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This paper presents a method to calculate the stress-deformed state of
a rectangular plate with variable cross-section according to non-
classical theory. The equation of state of the plate is built on the basis
of the three dimensional elastic theory. Displacements in the direction
perpendicular to the mean plane of the plate are represented as
polynomials which are 2 orders higher than the classical theory of
Kirchhoff-Love. The system of equilibrium equations and the
boundary conditions are obtained using the Lagrange variation
method. Using Levi's method for an isotropic rectangular plate of
variable thickness, a system of differential equations with variable
coefficients is obtained. To solve this problem, the author used the
finite difference method. Based on the calculation results for
rectangular plate whose thickness varies, a comparison of the results
obtained by classical and non-classical theory has been made.
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Bai béo trinh bay phuong phap tinh trang thai tng suat bién dang cua
tam chit nhat c6 tiét dién thay doi theo ly thuyét phi ¢ dién. Phuong
trinh trang théai cia tim duoc xay dung trén co s6 ly thuyét dan hoi 3
chidu. Cac chuyén vi theo huéng vudng géc véi mit phing trung
binh cua tim duoc biéu dién duéi dang da thirc, cao hon 2 bac so Véi
ly thuyét c6 dién cua Kirchhoff-Love. Hé phuong trinh can bang va
cac diéu kién bién thu duoc bang cach sir dung phuwong phap bién
phan Lagrange. St dung phuong phap Levi cho tam chir nhat dang
hudng c6 do day thay doi, thu dugc hé phuong trinh vi phéan véi cac
hé s thay ddi. Dé giai bai toan nay, tac gia da sir dung phuong phap
sai phan hitu han. Dya trén két qua tinh todn cho tim chir nhat c6 do
day thay ddi, da dua ra so sanh két qua thu duoc bang ly thuyét cb
dién va phi cé dién.

DOI: https://doi.org/10.34238/tnu-jst.4521

Email: dghieu57@gmail.com

http://jst.tnu.edu.vn

124 Email: jst@tnu.edu.vn


https://doi.org/10.34238/tnu-jst.4521

TNU Journal of Science and Technology 226(11): 124 - 130

1. Gigi thiéu

Nhitng nim gan déy, viéc nghién ctu trang thai (ng suat bién dang (TTUSBD) cua tam vo tai
16p bién (céc vi tri canh ngam, tai trong tap trung, tai trong cuc bo) dang duoc quan tdm nghién
ctru & nhiéu nudc trén thé gisi. Cac chi tiét dang tim, vo c6 do day thay do6i thuong dugc st dung
rong rai trong cac linh vyc ché tao may nhu 6 t6, hang khong, tau bién... Do d6, nhiém vu nang
cao do chinh xac khi tinh toan TTUSBD cuia tim va vo c¢6 tinh cap thiét cao. Viéc tinh toan
TTUSBD tai cac viing bién cho phép danh gia do bén két cau tai cac vi tri nguy hiém, gitp cho
viéc lya chon vat ligu, phuong an thiét ké san pham duoc tdi wu.

Ly thuyét cé dién dung dé tinh todn TTUSBD cua tam vé di duoc trinh bay trong nhiéu tai
liéu trong va ngoai nudc. Cac phuong phép tinh cho cac hinh dang tdm, vo khac nhau cé thé tim
thay trong tai liéu caa Nga [1]. Tuy nhién, véi sy phét trién caa khoa hoc ngay nay, viéc tinh toén
bang ly thuyét c¢6 dién cho thay nhiéu han ché, do sir dung nhiéu gia thiét, do chinh xac chua cao.
Str dung ly thuyét phi ¢6 dién dé tinh toan TTUSBD cuia tam vo ciing da dwoc nghién ciu tir 1au va
¢6 nhiéu hudng khac nhau nhu cia Goldenveizer, Vasiliev, Lurie [2]... Trong cac cong trinh cua
V.V. Firsanov di xay dung ly thuyét chinh xac hoa dé tinh toan TTUSBD cua tim vo bang phwong
phép bién phan - tiém can [3], [4]. Két qua cac nghién ctru do chi ra rang, tai cac viing gan bién nhu
vi tri ngadm chit, img suét bo sung “I6p bién” ¢6 cling bac S0 v6i (ing suat phap Ion nhat.

