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In this paper, we introduce some NP-hard problems and present an
approximation algorithm to find a cluster (subset) of the largest
cardinality and subset of points of a given cardinality. There is a
radically different way of dealing with difficult optimization prob-
lems: solve them approximately by a fast algorithm. This approach is
particularly appealing for applications where a good but not
necessarily optimal solution will suffice. Besides, in real-life
applications, we often have to operate with inaccurate data to begin.
Under such circumstances, going for an approximate solution can be a
particularly sensible choice. Algorithm that is given is a polynomial-
time approximation algorithm. This algorithm finds a feasible solution
to problems when we consider the problem of searching a subset in a
finite set of points of Euclidean space.
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Trong bai b4o nay, ching tdi giodi thiéu mot sb bai toan thuoc 16p NP
— kh6 (NP — Hard) va dé xuit mot thuat toan xap xi tim loi giai cho
bai toan tim tap con I6n nhat, tap con c6 s phan tir xac dinh trudc.
Dbi véi mdi bai toan téi wu t6 hop, hién nay c6 khé nhiéu phuong
phép hitu hiéu véi chi phi kha thap vé thoi gian tinh toan dé tim loi
giai, c6 thé ké dén nhu thuat todn xap xi nhanh. Phuong phap nay da
dugc ng dung rong rai dé giai cac bai todn ma khong yéu cau doi
hoi phai tim dugc nghiém chinh xac, boi ngay tir dir liéu dau vao cua
bai toan ¢ thé da 1a dir liéu xap xi. Vi vay tim duoc thuat toan xap xi
giai bai toan c6 chi phi thoi gian tinh toan thap ma van dam bao do
chinh x&c theo yéu cau Ia muyc tiéu cua bai bao nay can dat duoc. Theo
céch tiép can nay, ching tdi xay dung dugc thut toan co do phic tap
vé thoi gian tinh toan 1a da thirc khi bai toan dwoc xét trong khong gian
Euclide va nghiém tim duoc c6 do chinh xac chap nhan duoc.
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1. Giéi thiéu

Tim 1oi giai cho bai toan thudc 16p bai toan NP - kho 1a chii dé duoc nhiéu tac gia trong va
ngodi nudc quan tdm. Mot bai toan dugc goi la thuoc 16p bai toan NP - kho néu bai toan d6
khong c6 thuat todn thoi gian tinh da thie dé giai n6 (ngoai trir truong hop P=NP), ma chi c6 céc
thuat toan giai trong thoi gian ham mii [1]. Bai toan tim tap con chung Ién nhat Ia bai toan thudc
vao 16p béi toén nay va c6 nhiéu tng dung da dang khac nhau, c6 thé ké dén nhu linh vuc hoc
may [2], [3]. Trong linh vuc hoc may, tién xir ly dir liéu 1a mot budc rat quan trong trong viéc
giai quyet bat ky mot van dé nao. Hau hét céc bo dit liéu duoc sir dung trong cac véan dé lién quan
dén hoc may can dugc xir ly, 1am sach va bién ddi truéc khi mot thuat toan hoc may co thé duoc
huan luyén trén nhirng bo dir liéu nay. D liéu c6 thé khong duoc thu thap truc tiép boi con ngudi
vi cac ly do xoay quanh van dé vé chi phi, co s ha ting, con ngudi. Do d6, dir liéu cd thé bj thiéu
boi mot sai sot ciia may moc, hoic thuc té né khéng ton tai tai mot thoi diém nhit dinh trong khi
thu thap dir liéu. Vi vay viéc tim ra tap dir liéu du 16n tir tap dir liéu thu thap duogc va thoa man
cac tinh chat theo yéu cau thuc tién, dong thoi dam bao mé hinh hoc may khodng bi anh huong la
rat can thiét.

