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1. Introduction

Let C and Q be nonempty closed and convex subsets of real Hilbert spaces H; and H», respectively. Let
T : HA — H, be a bounded linear operator and let T* : H, — H, be the adjoint of T. The split feasibility
problem (SFP) is formulated as follows:

find an element x* € S =CNT~(Q). €))

Problem (1) first introduced by Censor and Elfving [1] for modeling inverse problems plays an important
role in many disciplines, such as, medical image reconstruction and signal processing. Recently, (1) has been
attracted by many mathematicians (see for example, [2] - [4] and references there in).

Problem (1) also consists of so called the convex constrained linear inverse problem as a special case, which
is formulated as finding an element x* € H; such that

xX*eCand Tx"* =beQ.

In case C is a closed convex subset of a Hilbert space H, hence C is the set of null points of the maximal
monotone operator A, which is defined by A = dic, where ic is the indicator function of C and dic is the
subdifferential operator of ic. So, (1.1) can be deduced from the split common null point problem (SCNPP),
which consists of finding a point x* € H; such that

0 €A (x*) and 0 € Ay (Tx*), )

where A; : H; — 2 j = 1,2 are maximal monotone operators.

Let Hy, H, be real Hilbert spaces, A : H] — 201 and B : H, — 2™ be maximal monotone operators on Hj,
H, respectively. Let S : H] — H; be a nonexpansive mapping and 7 : H; — H» be a bounded linear operator.
The split common null point problem and a fixed point problem are defined by: find x” € H; such as

xteQ:=A""o\T"(B~'0)("Fix(S). 3)

Now consider the variational inequality problem in Hilbert space. The theory of variational inequality
problem (in short VIP) was first considered by Stampacchia [5] in the early 1960s. Since then, it has played
the important rule in optimization and nonlinear analysis. To be practice, let C be a nonempty, closed and
convex subset of the Hilbert space H, and F' : H — H be a mapping. Then the VIP is defined as follow:

Find x* € C such that (F(x*),x—x*) >0 VxeC. 4)

The (VIP) defined for C and F can be denoted by VIP(C,F). The applications of the above problems,
(SFP)-(SCNP)-(NPF)-(VIP), have been studied and mentioned in many publications, to name a few see [5] -
[8].

In 2020, Tuyen et al. [4] proved the strong convergence of their hybrid method for solving the split common
null point problem and the fixed point problem of a nonexpansive mapping. The medthod is based on the
Halpern method [9] and the viscocity one which have been used for fixed point problems and variational
inequalities (see [4, 8] and references therein). In this paper, based on the method introduced in [4], we present
two iterative schemes to solve (2)-(4) for finding a common solution of the split common null point problem
and the variational inequality in Hilbert spaces.

The remaining part of this paper is organized as follows: the next section are some notations, definitions
and lemmas that will be used for the validity and convergence of the algorithm. The third section is devoted to
the proof of our strong convergence result. In Section 4, a numerical example is also discussed to illustrate the
convergence of the proposed methods.

2. Preliminaries

Let H be a real Hilbert space. In what follows, we write x* — x to indicate that the sequence {x*}
converges strongly to x while x* — x to indicate that the sequence {x*} converges weakly to x.

Definition 2.1. A mapping F' : C — C is said to be L-Lipschitz continuous if there exists a positive constant
L such that
1F () = F)I <Ll =yl ¥x,yeC.

If 0 < L <1, F is said to be contraction mapping. If L = 1, F is said to be nonexpansive mapping.
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Definition 2.2. Let S : C — C be a nonexpansive mapping. A point x € C is said to be a fixed point of F if
F(x)=x.
Throughout this paper, we denote the set of all fixed points of F by Fix(S), i.e. Fix(S) = {x € C | S(x) = x}.

Definition 2.3. Let C be a set in the Hilbert space H. For each x € H, Pc(x) is an element in C such that:
= Pe()]| < [x -y Wyec.
The mapping Pc : H — C is called the metric projection from H onto C.

