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In this paper, diverse power flow methodologies for distribution
power networks are reviewed, including Power Summation Method,
Simplified DistFlow, Modified DistFlow and Linearized Power Flow
for Distribution. Among these four models, the power flow equations
of the last three models are linear. The solutions attained from these
three formulas usually have errors compared to Power Summation
Method that solves non-linear power flow equations iteratively. The
voltage magnitudes and branch power flow using different power
flow expressions are determined on a six-bus distribution system. The
calculated results show that the error of the Modified DistFlow
method is much lower than other models. Additionally, the authors
have verified that mathematical expressions for approaches of
Simplified DistFlow and Linearized Power Flow for Distribution are
identical.
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TU KHOA

Ludi dién phan phdi

Phuong phép cong cong suat (PSM)
Trao luu cong suat don gian hoa
(SD)

Trao luu cong suét cai bién (MD)
Trao luu cong suat tuyén tinh hoa
(LPF-D)

Trong bai bao ndy, cac phuong phép tinh trao luu cong suat ludi dién
phan phdi dugc tém tit va so sanh. Cac phwong phap duoc xem xét
bao gom cong cong suit, trao luu cong suat don gian héa, trao luu
cOng suat cai bién va trao luu cong suat tuyén tinh hoa. Trong do,
phuong phéap cong cong suat c6 dang phi tuyén va cac phuong phap
trao luu cdng suit con lai c6 dang tuyén tinh. Két qua tinh toan su
dung cac mé hinh tuyén tinh c6 sai s6 nhit dinh so véi md hinh phi
tuyén. Cac phuong phap tinh trao luu cong suit ludi phan phéi duoc
&p dung cho ludi dién phan phéi 6 nit dé tinh todn md-dun dién ap
n(t va dong cong suat trén cac nhanh. Cac két qua tinh toan cho thay
m6 hinh trao luu cong suat cai bién co sai s6 nho nhat so véi cac mod
hinh tuyén tinh khac. Ngoai ra, cic tac gia ciing chimg minh duoc
rang cac cong thirc ton hoc cia mé hinh trao luu cong suét don gian
hoa va trao luu cong suat tuyén tinh hda hoan toan giéng nhau.
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1. Introduction

The power flow analysis is a crucial tool in designing, planning and operating power
distribution systems. The increasingly expanded grid-scale and penetrated renewables result in
the urgent need for controlling and optimizing more effectively [1]. However, due to the non-
linear standard power flow (PF) model, iterative techniques such as Newton-Raphson, Power
Summation and Current Summation [2], [3] have been used to find the solution. In addition,
optimization problems integrating the standard power flow model such as network
reconfiguration [4] and economic dispatch [5] become non-convex and challenging to solve.
Researchers have put forward various methodologies to overcome these drawbacks, classifying
them into two groups: linearization of the power flow expressions and convex relaxation of
power flow equations [4]. However, the disadvantages of both these groups are that the solutions
attained are usually different from the global solutions of the initial model.

Among the linearized power flow models, the direct current power flow (DCPF) is the most
widely employed by independent system operators in the electricity industry [6]. Nevertheless,
DCPF is suitable for the power flow analysis of transmission grids to determine phase angle and
active power flow. As a result, developing a linear model applied to distribution grids directly is
imperative.

The widely used linear model in power flow analysis for distribution systems is Simplified
DistFlow (SD) [3], [7], which assumes that power losses of power networks are neglected, and
the voltage magnitudes are approximately equal to 1 to derive voltage equations. The second
linear expression is proposed in [8] and [9], namely Linearized Power Flow for Distribution
(LPF-D). This second model is based on the bus injection approach and does not consider
network losses when deriving the power flow formulas. A novel linear model is recently
suggested in [5] and [10], called Modified DistFlow (MD). This model considers P/U and Q/U as
state variables and does not neglect directly grid loss terms.

This paper aims to compare a variety of linear techniques to compute steady-state power
distribution systems. This research has made significant contributions as follows:

¢ Review recently developed models of linear power flow for distribution systems;

¢ Rigorously present a step-by-step procedure proposed in [5] to calculate power flow using a
six-bus distribution system;

¢ Analytically and numerically confirm that the model described in [8] and [9] is the same as
the Simplified DistFlow form in [3] and [7];

e Compare the errors of voltage magnitudes and branch power flows from three kinds of linear
power flow approaches.