Céc huong tiép can khac bang phwong phap phi c¢6 dién cd thé ké dén trong céc tai lidu [5]-
[7]. Ung dung cac phuong phap so nhu sai phan hiru han dé giai cac h¢ phuong trinh phuc tap c6
hé s thay ddi duoc dé cap trong cac tai liéu [8], [9]. Trang thai (ng suat bién cua tam chit nhat
c6 chiéu day thay d6i dudi tac dung cua tai trong cuc bo duoc gigi thiéu trong [10].

Bai bao nay trinh bay phuong phap xdy dung hé phuong trinh can bang ctia tam chir nhat dva
trén co s& phuong phap bién phan Lagrange va phan tich cac chuyén vi theo do day cua tam.
Phuong phap nay khong chi 4p dung cho tim mong ma c6 thé ép dung c6 cac loai tam c6 do day
trung binh. M6 hinh tinh toan dwoc thuc hién cho tim chit nhat déng huéng c6 do day thay doi,
chiu tai trong phan bd. Dya trén két qua tinh toan, da dua ra so sanh két qua thu duoc bang ly
thuyét c6 dién va phi cé dién.

2. Hé phuong trinh cin bang caa tam theo Iy thuyét phi cé dién

Nghién ctru tdm chit nhat c6 d6 day thay dbi, chiu tai trong theo phuong thing dung q(x, y)
trong hé¢ toa do Dé cac Oxyz. Ky higuavab la chiéu dai va chiéu rong, 2h — 1a do day thay doi
cua tim. P9 day cua tAm thay doi theo truc Ox nhu Hinh 1. Céc truc Ox, Oy nam trén mat phang
trung binh cua tim, con truc Oz vudng goc véi mat phing trung binh. Cac canh caa tim x = 0, X

=a,y =0,y =bcothé tu do, tra hoic ngam chit.
-1‘.

: T 7
/

q(x.y) Hllljlll

2ha| O 2a 2he

Hinh 1. Tam chi nhéz cé dé day thay doi
Theo tai liéu [2], sir dung xap xi sau ddi voi truong chuyén vi cia tam:
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72 z
U (X ,2) =y (%, y)+U,(x,y)z +u2(x,y)E+u3(x,y)§,
2 3

U, (X, Y,2)=Vo (X, ¥)+Vy (X Y)Z+V, (X, y)%+v3(x, y)% Q)

ZZ
Us (X, Y,2) =W, (X, y) +W (X, Y) Z+W, (X, y)a.

Phuong trinh hinh hoc theo Iy thuyét dan hoi 3 chiéu c6 dang:
g, =0U,/ox, &,=0U,/dy, y, =0U,/oy+dU,/ox,
Y =0U, Ja2+0U, 0K, 7, =dU,[62+03U,/dy, &, =oU, [z )
Thay (1) vao (2) thu duoc cac biéu thirc bién dang cua tim nhu sau:

3 ou, 7' o, 7 S(ou, ov \z'
&= TS TS 7xy:Z =
i OX 1! iz oy il i\ 0y  OX

i
_ ow, ow, ow, \ 22
Ve _(ul+gj+(u2+EJz+[u3+§ e 3

Ty :(v1 +8W°]+[v2 +6W1jz Jr[v3 +6sz22.
’ , , 6y 9 ay ay 2I
Ung suat cua tam dugc tinh theo cac biéu thuac:
o, =As + Aizgy + Ase,, o, = As + Azzgy +Ase,,
Ty = A447xyv o, =M, + Aszgy +ARE,, Ty = AoV Ty, = A\se?/yza
Trong do, céc hé s A, (=16, j=1,6) la cac hing sé dan hi cia tam.

L&, =W, +W,Z,

(4)

Hé phuong trinh vi phan cin bing cua tim thu duoc trén co s& phuong phap bién phan
Lagrange:

Trong d6, SU la bién phan thé nang bién dang:
ou = J-.U(O_Xé‘gx +0,08, + 0,06, + 1,07, +7,,07,, + 7,07, )dXdde (6)
va O A - bién phan cong cua ngoai lyc:
h2
OoA= _UQ(X, Y)é{wo (X, ¥) +w, (X, y)hS, +w, (X, y)?S2 }dxdy @)

_ Thay céc biéu thic (6), (7) vao (5) két hop vai (1), (3) va (4), thu dwoc h¢ phuong trinh can
biang cua tam theo ly thuyét phi c6 dién:
oN
aNX+_;%:Q
OX oy
N, Ny g
oy ox

anz + aQXy _ po

X oy :
i OM! 4

M, +—2—-H =0,i=123,
OX oy
aM'eraM;y

oy OX
aMiz aMi’Z
—+—
OX oy

(8)

~H!,=0,i=12,3,

-H;=p,
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2

aM fz aM yz
—+—
ox oy

Trong d6 str dung cac noi luc sau:

+h
(qu Ny’ nyvaz!Qyz) = J.(O-x’ayirxy’rxz’ryz)dz’
-h

—H;=p;.