The metric projection Pc is a nonexpansive mapping.
For an operator A : H — 2", we define its domain, range, and graph as follows:

D(A)={x€H:A(x) #0}
R(A)=U{Az:z€ D(A)}

and G(A) = {(x,y) € H x H : x € D(A),y € A(x)}, respectively. The inverse A~" of A is defined by x € A~! (y)
if and only if y € A(x). The operator A is said to be monotone if, for each x,y € D(A),{(u —v,x—y) >0
for all u € A(x) and v € A(y). We denote by I’ the identity operator on H. A monotone operator A is
said to be maximal monotone if there is no proper monotone extension of A or R (I +1A) = H for all
A > 0. If A is monotone, then we can define, for each A > 0, a nonexpansive single-valued mapping
J34 R (I" +AA) — D(A) by
J= (1" 4 24) "

which is called the resolvent of A. A monotone operator A is said to satisfy the range condition if D(A) C
R (I" 4 AA) for all 2 > 0, where D(A) denotes the closure of the domain of A. For a monotone operator A,

which satisfies the range condition, we have A~ (0) = Fix (J4) for all 2 > 0. If A is a maximal monotone
operator, then A satisfies the range condition.

The following lemmas will be needed in what follows for the proof of the main results in this paper.

Lemma 2.1. [4] Let A: D(A) C H — 2" be a monotone operator. Then, we have the following statements:

(i) forr>s >0, we have
et <2 x5

forallx € R(I" +rA) NR (1" +5A);
(ii) for all r > 0 and for all x,y € R (IH + rA), we have

<x—y,]fx—J;4y> > HJ;AX—J;‘

(iii) for all r > 0 and for all x,y € R (IH —|—rA), we have
(" =) x= (1" =) yx—y) = || (17 =) x— (1" =)y

(iv) if Q = A~1(0) # 0, then, for all x* € Q and for all x € R(]H—i—rA),
2% — x| |* < [l — [ = [ — x|

Lemma 2.2. [6] Let A: D(A) C H — 2" be a monotone operator. Then, for 11 > 0, and x € D(A), we have

Hx=Jh (%x—k (1- %) 7).

Lemma 2.3. [7] Let {s,,} be a sequence of nonnegative numbers, {0y, } be a sequence in (0,1) and {c,} be a
sequence of real numbers satisfying the conditions:

(i) spt1 < (1 - an)sn =+ Qpcp,

(ii) Yoo Oy = oo, limsup,_,,c, < 0.

Then lim,,_,e s, = 0.

Lemma 2.4. [10] Let {x,} ,{y} be bounded sequences in a Hilbert space H and {B,,} be a sequence in (0,1)
with 0 < liminfy, e B, < limsup,_... Bx <

Let x,q1 = (1= By) yn + Buxn for all n > 0 and limsup,,_,, (||[ynt1 — Yall — [|*n+1 —xn||) <
Then limy,_,e ||x, — y4|| = 0.
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3. Main Results

Theorem 3.1. Let H, and H» be two real Hilbert spaces. Let A : Hy — 21 and B : Hy — 22 be two maximal
monotone operators on Hy and Hy, respectively. Let T : Hy — H, be a bounded linear operator from Hy onto
H,. Suppose that Q =A~'oNnT~! (B’IO) % 0. If the conditions(C1)-(C4) as follows are satisfied,

(C1) min{inf,{y}}, inf,{y2}} =r >0,
limy—e Y2 — 1| = 0;

(C2) 0 < liminf,_, B, <limsup,_... B, < 1;

(C3) Y | oty = o0 and limy_e 04y = 0;

2 .
(C4) 8 € (0, 77p);

then for any u,xo € Hy, the sequence {x,} generated by

Yn :J;‘Z\xna
Zn :J%(Tyn)u (5)
In :yn+6T*(Zn_TYn)7
Xnt1 = BuXn + (1= Bu) [@aut + (1 — 04)t,], n >0,
where {3}, {¥2} . {Bn}. and {0y}, converges strongly to x* = Pgl uas — oo,
Proof. Let p € Q, from p € A0 and Lemma 2.1 (iv), we have
||)’n_P||2§ ||xn_P||2_||xn_J%4xn||2' (6)
Since Tp € B~10, B is a maximal monotone operator, then Tp = JfB(T p), using Lemma 2.1 (iv), we get
20 =TI < 1 Tyn = TpI* = Ty — Ty (Tya) . (7)
Based on Lemma 2.1 (iii), we have the following evaluations
e = pI* = llyn = pI* + 8T (20 = Tya) || +28 (yu — p, T* (20— Tyn))
= [lyn=pIP+ 81T (20 = Ty) > +28(T (v — p) 20 — Tyn)
= |yn = pI? + 8T (2 — Tyn)|I* =28 (Tyn = Tp, =T s (Tyn) + Ty +Tp—J (T p))
<lyn—pI> =8 =8ITI*)lIzn — Tyul®
< =PI = llxn = Jpxal|* = (2= 8| T[1) 1z — Tyl . ®)
Let d, = auu+ (1 — ay)t,. From (8), we have
lldn = pll < ol — pll+ (1 = o) [t = pl| < Ol — pl| 4+ (1 — o) [[xn — p|- ©)

