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AN ALGORITHM FOR TRAFFIC DENSITY DETERMINATION FOR NON
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In last few decades, it is observed that urban transport faces several
problems due to rapid urbanization and motorization. Therefore, it is
necessary to develop a sustainable transport system. The promotion
of Intelligent Transportation System is one of the measures to
minimize inconvenience of congested roads and raising the level of
service of the roads. Traffic flow broblem plays a pivotal role in
predicting the onset of traffic congestion. This broblem can be
defined as the study of how the vehicles move between origin and
destination, mathematical models have been built which study the
consistent behavior between the traffic streams via relationships such
as flow, density and the mean velocity, traffic flow was represented
using a first order partial differential equation and was based on a
hyperbolic system of conversation laws. In this paper, we consider
one- nonhomogeneous equation Lighthill Witham Richards (LWR)
model combined with the mixed boundary condition and designing
an algorithm to solve this problem.
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Trong nhitng thap ky gan day, nganh giao thong d6 thi cua mdi qudc
gia di va dang phai dbi mat voi nhiéu kho khan trudc sy gia ting
nhanh chdng cua cac phuong tién giao thong duong bo. Vi vay, phat
trién hé théng giao théng bén viing 1a yéu cau cap thiét duoc dat ra,
trong do6 thuc day sw phat trién hé théng giao thong théng minh la
muc tiéu can dat duoc nham giam thiéu sy Un tic va nang cao chat
lwong phuc vu ciia linh vuc giao thong duong bo. Bai toén vé viéc xac
dinh mat do giao théng dong vai tro 1a mot trong nhirng nhan t chinh
dbi vai hé thong giao théng théng minh véi muc tiéu 1a du b4o sur tn
tac cho mdi tuyén duong. Bai toan nay dat ra ydu cau nghién ciu su
dich chuyén cua cac phuong tién trén mot doan duong duge xac dinh
boi diém dau va diém cudi, mé hinh todn hoc cua bai toan md ta ludng
giao théng thong qua méi quan hé gitra luru lwong, mat do va van tc
trung binh cta phuong tién giao thdng. Dya trén dinh luat bao toan
luong, bai toan thyc tién dan vé bai toan d6i véi phuong trinh dao ham
riéng Cap mot dang hyperbolic. Trong bai bao nay, chiing toi xét téi bai
toan ddi véi phuong trinh LWR khéng thuan nhat véi didu kién bién
hén hop va xay dung thuat toan tim nghiém xap xi cho bai toan.
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1. Giéi thigu

Bai toan xac dinh mét do giao thong lan dau tién dugc mo hinh hod bi céc tac gia Lighthill-
Whitham-Richards vao nhirng nam 1955, 1956. Cac két qua trong [1], [2] da mé6 ta md hinh bai
toan nhu sau:

Ky hiéu mat do phuong tién giao théng tai vi tri X trén doan duong va thoi diém t 12 u(x,t),
don vi tinh 12 sé phuong tién trén mot don vi do dai quiang duong; luu lwong xe tai vi tri X, thoi
diém t 1a Q(x,t), duoc xac dinh 1a s lwong xe di qua vi tri X, thoi diém t, co don vi tinh 1a s6
lugng xe trong mot don vi thoi gian.

Bai toan dit ra la tim mat do giao théng trén mot quing duong AX = X, — X,. Ap dung dinh
luat bao toan ludng, ta c6 phuong trinh sau:

%ju(x,t)dx =Q(%. 1)~ Q(x,.1) )
Hay c6 thé viét: 1
f(aug’t) + aQ;:’t)]dx 0 @

X
T (2), ta suy ra:
ou(x,t) N oQ(x,t) 0 @)
ot OX ’
Trong do, Q(x,t) la ham phu thuéc vao mat d6 va van téc phuong tién, tac la
Q(x,t) =Q(u,v(u)). v(u) 1a van téc caa phuong tién va phu thudc vao mat do cia phuong tién
giao thong, Q(u,v(u)) va v(u) la cac ham lién tyc, trong mé hinh Greenshields [3], thi vén tdc

