divisors of R.

The study of intermediate rings between R and Q(R) which are finitely generated R-module
gives a lot of information on R ([1], [2]). In this paper, we discribe the structure of these
intermediate rings. Let X be the set of all equivalent classes [I], where I is an ideal of R
such that I? = al for some non zero divisor a € I (see Lemma 2.3). Let ) be the set of all
intermediate rings between R and Q(R) which are finitely generated R-modules.

The following theorem is the main result of this paper.

I
Main Theorem. There is a bijection ¢ from X to Y given by p([I]) = —, where a € I is a
a

non zero divisor in R satisfying I*> = al.

We also present some examples to clarify the result. Firstly, we prove that if R is a principal
ideal domain, then R is the unique element of ). Secondly, by using the method of S. Goto
[1] and An-Nhan-Thao [3], we give a Buchsbaum ring R which is not Cohen-Macaulay and we
construct a Cohen-Macaulay intermediate ring A € ).

2. Proof of the main result

For each intermediate ring A between R and Q(R), it is clear that A has a natural structure
as an R-module induced by the natural injection from R to A.

Lemma 2.1. Let I be an ideal of R. Suppose that there exists a € I such that a is not a zero
divisor in R and al = I*. Set

i:{zeQ(RerI}.

I
Then — is an intermidiate ring between R and Q(R) which is a finitely generated R-module.
a

1 1
Proof. In order to prove — is a subring of Q(R), we prove that — is closed under the addtion,
a a

-1 I b I
the multiplication and T € —. Let —, ¢ € —, where b,c € I. Since b+ ¢ € I, we have
a a a a
b ¢ b+c 1T
— - = € -
a a a a

Because al = I?, there exists d € I such that bc = ad. Therefore,
bec bc ad d 1

aa a2 a®> a a

-1 - 1 1
It is clear that I = ~% 2 Hence - isa subring of Q(R). Let x € R. Then
a a a
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I
Thus, — is a intermediate ring between R and Q(R). Since R is a Noetherian ring, [ is finitely

a
generated. Let a1, ao,...,a, € I such that
I= (al, as, ..., an)R.

1 al a a
It is clear that — = (1,2 e, —
a

1
. >R. Therefore, — is a finitely generated R-module. O
a’ a a a

It should be mentioned that, with the assumtion and notation as in Lemma 2.1, if (R, m) is
a Noetherian local ring and a € R\ m then a is a unit. Therefore, I = R. Since a is a unit, we

have B = R. Thus, 1 = R = R.
a a a

From now on, we denote by Z the set of all ideal I of R such that I? = al for some non
1
zero divisor a € I. Below we show that the intermediate ring — defined in Lemma 2.1 does not
a
depend on the choice of the non zero divisor a € I.
Lemma 2.2. Let ideal I € T and a,b € I be non zero divisors such that I?> = al, I?> = bI.
1 1
Then, in the total quotient ring Q(R), the two intermediate rings — and — are the same.
a

b

I
Proof. Let z € —, where & € I. We have I? = al, there exists y € I such that xb = ay. Hence
a a

r b ay y c 1
a ab ab b b
I 1 . .
Therefore, — C 7 By the same arguments, we get the converse inclusion. O
a

Lemma 2.3. Let I,J € Z,a € I,b € J be non zero divisors such that I> = al,J? = bJ. We

define the relation on I as follows: I is related to J if and only if the two intermediate rings

1 J
— and 3 between R and Q(R) are the same. Then this relation is an equivalent relation on Z.
a

Proof. Let I,J, K € T and three elements a € I,b € J,c € K be non zero divisors such that

I? =al,J? =bl,K? = ¢K.

I I 1
It is clear that — = —. So, [ is related to I. Suppose that I is related to J. Then — = % Hence
a a a
1
% = —. Therefore, J is related to I. Suppose that I is related to J, and J is related to K. Then
a
{ = Z and Z = E Therefore, { = E, i.e. I is related to K. ]
a b b c a c

From now on, for each ideal I € Z, we denote by [/] is the equivalent class of I with respect
to the equivalent relation defined in Lemma 2.3. Set X = {[I] | I € Z}. Let Y be the set of all
intermediate rings between R and Q(R) which are finitely generated R-modules. The following
theorem is the main result in this paper.
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I
Theorem 2.4. There is a bijection ¢ from X to ) given by ¢([I]) = —, where a € I is a non
a

zero divisor in R satisfying I? = al.

Proof. 1t follows by Lemma 2.2 that ¢ is a map from X to ). Morever, the map ¢ is an injection
by Lemma 2.3. Now we prove that ¢ is a surjection. Let A € ). Since A is a subring of Q(R)
and A is a finitely generated R-module, we can write

where z; € R and all a; € R are non zero divisors for all i = 1,2,...,n. Put a = ay - - - a5,. Then
a is also a non zero divisor in R. Set

I:{x€R|Z€A}.