Hence, from (9) we can deduce that

%041 = Pll < Ballxn = pll+ (1= Bu)lldn — P
< Ballxn = pll + (1= Ba)[ldn — Pl
< 1 =04 (1= Bo)]llxn — pll + 0t (1 = Bu) [|u— p|
< max{|lx, —pll, u—pll} <...<
< max {||xo — pl|, lu—pl[}

Therefor, sequence {x,} is bounded. We also deduce from (6)-(8) that sequences {y,},{z,} va {z,} are
bounded.
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Now, we are showing that lim,,_« ||X,4+1 — X, || = 0. In deed, from Lemma 2.2, we have

" 7
il — vl = (T4 xugr — T4 (”*‘ a (1=t A n)‘
lyn+1 = all H Pt T A 7 X+ ( 7 ) A%
Y1 — |
< [[Xn41 = | "’%”xn _J%\an
n

< X1 — Xl +K1|an+1 _7/n4|a

SUPn{Hxn*J;‘AXnH}
n

where K| = - < oo, Similarly, we also have
HZnH _ZnH < Tyny1— Tyl +K2|Yf+1 - V;ﬂv
. Supn{llTerfB(Tyn)H}
with K, = — < oo. From Lemma 2.1 (iii), we get

w1 = tall® = Iyng1 = yall* + ST [(zns1 — Tyns1) = (za — Tya)]|I?
+ 26<Yn+1 —Yn, T*[(ZVH‘I —Tyni1) — (20— Tyn)D

< lynst = Yall >+ ST 1P zas1 — Tynr1) — (20— Tyn)|?
+ 26<Tyn+1 —Typ, (Zn+1 - T.Vn+1) - (Zn - T)’n)>

< lynst = yall> =82 =8I T I @nt1 = Tyns1) = (za = Tya) |-
It follows from d,, = o u+ (1 — a, ), that

Hdn+l _dn” < |an+l - anw“” + H(l - an+l)tn+l - (1 - an)tn”
< 01— [[ull + [ 01 — {11 ||+ (1= Q) [[tn41 — |
S ||tn+l _th +K3|an+l - an|7

where K3 = ||u|| + sup, {||#x]| } < eo. From (10)-(12) va (13), we obtain
dns1 = dnll < X1 — xall + K| W1 — Y|+ K| Ot — 0t
Then, from the conditions (C1) and (C3), we have
Tim sup([d 1 —dol| ~ 11 —3])) < 0.
So, it follows from Lemma 2.4 that
Jim 15, | = 0.
Hence, we have ||x,+1 — du|| = Bul|xs — du|| — 0, which together with (14) yields that

r}grolo”xnﬂ —Xn|| =0

(10)

an

(12

13)

(14)

5)

Next, we prove that the set of weak cluster points of the sequence {x,} is contained in Q. Indeed, we denote
o (x,) the set of weak cluster points of the sequence {x,} and suppose that x* is an arbitrarily in @ (x,). Then
there is a subsequence {x,, } of {x,} such that x,, — x*. From the convexity of the function ||.||? on H; and

(8), we deduce that

n1 = pI? < Balbin = pII? + (1= Bu) | tute + (1 = o)t — |
< Bullxa = pII> + (1= Ba) ol — p| + (1 — &) 12 — p1?]
< Jlw = P> + el = pl|* — |l = Jpxal|* = 82 = 8| T[1) [}z — Tyl .

Thus, we gain

P = T x>+ 82 = ST 1) 2w = Tyull* < (v = pII* = [[xns1 = PII*) + 0l = p|?