7'-XZ !

+h i

EVIEYL i i A
(MM MM ML) = [(0,0,,7,.7,.7,, Tz

“h .

i-1

+h
i i Ay /A i i g
(HxZ’HyZ’Qz)_J;(sz’ryzlaz)mdzl P, _qh [t

Céc diéu kién bién twong ng tai canh x =0, x=a cua tAim nhu sau:
NX :Nx \Y UO =U_0, ny Zny \Y4 VO :V_O’ QXZ Zaxz \Y WO ZV\_/,
M! =My v U =0, ML =My v v, =V, i=123, )
M. =Me v w=w, i=12;
Tai canh y=0, y=Db:
N, _ny v U, _uo, N, _Ny vV V=V, Q,=Q, v Wy =W,
M =My v u =0, Mi =M}y v v,=v, i=123, (10)
M =My v w=w, i=12;

Trong do ky hiéu gach trén dau la cac ngoai luc tac d@ng Ién canh cua tam. ’

Dé thay cac dieu kién bién (9), (10) thé hién duoc tat ca cac truong hop bién cua tam nhu tu
do, tya va ngam chat, sé lwong diéu kién bién ciing tuong ung véi bac cua hé phuong trinh can
bang (8). Do d6, hé (8) 1a hé kin va c6 thé giai dwoc bang phuong phap sd. i )

Giai hé phuong trinh (8) vdi cac diéu kién bién (9), (10), thu duoc cac chuyén vi cua tam.
Cac ng suat xdc dinh bang cac bicu thic (3), (4), con tng suat cat theo tai lieu [3], [4] thu duoc
bang céch tich phan hé phuong trinh can bang ly thuyét dan hoi:

=_J'( jdz Tyz=—.|'(ai+%jdz o, j.h(%+a;; ]dz.

3. H¢ phwong trinh vi phan thuian nhit cho bai toan bién

Khao sat tim chit nhat dang huéng, d6 day h(x) , trong 46 —h<z<h, toa d6 z = 0 twong ung
vGi mat phang trung binh cua tam. Bé day h(x) nho so véi céc kich thudc khac cua tim nhu chiéu
dai, chiéu rong. Tiép theo, gia sir tim chit nhat trén Hinh 1 c6 bién tya tai cac canh y=0, y=b,
khi d6 tai trong va chuyén vi cua tim duoc biéu dién dudi dang chudi lwong giac.

ZQ Sm l//m ZUIm Sm l//my)
o o (112)
ZV,m cos(y,y ZWJm sin(y,y),1=0,3, j=0,2,
Trong do, v, = m;z/b. Thay (11) vao hé¢ phuong trinh can bang (8) va diéu kién bién (9),
(10), thu dugc hé phuong trinh vi phan thuan nhat ddi véi cac ham chuyén vi U, V.., W,,
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i=0,3 j=0,2, m=123,... va cac didu kién bién tuong Gng. Hé phuong trinh can bing cua
tam chir nhat sau khi bién doi c6 dang nhu sau:
d

3 2 S
Z Kluso n Klusll d - I//ZKIUSZZ Usm (X) - ZV/K;MZ _Vsm (X) +
dx s=0 x

s=0

om im

wi d W, d w d
R Wor () + K™ Wy (X) + KW (%) =0, 121,234,

d : 2

3
ZWKiUSH&Usm(X) Z[KVSO+KVS11§2 l//ZKiVSZZjVsm(X)_

s=0 s=0
+K W, (X) + KW, (X) + KW, (X) =0, 1=5,6,7,8, (12)