. I R PR . s R u .
1a dai luong phu thudc tuyén tinh vao mat do va duoc xac dinh 1a v(u) =V, (1——]. O day,
umax
u

duong dugc Xét. ) i i

Tai cac diém dau va cuoi doan duong, ham mat d6 thoa man diéu kién bién Dirichlet. Cu thé,
khi xét bai toan ddi phuong trinh (3) trén doan duong cé chiéu dai 1a | =b—a, ta can xac dinh
u(x,t) thoa man (3) voi (x,t) e ={a<x<b; 0<t<T} vathoa man cic diéu kién dau,
diéu kién bién:

V... lan luot 1a gioi han mat do téi da va van tdc toi da cho phép khi luu thong trén quing

max !

u(x,0) =g(x), a<x<b, (4)

u(ait):ga(t); u(b,t)ng(t)0<tsT, (5)

Hién nay da co nhiéu cong trinh nghién cau xay dung mo hinh va tinh toan tim 1oi giai cho

bai toan doi voi phuong trinh (3) ¢ nhicu goc do, gia thiet va tir d6 dua ra nhitng mo hinh toan

hoc khéac nhau va nhirng phuong phap tim nghiém cua bai toan tuy thuéc vao moi moé hinh dugc
thiét lap.

M. O. Gani [4] da sir dung luwoc dd sai phan Lax-Friedrichs dé tim nghiém cua bai toan (3)-

. s At I )
(5), phuong phéap nay hoi tu vaéi dieu kién v, ™ <1, trong d6 AX la budc ludi khdng gian,
X

At budce ludi thoi gian.

Trong trudng hop ham luu lugng dugc mo ta boi ham Moskowitz va thoa man diéu kién
Hamilton-Jacobi [5] thi nghiém cua bai toan ddi véi phuong trinh (3) hoan toan c6 thé tim dugc
nho cdng thuc Lax-Hopf [5].
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Nam 2013, Wen-Long Jin [6] d4 nghién ctru va mé hinh hoa bai toan d6i véi phuong trinh (3) khi
xét trong trudng hop nhiéu lan duong, voi cac gia tri mat do tai cac diém dau, diém cudi doan duong
thoa mén céc diéu kién entropy [6]. Nahid Sultana [7] dé xuét phwong phap sai phan tién va sai phan
trung tm tim nghiém s cua bai toén (3)-(5) khi vén toc 1 ham phu thuge tuyén tinh vao mat do.

Nam 2018, Michael Burger [8] xét bai toan dbi vi mé hinh Lighthill-Whitham-Richards c6 tré
va dua ra luge do sai phan Lax-Friedrichs tim nghiém cua bai toan (3)-(5). Khi xét t6i bai toan
tim mat do c6 tinh dén nhitng doan duong xay ra Un tac, vi tri tic nghén (“ndt thit cd chai”) lam
giam van téc cua phuong tién, Gabriella Bretti va cong su [9] ¢ m6 hinh hoa bai toan va dua ra
hai thuat toan tim nghiém sb, bao gom luoc db sai phan WFT-ODE nua roi rac va luge do sai
phan Godunov-ODE-FS, sy hdi tu cua luoc d6 dwoc chirng minh va minh hoa cu thé bang céc két
qua tinh toan sb.

Gan day, Thibault Liard [10] tiép tuc phat trién cac két qua trong [4] va dua ra mo hinh bai
toan Riemann - Cauchy. Trong d6 c6 mé ta mdi lién hé gitra luong nhién ligu tiéu thu la ham phy
thugc vao toc do va dat ra muyc tiéu cua bai todn 1a tim van téc sao cho lwong nhién liéu tiéu thu
1a nho nhat.

2. M6 hinh toan hoc

Tir c&c mo hinh to&n hoc da cong bd trude do, chung i xét bai toan cu thé nhu sau: Cho cac
s a,b véi a<b. Chiéu dai doan duong 1a | =b—a. Trén mot tuyén dwong, chiing téi mé rong
bai toan ddi véi (3) khi vé phai 1a dai luong khac khong trong trudng hop cé sai s6 md hinh voi
diéu kién bién hdn hop, tirc 1a nghiém cua bai toan thoa méan cac diéu kién bién ham va diéu kién
bién dao ham. Bai toan cu thé nhu sau:

LUEE“ 5(3) Fxt), (1) eQ, (6)
u(xO)—g(x) a<x<b (7
u(@t)=g, (t) (b t)=9,(t) . 0<t<T (8)

Trong do, g(x) la mat a6 gjao thong tai thoi diém dau; ga(t) mat do tai diém vao a; gu(t) mo ta
su bién dong theo thoi gian vé mat do tai diém ra b; Q(x,t) =Q(u,v(u)).
3. Lwoge dd sai phan
3.1. Lwéi sai phan va xdp xi cdc dao ham