1
We prove that I is an ideal of R. Since A is a subring of Q(R), we get 1 € A. Hence & € A.
a
It follows that a € I. Let 2,y € I. Then f, Y ¢ A Since A'is a subring of Q(R), we have

a’ a
x x — x
oY Y € A . Hencex —y € I.Let x € [ and r € R. Then — € A. Note that A is an
a a a a
intermediate ring between R and Q(R), we have r = g € A and hence %f = ea So,
a a
rx € I. Therefore, I is an ideal of R.
We prove I? = al. Since a € I, we have al C I?. Let z,y € I. Then f,g € A. Hence
a’ a
x T, X T
—‘g € A as A is a subring of Q(R). Since A = (1, —2, e n)R, there exist ¢1,...,¢, € R
a a; az Qn
such that .
Ty x;
2 =25
i=1 ¢
Set
n
T
z=a —c
im1 Y
. 2y
Asa=aj...ap, it follows that z € R. Hence, — = — € A. Hence z € I. Hence xy = az € al.
a a

Therefore, I? C al. Thus I? = al.

I
Finally, we prove ¢([I]) = A. We have ¢([I]) = — C A by the definition of I. Suppose that
a
€ € A, where ¢,u € R and u is a non zero divisor. Then there exist d; € R, i = 1,...,n, such
U
that
T

—d;.

1 7

2o
Il

)

Asa=a;...ay,, we can write
n

c T; T

g E il P

U e~ @; a
=1

S
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. c €T c x I
for some x € R. Since — € A, we have — € A. Hence x € I and hence — = — € —. Therefore,
U a U a  a

I I
AC —. Thus, A =—. O
a

a
Now, we give examples to clarify the result.

Example 2.5. Let R be a principal ideal domain (for example R = Z; R = k[z]; or R = k[[z]]
for some field k). Then R is the unique intermediate ring between R and Q(R) which is a
finitely generated module over R.

Proof. Let I be an ideal of R such that I? = al for some non zero divisor a € I. Since every
ideal of R is principal, there exists b € I such that I = Rb. Hence Rb> = Rab. Note that a # 0.
Hence I = Rb # 0 and hence b # 0. As a € I = Rb, we have that a is a multiple of b. Since
Rb? = Rab, we have b?> = uab for some u € R. Since b # 0 and R is a domain, we have b = ua,
it means that b is multiple of a. Hence w is a unit. So

I R
S =" _Ru=R
a a
Thus, the result follows by Theorem 2.4. O

From now on, let (R, m) is a Noetherian local ring. We say that M is a Cohen-Macaulay
module if dimp(M) = depthy(M). Note that Cohen - Macaulay modules play an important
role in many different fields of mathematics. The studying of intermediate rings A between R
and Q(R) such that A is a Cohen-Macaulay ring and A is a finitely generated R-module has
been interested by many mathematicians ([1], [2], [3]). The following example discribes such
an intermediate Cohen- Macaulay ring.

Example 2.6. Let S = kl[x,y, z,t,u,v]] be the formal power series ring of 6 variables over

a field k. Let R = . For f € S, denote by f is the image of f in R. Let

(x,y,2) N (t, u,v)

I
a=x+t, m=(z,y,2z,t,u,v)R, I = |J (aR:g m"). Set A= —. Then
n>0 a

(1) R is local with the mazimal ideal m.
(i) a € I is a mon zero divisor in R and al = I*.

(7i1) A is an intermediate Cohen-Macaulay ring between R and Q(R), and A is a finitely
generated R-module.

Proof. From the exact sequence

0—R— S @ 5 — S — 0
(x? y’ Z)S (t7 U,'U)S (x’y7 Z7t7 u’ U)S
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= 3, dimR 5

S
(x,y, 2z, t,u,v)S"

with notice that dimpg = 3, depthp = 3,depthp

S lw

5
(t,u,v)S
Set

5 5
(:L‘,y,z)S (13, Z)S

3, we have H? (R) =0, H2,(R) =0 and H},(R)

I

I(R) = sgp(l(R/gR) —e(z, R)),

where x runs over all systems of parameters of R. Then we get by [5] that

I(R) = ZQ: (l K 1) I(H! (R)) = 1.

i=0
Therefore, R is Buchsbaum (see [1]). We have AnngrH} (R) = (z,y,2,t,u,v)R = m. Note
that Ass(R) = {(x,y,2)R, (t,u,v)R}. Hence a ¢ (z,y,z)R U (t,u,v)R = NZD(R). Choose
I
I = U (aR :g m®). Then I is an ideal of R and a € I. We have al = I? by [1]. Thus A = =

n>0 a
is an intermediate Cohen-Macaulay ring between R and Q(R) and A is a finitely generated
R-module (see [1]). O

3. Conclusion

In this paper, we prove that there is a bijection from X to ), where X is the set of all
equivalent classes [I] with an ideal I of R such that I? = al for some a € NZD(R) and Y is
the set of all intermediate rings A between R and Q(R) such that A is a finitely generated
R-module. Some examples are presented to make clear the result.
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