3 2
ZKUHEUW(X)—ZI/IK\IQVW(X)+ K\.NOO KWOll d -
s=0 ! dX s=0 ! ! d

2
l//ZK}NOZZ)Wom(X)J’_(K}I\ﬂ.O + K}Nlll(??_l/IZK}NlZZJWlm (X)+

2
e om (X)=K¥Q,, j=9,10,11,

O day cac hé sb K véi ky hiéu trén va dudi 1a cac tham sé thay dbi, phu thudc vao do day tam
va céac hang sé dan hoi cia tim. Trong khudn kho bai bao khong dua ra cac biéu thuc hé s6 K vi
sy phuc tap va cong kénh cua ching. DA véi tim chix nhat co do day khong doi, thi cac he s K
la hang s0, h¢ phuong trinh vi phén c6 thé giai bang phép bién doi Laplace. Tuy nhién, trong truong
hop tim c6 do day thay doi, cac hé s6 K 1a ham sb thay d6i, do do ta st dung phuong phép sai phan
hitu han dé giai he phu(mg trinh vi phan (12), Uu dlem cua phuong phép sai phan hitu han trong
truong hop nay |2 tai cac vi tri gan bién, c6 thé ting s6 lugng céc dlem chia, gitp cho do chinh xac

dat dugc cao hon. Chuong trinh tinh toan dwoc 1ap trinh bang phan mém Maple.

[KWZO + KW211 d l//ZK}NZZZJW

4. Tinh toan trang thai &ng suit ciia tim dwéi anh hwéng tai trong phan b

Khao sat tm c6 do day thay ddi, chiu anh huéng cua tai trong phan b q(x,y)= Q,sin(zy),
trong 46 Q, = const. Cac thanh phan chuyén vi va tng sut cua tim xac dinh theo s6 hang thir nhat
ctia chudi (11). Céc canh x=0, x =acua tim dwoc ngam chat. Kich thudc chiéu dai, chiéu rong
ciatam & a=b=1(m), h, =0,005 () , h, =0,05(x), do day tim x4c dinh theo cdng thuc:

h(x)=h, —tg(a)-x

Trong d6, tg ()= (h, —h,)/a, 2 —géc nghiéng cua tim (Hinh 1).

Hé sb Poisson 2 =0,3, mddun dan hdi E =2-10"Pa. Két qua tinh wng suét cua tim theo ly
thuyét phi co dién duoc the hign trén do thi Hinh 2-5. Trén cac hinh nay, ky hiéu “PCD” twong
ung vai ly thuyet phi ¢6 dién va “CD” twong ang Voi ly thuyét co dién.

Phan tich cac két qua thu dugc, nhan thay ngoal vung bién, cac gia tri ung suét thu duoc theo
ly thuyét co dién va phi c¢b dién hau nhu trung v6i nhau (Hinh 2). Diéu nay khang dinh dwoc do
chinh xéac ciia phuong phap phi c6 dién. Sai khac giira cac két qua ngoai vung bién Ion nhét la
trén Hinh 3, tng suat o, theo hai ly thuyét chénh léch nhau 10% tai vi tri x = 0,7 m. Khi xac
dinh trang thai ng suat cia tim theo phuong phap phi c6 dién, tng suét tai 16p bién cé sy thay
doi: ung sudt o,, o, tang thém khoang 26,3% tai vi tri bién x = 0 (Hinh 2, 3). Ung suat o,
theo ly thuyét phi c6 dién, tai vang bién c6 cang bac véi ung suit o, (Hinh 4). O day chu v 13,
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ing suat o, theo ly thuyét co dién dwoc bo qua, coi nhu bang 0, con theo ly thuyét phi c6 dién
dat khoang 30% gié tri ung suat o, (Hinh 2, 4). 5 thi biéu dién sy thay doi cua cac ung sut o,

, 0., 0,, T, theo d6 day tam (theo truc Oz) trén canh x = 0 thé hién trén Hinh 5.

y!

100 LF
7
c
0 ; . . , : —L 404
] 04 06 08 1 2
X 20
-100 4 5 — 0 7 . : :
Ganvitribiéenx=10 702 04 06 08 1
e 0 002 004 /1 Ganvit ‘:)" =0
Qo -200 4 e 3 a6 / ‘Gan vitri bienx =
-125 =7 X
o, 2 0 002 0.04
X -60
—= -150
~300 1 Q,
-175 80+
— == -100 .
—PCHh—— CP
Hinh 2. D6 thi o theo chiéu dai Hinh 3. D6 thi o theo chiéu dai
0 : ; : :
02 04 06 08 150
X
-204
-40
o, Gin vi tri bién x=0
Q, -601
-804
-100
—PCHh——CP
Hinh 4. Do thi o, theo chiéu dai Hinh 5. D thi oy, 0y, 04, T,, theo dj day tam

tai canh x = 0 theo phuong phdip PCD

5. Két luan

Trén co s6 tinh toan Iy thuyét va vi du cu thé trinh bay trong cong trinh ny, ¢6 thé rit ra
nhirng ket luan chu yeu sau: ‘ q )