< (In = pll = w1t = PID 11— Xl + 0t [l —

Pl
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It follows from ||x,,+1 — x,|| — O and the conditions (C3)-(C4) that
lim [, —J%x, || = lim [z, — Ty,||* = 0.
n—yoo n n—yoo
So, we have
. A T B . T . _
nlglelc [l _J},’fl\xn” = ,,lgrolo ||Jy,§(TYn) Tyn|| = nlgrolo |t —yall = 0. (16)

From Lemma 2.1 (i), we get lim, e ||x, — JAx,|| = lim,seo |[JB(Ty,) — Tyn|| = O.
Since x,, — x*, valim, e || X, — ya|| = 0, one has y, — x*. Because T is a bounded linear operator, Ty, — Tx*.

By the use of Lemma 2.4, we obtain x* € A~!0, and Tx* € B~10, so x* € A~'0NT~!(B~'0). Consequently,
o(x,) CQ.

Finally, we show x,, — x* = Pg 'u. By putting x™ = Pg 'y, from (7) we get that
(|41 *x+|| = B (xn fx+,x,,+1 *x+> + (1= Bu){eu+ (1 — ay)ty *x+axn+l —x+>

x7x+2+x 7x+2 t7x+2+x 7x+2
SBnH n H H n+1 H +(1*ﬁn)(1*an) ||11 || || n+1 ||

2 2
+ (1= B (u—xt,x,01 —xT)
12 EESTY) 12 ST
B PR 3 S

+ 06 (1= Bo) (= 2" 2y — 1),
Thus,
(14 0 (1= B)] w1 — x> < [1 = (1= Ba)] lw — x| +2(1 = Bu) 0t (e — xT 1 — x7).
The last inequalities imply that
2

P <= o(1 — —x TP+ (1= Bty ————— (1 — X" 2y —xT). 17
[ = x |7 < [1 =06, (1= Ba)] e —x7 (|7 + (1= Bn) "1+(1—ﬁ,,)ozn<u X X1 —X7) a7
Lets, = ||x, —x"||> and ¢, = mw —xt x,41 —xT). Then the inequality (17) can be rewritten in the
following form
Sp+1 < [l_an(l_ﬁn)}sn+an(1_ﬁn)cn- (18)
Now, we will show that limsup,,_,., ¢, < 0. Indeed, suppose that {x,, } is a subsequence of {x,} such that
lim sup (u—x",x, —x*) = lim (u —x",x, —x7).
n—oo k—roo

Since {x,, } is bounded, there exists a subsequence {x"k,} of {x,,} such that Xp, — x*. Without loss of

generality, we write x,, — x*. From ©(x,) C Q so x* € Q. From x* = Pg 'u and (5), it is deduced that
lim sup (u —x",x, —x) = (u—x",x* —xT) <0,
n—o0

which together with (15) and conditions (C2)-(C3), we get limsup,,_,.,c¢, < 0. Since )", &, = o and
condition (C2), we have Y, o, (1 — f3,) = eo. Hence, all conditions of Lemma 2.3 are sastified. Therefore,
we immediately deduce that s,, — 0, that is x, — xT = Pg !, This completes the proof.

In the next method, we use the viscocity approximation one to solve a common null point problem and
a variational inequality.

Theorem 3.2. If the conditions (C1)-(C4) are satisfied, then the sequence {e,} generated by

Uy zlﬁ,‘en,

_ B
Vi —Jyf(Tun), (19)
Wy =up+0T*(vy— Tuy),

ent1 = ﬁnen+ (1 _ﬁn)[anf(en) + (1 - OC,,)W,J, n>0,

where f : Hy — Hj is a contractive mapping from H\ into itself with the contraction coefficient ¢ € (0,1),
converges strongly to x* € Q = A~'0NT 1 (B~'0) which is the unique solution of the variational inequality

(- )" y—2) >0, VxeQ (20)
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Proof. Because Pg ! f is contractive mapping, Banach contraction mapping principle guarantees that Pg ' f has
a unique fixed point x* which is also the unique solution of the variational inequality (20).

From Theorem 3.1, replacing u by f(x*) in (5), we have the sequence {x,} converging strongly to
x = Pg ().