Chon hai sé nguyén N >1 , M >1 va dat:

Ax=% ;X% =a+iAx; 1=012,..,N

T . .
At=—; t;=JAt; j=012,..,M
M
Ta chia mién Q; thanh 6 bsi nhitng duong thangx = X , t = t;, moi diém (xi ,tj) duoc goi
la mot nat va ky hi¢u 1a (i, j). Muc tiéu cia phuong phap la tim nghiém gan dung ciia bai toan
tai cac nat (i, j), va:
AX goi la buédce luéi khdng gian.
At goi 1a bude luai thoi gian.
Tap tét ca cac nit (i, j) tao thanh mét ludi sai phan trén mién:
Q, ={a<x<b;0<t<T}.
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Sau day ta lan luot xap Xi cac dao ham bang cic dao ham luéi.

QX1 1)) =Q(Xi’tj)+h@(xi1tj)
OX

41 Q (x.,t)AX* + O(AX)® ¥

2ox*

0

Q(Xi—l’tj):Q(Xi’tj)_AXa_S(Xi’tj)

1 82Q (10)
+ = —=(%,1.)AX* + O(Ax)®

> o (%, 1;) (Ax)

T (9), (10) suy ra:
Q(Xi+1'tj)_Q(Xi—1’tj) _@ 2
Ay = (%,t;) +0(AX%) (11)

C6 nhiéu cach xap xi dao ham dan dén c6 nhiéu phuong 4n khac nhau dé thay thé bai toan vi
phan bai bai toan sai phan. Sau day ching toi thiét ké mot luge d6 sai phan tim nghiém xap xi
trén ludi sai phan.

3.2. Lwgc db sai phan
Bai toan dat ra la tim nghiém gan dang U) = u(x, 4.
Xap xi cac dao ham ta co:
U(Xi ’tj+1) _U(Xi ’tj) n Q(Xi+l7tj) _Q(Xi-lvtj) _ ou

oQ 2
v v _E(xi,tj)+&(xi,tj)+o(At+Ax ) (12)

pat Q) ~Q(x,t;), V! =v(u(x,t;)), U ~u(x,t;) tadua (12) vé bai toan sai phan sau:

U -ul L QL -Ql f(x,t);i=L.N-1, j=0.M -1 (13)
At 2AX v
it y= % thi (12) duoc viét thanh: ul™ =u) -y (Q), —QL) +7 f(x.t;) (14)
Dbén day, ta xap xi:

ul = %(ui"_1 +ul)) (15)

Két hop (14), (15) véi cac diéu kién dau va diéu kién bién, ta c6 bai toan sai phan:
ui"“:%((ui{ﬁuiil)—Zy( LmQl))+Atf(x ) i=LN-1, j=0.M-1 (16)
uw=g(x) i=1L.N-1 (17)
Ug =0, (t;), Uy =l +Atg, (t); j=1.M (18)

Tir (16) ta thay, Xuat phét tir cac nat ludi sai phan tai I6p dau tién (j=0), ta tinh dugc nghiém
Xap Xi tai cac nat ludi thir nhat (j=1), tir 16p thir nhat da tinh dugc nghiém tai cac ndt trong va két
hop Véi cac diéu kién cho trén bién, ta tinh dugc nghiém xap xi tai cac nat ludi & 16p thi hai, ...
két hop nghiém xap xi tinh duoc tai 16p tha M-1 va cac diéu kién trén bién ta tinh dugc nghiém
Xap Xi tai 16p thoi gian T. Pinh 1y sau ddy chi ra rang, lugc do sai phan (16)-(18) la 6n dinh va
hoi tu.

binh ly:
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. 0 AX s ; <
Néu sup {a_Q :xe[a,b],te [O,T]} < E thi lwpe dé sai phan (16)-(18) 6n dinh va hdi tu
u

cap mét doi véi At Va cdp hai doi véi AX .
4. Mot s0 két qua tinh toan

Trong muyc nay, chiing toi thuc hién mot s tinh toan thir nghiém dé kiém tra ly thuyét vé su
hoi tu cua thuat toan dugc trinh bay trong muc 3. Sau day la mot s6 dit Kién cho trude dé tinh
toan cho luoc do sai phan:

Ham van toc la ham phu thuéc mat d6 va co6 dang:

u
V=V . [1——j :
umax

Ham vé phai f (x,t) =um—a"{x—b+vmaxt(M+lﬂ.