Bai toan tim tap con cd thé phét biéu nhu sau [4]: Trong khong gian Euclide B, cho tap X
gém N phan tir va ham muc tiéu f(U) xac dinh véi moi tap con U S X va ham rang budc g(U). Can
tim tap nghiém téi wu S sao cho:

f(S)=opt{f(U)| Uc X, g(U)}

Hién nay, co nhiéu thut toan tim 1o giai chinh xac cho bai todn trén, nhu thuat toan vét can,
thuat toan nhanh can [5],... Tuy nhién, cac thuat toan tim 10i giai chinh x4c thudng gip phai han ché
vé chi phi thoi gian tinh toan kha cao khi kich thuéc dit lidu dau vao 16n, d6 phirc tap thoi gian tinh
toan thuong la ham mi. Vi vay, bai bao ndy tap trung vao nghién ctru thudt toan xap xi dé tim 1o
gidi voi do chinh xac chap nhdn dugc va do phirc tap vé thoi gian tinh toan la ham da thire.

Dé tim loi giai xdp xi cho bai toan, hién nay, da c6 nhiéu két qua duoc cong bd. Nam 1991,
Aggarwal [6] da dé xuit thuat toan xép Xi giai bai toan trén véi do phuc tap vé thoi gian da thirc
la O(AN®*Y). Tuy nhién, trong truong hop sé chiéu cua khéng gian 16n thi chi phi vé thoi gian
tinh todn kha cao. Khic phuc nhugce diém nay, nim 2012, Kelmanov [7] ¢ng bd thuat todn xap
Xi -2 véi @6 phic tap tinh toan 12 O(dN?), Shenmaier [8] c6ng bé thuat toan dat do chinh xac ¢
cho trudc voi do phuc tap thoi gian tinh toan phu thuge lién tuc vao sai s6 1a

O(dN 2/5+l(9/8)3/5)

Nam 2016, Shenmaier [4] dé xuét thuat toan dua vao luge dd Voronoi béc cao véi do phuec tap
tinh toan da thuc 1a O(dN®*Y).

V& co ban nhiing thuat toan trén déu cho d6 phirc tap tinh toan 1a da thirc nhung chi phi thoi
gian tinh toan 1a kha cao néu sé chidu khong gian 16n. Mot sé thudt toan c6 thoi gian tinh toan
chap nhan duoc nhung d6 chinh xac con han ché [9]. Nham khic phuc 2 vin d& nay, chung toi dé
xuat thuat toan xap xi % véi do phuc tap tinh toan 14 da thirc. Trudce hét ching toi trinh bay mot
s6 bai toan cu thé cho 16p bai toan trén.

2. Mot sb bai toan thudc 1ép NP — kho

Khai niém vé cac 16p bai toan P, NP, NPC, NP — khé [5].

Pinh nghia 1: Bai toan quyér dinh la bai todn ma dau ra chi co thé la “Yes” hodc
“No” (Puing/sai, 0/1, chdp nhan/tir choi).

Pinh nghia 2: Bai toan A duwroc goi la “dan vé dwoc” bai todn B sau thoi gian da thirc néu cé
mét thudt todn da thire dé giai bai toan B thi ciing ¢6 mét thugt todn da thire dé gidi bai toan A.

Pinh nghia 3: P 12 16p cAc bai toan cd thé giai dwoc bang thudt todn don dinh trong thoi gian
da thuc.

Pinh nghia 4: NP 12 16p cac bai todn c6 thé gidgi duwoc bang thudt todn khéng don dinh trong
thoi gian da thuc.
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Pinh nghia 5: Mgt bai toan quyér dinh A diroc goi 1ANP - day di (NPC) néu nhu:
- A la mgt bai toan trong NP.

- Moi bai toan trong NP déu c6 thé quy ddn duwoc vé A.

Pinh nghia 6: Mt bai todn A diroc goi 1a NP - kho (NP-hard) néu nhuwr si ton tai thudt toan
da thire dé gidi n6 kéo theo si ton tai thudt todn da thire dé gidi moi bai toan trong NP.

Ky hiéu:

|IX|| 1a chuan Euclide caa x trong khong gian &

|S| 14 s phan tir thudc S.