Now we only need to prove that ||e, — x,|| — 0, as n — co. Note that
lenst = Xnr1ll < Ballen —xall + (1 = Ba) [otncllen — [ 4 (1 = @) Wi — 1]
From Lemma 2.1 (iii), we have

[[wn _tn”2 = [Jun _yn||2 + 62||T*[(Vn —Tuyp) — (20 — Ty,,)} Hz +20(un _yan*[(Vn —Tuyp) — (20 — Tyn)]>
< ||un _ynH2 - 6(2_ 6||T||2)H(Vn - T’/‘n) - (Zn - Tyn)||2
< [t — yul*. @1

From the nonexpansiveness of J;*A, we have
n

”un_ynH < ||en_an~ (22)
Thanks to (21)-(22), we obtain

HenH —Xn+1 || < ﬁn”en —x,,|| + (1 _Bn)[ancnen _X*” =+ (1 - Otn)He,, _xn”]
<1 = (1= Bu)lllen —xull + (1 = Bu)e(llen —xull + [|xn — x*([])
= [1 - an(l _Bn)(l _C)]Hen_an +an(1 _ﬁ*’l)c(Hxn_X*H])'

From Lemma 2.3, we get lim,,_« ||€, — X, || = 0. Thus, lim,_,« ||e, — x*|| = 0, we obtain that {e, } generated
by (19) converges strongly to x* = Pg V().

4. Numerical Results

In the following example, for the convergence illustration of iterative methods (5) and (19) studied in
Theorems 3.1 and 3.2, respectively, we present a numerical example which is finding a common solution of a
common null point problem and a variational inequality in Euclidean spaces. We perform the iterative schemes
in MATLAB R2016a running on a laptop with Intel(R) Core(TM) i3-5200U CPU @ 2.20 GHz, RAM 10 GB.

1
Let H; = R? H, = R3. Mapping f : R?> — R?, where f(x) = 3% is a contractive mapping with the

contration coefficient ¢ = % In R?, the maximal monotone operator A is defined as

A(xl,XQ) = (2)61 +2x,2x1 +2)C2)T,

and in H,, the maximal monotone operator B is defined as

0O 0 0 0O

0O 1 1 00
Bx=1 0 -1 1 0 0 |x,

0 0 0 1 1

0 0 0 0 1

where x = (x1,x2,X3,%4,X5) € R3. Let T : R?> — R be a bounded linear operator defined by
T (x1,%2) = (x1 +3x2,2x1,3x1 +4x2,0,x1 +x2)7,

such that Q = A~'0NT~1(B~10) £ 0.

We will use method (5) to solve the null point problem which is finding a x™ € Q such that x™ = Pg 'y for any
u,xo € Hy, knowing that the exact solution of the considered problem is x* = (0,0) € R2. The following table
shows the approximate solutions x, = (x},x2) € R? of the above problem with the corresponding parameters.
Next, we find xT € Q that is also the solution of the variational inequality {(I — f)x*,y —x*) > 0, ¥y € Q.

Using (19), we have the approximate solution shown in following table.
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Iter(n) x! x2 Iter(n) x! x2
1 -2.0000 1.0000 50 -0.052869 0.039805
2 -1.4022  0.79506 100 -0.0066537  0.0049955
3 -1.0927  0.68717 300  -6.6336e-06 -1.2403e-06

10 -0.45866 0.34394 500  -1.7653e-06 -2.4079e-06

Table 1: xo = (—2,1)7,u=(—1/100,—1/100)7,8 =0.05, y =¥ =1,B, = 3,0, = 1

n+
Iter(n) x,ll 41 xﬁ 41 Iter(n) x,ll 41 xﬁ 11
1 -2.0000 1.0000 50 -0.13956 0.10517
2 -1.6519  0.92031 100 -0.020987 0.015816
3 -1.4221  0.87588 300 -1.5558e-05 1.1725e-05

10 -0.80129  0.6003 500  -1.3146e-08 9.9068e-09

Table 2: xo = (_23 I)Taa :0057 ,)414 = %113 = lvﬁi’l = %,(Xn = #

5. Conclusion

We have presented in this paper the two iterative methods based on Halpern method and the viscosity one to
solve a common null point problem and a variational inequality in Hilbert spaces. The strong convergence
of the methods is proven under some certain assumptions and a numerical example for the convergence
illustration of the proposed method is given.
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