Ham luu luvong: Q =uv(u).

T(b-a) T(b-a)
Mat db tai thoi diém ban dau u(x,0)=g(x)=u__ .

. . t
Mat do tai cira vao u(a,t) =u,.., (1—?j ,
L X n P ou
Bién dong mat do tai ctra ra a—(b,t) =0
X

Vi dir kién nay, ta c6 mat d6 chinh xac (nghiém ding) la u=u,,, 1——'[(b —X)
T(b-a)
va van tc V:Vm—axt(b—x) _
T(b—-a)
Ta giai thiét a=0; b=2 km; T=1 gic; Unax=120 Xe/km; Vinax=80 km/h;

Sai s6 tinh toan dugc xac dinh 1a Err = max{‘uij —u(x;,t; )‘}

Véi dir kién cho o trén, taco Q v [1_ 2u j Sup(%) v,

au max
Dé qua trinh 13p 6n dinh va hoi tu thi budc ludi phai thoa man

At 1 1

—<—=—=0.0125

AX v 80

Bang 1. Két qud tinh todn doi véi e do sai phan Lax-Friedrichs
N M AX (Km) At (Giv) Err (xe)

20 500 0,1000 0,00200 Inf
20 1000 0,1000 0,00100 105,9528
20 5000 0,1000 0,00020 57,5254
20 10000 0,1000 0,00010 29,6553
20 20000 0,1000 0,00005 13,7533
20 50000 0,1000 0,00002 5,1550

Tir bang trén ta thiy, voi truong hop N=20, M=100 thi At > 1 , cho nén sai s gap phai rat

AX Vv

max

16n, qua trinh tinh toan khong 6n dinh, thudt toan khong hoi ty. Bat déu tir hang thir 2 cta bang 1,
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khi cho M tang dan tir 1000 dén 50000 thi ta nhan thay cac diéu kién lip dam bao sy 6n dinh va
hoi tu, khi d6 sai s giam dan tir 105.9528 dén 5.1550. Két qua nay di cho thiy tinh toan thuc
nghiém 14 hoan toan phu hop véi Iy thuyét dwa ra. D6 phuc tap tinh toan 1a O(M.N).

Céc d6 thi minh hoa cho két qué tinh toan dwoc thé hién ¢ hinh 1, hinh 2, hinh 3 va hinh 4.

.
i et o s

QGD ‘._.._:...--"_---- _\Hﬂ 200 f,,_ T -
“‘“‘-—M '_________,.--- - o - N e
5 00 ot 100 '
\\ | = e
_' 0L B
40 T | \ — - \ 10
L i 10 20 - 5 4
20 — | —" 5 4 0 o %10
t 00 ¥ 10 t e
Hinh 1. P6 thi mét d giao théng xdp xi Hinh 2. B4 thi nghiém diing
W i 150
10 i Y
~— 7--‘*» S > . i -,..
‘\ 2\ = gt 100+ _I.__"}'
5 e
= u 4
L Lo ¥
10 . #7
10° ol
0 0.5 1 1.6 2

Hinh 4. ,B5 thi nghi_ém‘xa”’p xi va nghiém ding tai
thoi diém sau 1 gio dong ho (N=20,M=50.000)

Hinh 3. P6 thi sai s6

O db thi Hinh 4, duong nét — 12 nghiém dung, duong nét * 12 nghiém xap xi (mat do tinh toan
duoc tai thoi diém sau 1 gio dong ho).

5. Két luin

Trong bai bao nay, ching toi thiét ké duoc lugc do sai phan tim mat do giao théng cho bai
toan khdng thuan nhat véi didu kién bién hdn hop. Ching t6i chimg minh duoc luge do sai phan
la 6n dinh va hoi tu véi do chinh xac 1a cip mot ddi voi bude ludi thoi gian va cap hai d6i voi
bude lusi khdng gian khi dat ra diéu kién gidi han vé ty sé giita cac bude ludi nay. Céc két qua
tinh toan theo luge dd sai phan duoc thyuc hién trén méi truong Matlab 2014, két qua sé di khang
dinh duoc sy hoi tu ciia phuong phap va phll hop vai ly thuyét dua ra trong bai bao.
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