The paper is structured into four sections. Section 2 presents the diverse models of power flow
analysis in distribution power networks, including Distribution Power Flow (DistFlow) based on
Power Summation Method (PSM), Modified DistFlow (MD), Simplified DistFlow (SD) and
Linearized Power Flow for Distribution (LPF-D). Numerical results and discussions using the
six-bus distribution system are given in Section 3, and the conclusions are inferred in Section 4.

2. Methodology
2.1. Distribution Power Flow based on Power Summation Method (PSM)

The Power Summation Method is the Alternating Current Power Flow (ACPF) model. The
algorithm for calculating voltages and branch power flows using the Power Summation Method
consists of 5 steps [2].

Step 1: Set all voltages to 1 p.u. (flat start). Set iteration account r =1.

Step 2: For the set of voltages estimated, compute the net power drawn from each bus:

Si(r):SisP+y; (Ui(r))z i:N,N—l,...,Z (1)
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where S¥ is the complex power absorbed by the demand at bus i; vy, is the shunt admittance

linked to bus i, and N is the total buses of power systems.

Step 3 (Backward sweep):

Sweeping all tree branches in a backward manner (starting from the branch with the biggest
index and heading towards the branch whose index equals 1), compute complex power at
receiving end of branch via (2).

. . , GRY
Si(kr)zsér)Jr z [Sér;)+[LSJI<(T)j z'km] k=N,N-1,..,2 )

meQ ,m=i m

where Q, is the set of all buses connected to bus k and z,  is the series impedance of branch
connected between node k and node m.

Step 4 (Forward sweep):

Sweeping the tree in the opposite direction, update node voltages from the head by
considering the respective branch voltage drops:

ik

(r)
Ui”l) _ U'i(f+1) _ ((Ul(r)))* Zy k=2,3..,N (3)
k
Step 5:

Deploy (4) to compare voltages in iteration (r+1) with the corresponding ones from iteration r.
If the maximum difference in voltage magnitude and angle is less than the specified tolerance, the
calculation process ends. Otherwise, go to Step 2.

max {\u;r) —gry

i=2,3,..,N
2.2. Modified DistFlow (MD) model
2.2.1. A two-bus system

}Se 4)

Consider a two-bus distribution network whose equivalent circuit diagram and vector diagram
of the voltage drop are depicted in figure 1. The notation in this figure consists of:
e P;and Q; are the power flow at the sending bus i;

e P, and Q; are active power and reactive power flow at the receiving end j, respectively;
e U, and U are the voltage magnitude at nodes i and j, respectively;

e o, is the phase angle difference between two adjacent buses i and j;

e R;and X are resistance and reactance of branch ij, respectively.

U,,d, Ris X;; u,s, U, AU,
i J 5 oU, S,
Pij!Qij — Pji’QJi i Uj > Auj
a) b)

Figure 1. Two-bus distribution system
a) Equivalent circuit diagram; b) Phasor diagram of the voltage drop

The respective expressions for calculating the horizontal and vertical direction components of
the voltage drop are described below:
AU. = Rij Pij + XijQij SU. = Xij Pij - RijQij (5)
I U ' I U
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where bus i is considered as the phase angle reference.
The Modified DistFlow method in this paper is developed using assumptions as follows [5].
The first assumption is that the difference between the phase angle at buses i and j can be
neglected. With this assumption, the approximate formula as in (6) can be attained.
sind; = &;; C0sd; zl—%é)‘; (6)

ij?
From Figure 1, the horizontal direction element of the voltage drop can be computed via (7) as follows.

AUiZUi—UjCOSé‘ijzUi—Uj[l—Edjzj; Aujzuicosa‘ij—ujzui(l—lyJ—Uj @)
2 2

i
To deploy the first assumption, an approximate equation is made as below.
AU; =AU, U =U;5;; oU;=Ug (8)
By substituting (5) into (8) and leveraging the first assumption, the real and reactive power at
the sending end is related to that of the receiving end as follows:

R_ P Q_Q

~ —i, —_——— 9
U U, U U, ®)
2.2.2. Voltage expression of the two-bus distribution system
The power flow of branch ij at the sending end can be determined as follows:
R; (U2 -UU, coss; )+ XU U sing;

P. = (10)

I R2 4+ X2

ij ij
- %y (UF-UU;coss;)-RUU sing, "
ij Rz + x2 ( )

ij ij

To be multiplied (10) by R; and (11) by Xjj and by making use of the first assumption results
to the following equation:

i Qi‘
U -U, =R, J+X,J.U—‘ (12)
~ P~ Q 4 P A Q
Let P=-"2;, Q=—; P=—; Q==t 13
ij Ui ij Ui i Ui QI Ui ( )
By employing the Taylor expansion, the following mathematical statement is obtained:
Utx2-U (14)

By combining equations (12)-(14), the voltage equation of the two-bus distribution is written
as follows.