1. Str dung phuong phép bien phan Lagrange va phan tich cac thanh phan chuyen vi cia tam
dudi dang da thirc, cao hon 2 bac so vei Iy thuyet co dien, da xay dung duoc bai toan bién xac
dinh TTUSBD cua tam phfr nhat c6 d6 day thay doi. ) o o

2. Pua ra so sanh két qua tinh todn TTUSBD cua tam theo ly thuyét c6 dién va phi c6 dién.
Tai viing 1an can bién, céc Gng suat phap o,va o, c6 su thay doi, ting thém khoang 26,3% so
vai ly thuyét co dién. Gia tri ang suat phép cat o, c6 cling bac véi cac tng suat phap khac (xap xi
bang 30% g suat phap cuc dai o, ).

3. Dya vao két qua tinh toan, can phai sir dung Iy thuyét phi c6 dién bac cao dé tinh toan
TTUSBD cua tam c0 tiét dién thay doi. Két qua nghién ctru ¢6 y nghia quan trong, vi da danh gia
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chinh x4c hon cac thanh phan ung suat cia cac chi tiét, phan tir két cau khi tinh toén, thiét ké
trong linh vuc co khi - dong luc, ché tao may.

TAI LIEU THAM KHAO/ REFERENCES

[1] S.P. Timoshenko and S. Voinovsky-Krieger, Plates and shells, (in Russian), Moscow, 1966, p. 636.

[2] V. V. Vasiliev and S. A. Lurie, “On the problem of constructing a non-classical theory of plates,” (in
Russian), Izv. AN. MTT, no. 2, pp. 158-167, 1990.

[3] V. V. Firsanov and T. N. Doan, “Investigation of the statics and free vibrations of cylindrical shells on
the basis of a nonclassical theory,” Composites: Mechanics, Computations, Applications: An
International Journal, Begell House, INC, vol. 6, no. 2, pp. 135-166, 2015.

[4] V. V. Firsanov, “The stressed state of the “boundary layer” type cylindrical shells investigated
according to a nonclassical theory,” Journal of machinery, manufacture and reliabitity, vol. 47, no. 3,
pp. 241-248, 2018.

[5] E. M. Zveryaev, “Constructive theory of thin elastic shells,” (in Russian), M.V. Keldysh, no. 33, p. 25,
2016, doi: 10.20948/prepr-2016-33. [Online]. Available:
http://library.keldysh.ru/preprint.asp?id=2016-33. [Accessed Apr. 10, 2021

[6] A. Dicarlo, P. P. Guidugli, and W. O. Williams, “Shells with thickness distension,” Int. J. Solid and
Structures, vol. 38, no. 6-7, pp. 1201-1225, 2001.

[7] G. Jaiani, “Differential hierarchical models for elastic prismatic shells with microtemperatures,” ZAMM
Journal of Applied Mathematics and Mechanics, vol. 95, no. 1, pp. 77-90, 2015.

[8] Roknuzzaman Md, Hossain Md, Haque Md, Rashedul, Ahmed Dr, “Analysis of Rectangular Plate with
Opening by Finite Difference Method,” American Journal of Civil Engineering and Architecture, vol.
3, pp- 165-173, 2015, doi: 10.12691/ajcea-3-5-3.

[9] P. Katarina, H. Marko, and B. Zlatko, “Finite difference solution of plate bending using Wolfram
Mathematica,” Tehnicki glasnik, vol. 13, pp. 241-247, 2019, doi: 10.31803/tg-20190328111708.

[10] Q. H. Doan and V. V. Firsanov, “Edge stress state of a rectangular plate with variable thickness based
on a refined theory,” (in Russian), MAI Proceedings, Moscow, no. 110, 2020. doi: 10.34759/trd-2020-
110-10.

http://jst.tnu.edu.vn 130 Email: jst@tnu.edu.vn


http://library.keldysh.ru/preprint.asp?id=2016-33