2.1. Bai toan tim t@p con c6 sé phan ti cho truwéc

Cho truéc K € R
Bai toan 1A. Tim tap con S€ X sao cho:

£,(S)=>x—c(S)|" — min, ()

XeS
trong do c(S)= iz X 2

K xeS

ISI=K ®)

Bai toan 2A. Tim tap con S€ X sao cho:
) =Y x—c@) + > X[ — min, (4)

xeS xeX\S

ISI=K (5)

2.2. Bai toan tim tdp con c6 sé phan ti# lén nhat
Bai toan 1B. Tim tap con S€ X sao cho:

|S| — max, (6)
6,(5)= Y x—cO) <a} Jx—c(x)[, ™
xeS xeX
trong do
1
c(X)=—>) x, 8)
(X) X ZX:
c(S)=in, 9)
|S xeS
a<(0,1) (10)
Bai toan 2B. Tim tap con S< X sao cho:
|S| > max, (11)
9,(8) =X [x—cS) + X X[
XxeS xeX\S , (12)
<a ) |x=c(X)|

xeX
Trén day 1a cac bai toan dugc dé cap trong phan tich dir liéu tai cc tai liéu [9] va [10]. Két
qué trong [4] da chi ra sy ton tai nghiém cua cac bai toan trén. D& thay cAc bai toan 1B, 2B la
nhitng bai toan ma vé phai caa rang budc khéng phu thudc vao tap nghiém can tim ma 1a nhirng
hang s6 khong am.
Céc bai toan 1B, 2B c6 thé phét biéu nhu sau:
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Bai toan 2.2B: Trong khong gian Euclide &% Cho tap X ={X1, X2, ..., xn}, s thuc duong B, s6
nguyén duong M. Bai toan dat ra I liéu c6 ton tai tap con S sao cho |S|>M va g,(S)<B (I
=1 hodc i=2). ‘

Cac ket qua trong [11] da chi ra rang, bai toan sau day (Bai toan 2.2C) la bai todn NPC va bai
toan Clique thudc I6p NPC ciing quy dan dugc vé Bai toan 2.2C.

Bai toan 2.2C (Bai toan thu¢c 16p NPC): Trong khdng gian Euclide R" Cho tap X ={xq, X2, ...,
Xn}, SO thuc duong C, s6 nguyén duong M. Bai toan dat ra la li¢u co ton tai tap con S sao cho
S|=M va g,(S)<C (i =1 hogc i=2).

Dé théy Bai toan 2.2B va 2.2C 1a tuong duong, vi vay Bai toan 2.2B cling thudc lp NPC, tu
do cho thay cac Bai toan 1B, 2B la nhiing bai toan thudc Iop NP - kho.

3. Thuat toan xap xi ¥

Thuat toan 1A (thuét toan tim 1o giai cho Bai toan 1A)

Input: Tap X ={X1, Xz, ..., xn} Va s06 nguyén duong K.

Output: Tap con S.

1. for (i=1;i<=N;i++){

2. for(j=i;j<=N;j++) {

dist(i, j) =[x —x; |
dist(j,i1) =dist(, j);
Yoo

3. Véi mdi chi sé i, sap xép dist(i, j) theo thiz tir khong giam. Sau khi sap xép ta thu diroc day
Y ={ys Yz b
. T(i)=0;
=1
. S()=2,

. While(j<=K) {

. . 2
T(|)=T(|)+HXi —yjH X
S()=S()vy;;

0. j=i+1
}
}
11. 1=1;
12. for (i=1;i<=N;i++)
13. if(T(@i) <T()) I=i;
14. Return S();
Thuat toan 1B (thuat toan tim loi gidi cho Bai toan 1B)
Input: Tap X ={xu, Xz, ..., xn} vVa s6 thuc «
Output: Tapcon S
2
1.B= a)_|x—c(X)[';

2. for (izx?;(i<=N;i++){

3. for(j=i;j<=N;j++) {
dist(i, j) =[x —x;]
dist(j,i) = dist(i, j);

}

2O 0O NoO UM
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4. Vi mai chi sé i, sap xépdist(i, j) theo thi tir kndng giam. Sau khi sdp xép ta thu dioc day

Y ={ys Yz ..., yn};
5. T=0;
6. j=1;
7. S()=4,

8. While(T+|x, —y;[ <=B && j<=N){

9. T:T+Hxi—y,-H2;
10.  S(i)=S(i)vyj;

11, j=j+1;
}

}

12. 1=1;

13. for (i=1;i<=N;i++)

14. if(IS@)|=|S(D)) 1=i;

15. Return S(1);

Vi tinh chat twong duong ciia Bai toan 1A va Bai toan 1B, nén trong muc niy chung toi chi
danh gia 1 thut toan, & day, chung t6i chon thuat toan 1B dé danh gia. Panh gia do phirc tap
thuat toan 1B, ta lan lugt danh gia thoi gian thyc hién cac 1énh theo thir ty sau:

1. O(dN).

2. O(N).

3. O(dN).

4. Néu sip xép bang thuat toan Heapsort [5] thi d6 phtrc tap 1a O(NlogN).

5,6,7. O(1).