U ;1 -U*= R; lf’ij + Xij(jij (15)
The following expressions can be obtained using W =U ™
P =BW,; Qi ZQiWi; Pij :_Pji; Qij :_jS; Wj -W, = RijPij + XijQij; (16)

2.2.3. The generalized form of Modified DistFlow

The modified DistFlow model described in sections (2.2.1) and (2.2.2) is generalized using of
following equations.

ﬁhi: Z ISij_lﬁi- VieNg; th: Z Qij_Qi7 VieNy (7)
jedy j=h jeOy, j=h

Wj -W, = Rij Pij + XijQijv Vij e Ng (18)

P=PW VieN,; Q=QW, VieN, (19)
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where N, is the set of buses of the power distribution system, N is the set of branches, and Q,

is the set of buses connected directly to bus i.
Moreover, the model (17)-(19) can be described in a matrix form. The bus voltage can be
computed as follows:

Ug =2—(|+TTRNTPN+TTXNTQN)’1(2—UO) (20)

The power flow of each branch can be achieved by applying the following forms:
Py, = —diag(2—Ug) TP, (2-U,) (21)
Qg =—diag(2-U,) ' TQ, (2-Uy) (22)

where:
e T is the path-branch incidence matrix, in which the path of a node is a set of branches
that link this node to the root node;

e Ryand X are the diagonal matrix of R;and X;, respectively;

ij
e PyandQ,are the diagonal matrix of real and reactive power injected to buses,
respectively;

e U, is the column vector in which values of the elements equal voltage magnitude of the
reference bus;

e U, isthe vector of voltage magnitude at receiving ends;

e U, is the vector of voltage magnitude at sending ends;

e Py and Qj, are the respective column vector of branch active and reactive power flow.

2.3. Simplified DistFlow (SD) model

Based on the assumption that the voltage magnitude at buses in power distribution systems is
approximately equal to 1 under normal conditions, mathematical expressions (9) and (15) can be
rewritten as follows [7]:

~ JI’ Qu ~ QJI’ U U le I:)ij + XijQij (23)
Finally, the Simplified DistFIow model can be generally expressed as:
Ri= Z Ri—R., VieNy Q= Z Q;-Qi VieN, (24)
jeQy, jzh jeQy, j=h
U, -U; =R;B; + X;Q;, VijeNg (25)

2.4. Linearized Power Flow for Distribution (LPF-D)

The linearized power flow model in this section is introduced in [8]-[9]. While Modified
DistFlow and Simplified DistFlow models are branch power flow approaches, this section's
linearized model is bus injection.

With the LPF-D model, the real and reactive power injected at bus i are formed as follows.

N X;; F\’
N R; X
Q :jzlzjﬂ_RiJ?‘i‘xiJ? (é‘i_é‘j) R2+X2(U Y ) (27)

2.5. Discussion about the relation between Simplified DistFlow and LPF-D model

With the approach of Linearized Power Flow for Distribution represented in Section 2.4, the
real and reactive power flow of branch ij at bus i can be computed as follows:
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Pp=—"1_(5-5 U, -U, (28)
) R.T'*'X.f( J) R2+X2( )
R. X
Q =————(8 -5, U, -U, (29)
) le + Xj ( J) RZ X ( )

By respectively multiplying equations (28) and (29) by Rij and X;:

2

RjR; = Rz” ;2(5 51)+Rz Xz(U -Y; ) (30)
R. X, ;
X0 =X (5 -6, )+ (U, U @)
e Ril? + Xij? ! R2 X2
From expressions (30) and (31), the following equation is attained:
R;B; + X;Q; =V, -U; (32)

The mathematical statement (32) is entirely the same as the voltage equation (23).
Furthermore, the power flows of branch ij at bus j is expressed below:

X, R

Pjizm(aj—@pm(u u) -P, (33)
R. X

ji:_RiJgzjijg(é‘j_é‘i)'i_W(U U) -Q; (34)

The equations (33) and (34) show that the line losses are ignored when applying the LPF-D
model. These equations are precisely the same as the expression (23). Therefore, the Simplified
DistFlow and LPF-D models are identical.