8. Trong truong hop xau nhét 1a O(dN).

9. O(d).

10,11. O(1).

12. O(1).

13. O(N).

14, 15. O(1).

Ap dung céc quy tic cong va nhén, ta hoan toan thu duoc d6 phuc tap cua thuét toan la

O(dN+N(dN+NIlogN+1+dN(d+1))+1+N). Vay d6 phtc tap vé thoi gian tinh toan la
O(N?(logN+d?)).

Néu ta goi OPT(S) 1 nghiém t5i uu cua bai toan, H(S) 1a nghiém xap xi tim duoc theo thuét
toan thi ta co:

(OPT(S)—H(S))/OPT(S)|<1/2

Vi véy thuat toan nay con goi la thuat toan Xap xi Y.
Bai toan 2B c6 thé duoc giai bang thuat toan tuwong tu nhu thuat toan 1B.

4. Mt sb két qua thuc nghiém

Dé minh chimg cho su dung dan, kha thi ctia thuat todn xap xi trong muyc 3. Chiing toi cai dit
thuat toan 1B trén méi truong Matlab 2014 va chay chuong trinh cho mét sb két qua sau:

Két qua thir nghiém 1: Trong khong gian B , cho tap X={(0,20), (1,20), (2,10), (3,200),
(4,200), (5,20), (6,80), (7,1000)}. « =1/8. Néu st dung thuat toan vét can thi ta c6 nghiém ding
la S"={(0,20), (1,20), (2,10), (3,200), (4,200), (5,20), (6,80)}.

Sau khi chay thuat toan 1B cho ta két qua nhu sau:

B=9.8429¢+04; Tap nghiém tim duge la S= {(0,20), (1,20), (2,10), (3,200), (4,200), (5,20),
(6,80)} 1a tap con 16n nhat va c6 tim ¢(S)=(3, 78.5714). Theo thuat toan tdm x4p xi duoc chon la
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(0,20) thi [S|=7. Két qua truc quan thé hién trén Hinh 1.

Approximation subset of the largest cardinality Approximation subset of the largest cardinality
—— e

2l 4000}

800
3000
700

2000
600

1000 -

500 -

400

independent variable v

0

independent variable y

300

-1000
20

-2000
100

-3000

independent variable x independent variable x

Hinh 1. Két qua thir nghiém 1 Hinh 2. Két qua thir nghiém 2

Vé y nghia thyc tién khi quan sat Hinh 1, cho thay diém (7,1000) 14 dit liéu nhidu, khong dang
tin cdy, nén trong qua trinh l1am sach dir li€u thi dit liéu nay co thé duoc loai bo ma khong anh
hudng dén mé hinh.

Két qua thir nghiém 2: Trong khong gian R , cho tap X={(x,y)} gém 30 phéan tir va duoc
phan bd nhu Hinh 2.

Sau khi chay thuat toan véi a =1/30 thi ta ¢c6 B= 2.1060e+06, két qua ta thu dugc nghiém S la
tap con 16n nhat c6 24 phan tir. Hinh 2 cho thiy dit liéu thuéc S mé ta mé hinh ham hdi quy tuyén
tinh, dit liéu thudc mién A, mién B 1a dit liéu nhidu khong thudc vao tap dit liéu dic trung, nén dit
liéu nay hoan toan c6 thé loai bo ma khong anh huong dén mo hinh.

5. Két luan

Trong bai bao nay, ching toi gidi thiéu mot sé bai toan thuoc 16p NP — khé va xay dung duoc
thuat toan xap xi % tim 1i giai cho bai toan tim tap con. Thuat toan xay dung c6 do phuc tap 1a
thoi gian da thac va chi phi tinh toan tét hon cac két qua trudce d6. Thuat toan duoc cai dat trén
mai truong Matlab 2014. Céc két qua thuc nghiém ciia chuong trinh 1 hoan toan phu hop véi ly
thuyét 1am minh ching khing dinh tinh dung dan, kha thi caa thuat toan.
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