3. Results and discussion

In this section, the voltage magnitudes and branch power flows using different linear methods
are calculated on a six-bus distribution system depicted in Figure 2. The nominal voltage of this
system equals 10 kV.

The resistance and reactance of all line
branches are identical and equal to 0.33 Q/km

and 0.395 Q/km, respectively. Moreover, the —

voltage magnitude of the power supply point

is set as 1.05 p.u. The complex power of 4km

demand at each bus in this test system is given

as follows (Sep = 1000 kVA): 1

$,=14+j0.7;S,=1.2+ j0.45 | 2kmof 3kn 5 2kn 4 iskm s
I ¥ v ¥ ¥

S,=0.8+j0.5 S, =1+ j0.6; S, =2.5+ j1.2
Figure 2. Six-bus distribution system
3.2. Results from Modified DistFlow (MD) Model
By using the equations demonstrated in Section 2.2, matrixes are built as follows:

14 0 O 0 O 07 0 0 0 0
0O -12 0 0 o0 0 -045 O 0 0

P,=| O 0O -08 0 0 |; Qu=| o0 0 -05 0 0
0 0 0 -1 o0 0 0 0 -06 O
0 0 0 0 -25 0 0 0 0 -1.2
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Respective matrix of Ry and Xn:

[0.0066 0 0 0 0 0.0079 0 0 0 0
0 0.0099 0 0 0 0 0.01185 0 0 0
0 0 0.0066 0 0 | 0 0 0.0079 0 0
0 0 0 0.00495 0 0 0 0 0.005925 0
|0 0 0 0 00132 | © 0 0 0 0.0158 |
Voltage magnitude of buses, active and reactive power flow of line branches at sending end:
U, 0.9714 P, 7.8394 Q. 3.9253
U, 0.9185 P, 3.2033 Q. 1.6596
Ug=|U, [=]|0.8957|; Py =|P, |=[1.8467 |; Qg =|Q, |=]1.1285
U, 0.8862 Py 1.0086 Qus 1.2658
|Ug | [0.9150 | | P | |2.6370] | Q| 26370

3.3. Errors of linear models

In this study, calculated results using the Power Summation Method are performed by
MATPOWER software [11] and are considered as the benchmark. The computed results of
voltage magnitudes, real and reactive power flows from the PSM, and the errors of models,
including MD, SD and LPF-D, are revealed in Figure 3 to Figure 5, respectively.

| ZzaMD_EzmSD ETILPF-D —e=PSM |

10400 -----

L0100 -

0.9800 -

L R

2
=
Error (%)

0.8900 -

Voltage Magnitude (pu)
o
g

0.8300

A
5

0.8000

Bus Number

Figure 3. Results of voltage magnitude

It can be observed from these figures that
the results from MD are closest to that of
PSM. While the maximum voltage error of
MD is 0.43%, the figures for SD and LPF-D
are the same and equal to 2.00%. Similarly,
the largest errors for active power flow and
reactive power flow using MD are 2.13% and
10.35%, respectively. At the same time, the
branch active and reactive power flow errors
of SD and LPF-D are identical and several
times higher than that of MD, at 10.10% and
21.20%, respectively.

| ZmMD EmSD EmLPE-D -e-PSM |

Error (%)

hm o
34 45
Branch Number

Figure 4. Results of active power flow

| ZZAMD mmSD mLPF-D -#-PSM |

4.50
~ 405 -

2

(MVAr

315

eactive Power Flow
£ = = Ry
R =

R
2 o
g &

it iy
12 23 34 45 2.6
Branch Number

Figure 5. Results of reactive power flow
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4, Conclusion

This paper studies various methodologies, including the Alternating Current Power Flow
(ACPF) model like Power Summation Method (PSM) and linear power flow forms, such as
Simplified DistFlow (SD), Modified DistFlow (MD) and Linearized Power Flow for Distribution
(LPF-D), to calculate voltage magnitude, branch active power flow and branch reactive power
flow in steady-state distribution grids. The results reveal that the solution obtained with MD is
more accurate than that of SD and LPF-D and is closer to the solution achieved with PSM. In
addition, the authors have proved that mathematical equations and calculated results of SD and
LPF-D are identical. These findings provide valuable information for the Distribution System
Operator (DSO) to effectively manage, operate and plan distribution systems.
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