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In Ring theory, the unimodular rows play an important role in
studying structures of Hermite rings and other important classes of
rings. The basic calculus of unimodular rows was completely
described by T.Y. Lam, P.M. Cohn,... especially, completable
unimodular rows. According to T. Y. Lam (1978), a ring is right
Hermite if any finitely generated stably free right module over the
ring is free, and this is equivalent to requiring that any unimodular
row on ring can be completed to a invertible matrix. However, when
computing the completable unimodular rows on semirings, some
properties are no longer true as in rings, and now there are not many
research results about this problems. In this paper, we prove some
basic properties of unimodular rows over abitrary semirings; indicate
a class of semirings in which set of unimodular rows and set of
completable unimodular rows are not same; prove the necessary and
sufficient conditions for all unimodular rows on commutative
semirings can be completed to invertible matrices; describe structure
of completable unimodular rows on class of zerosumfree semirings
satisfying some given conditions.
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Trong ly thuyét vanh, cic dong don modular déng vai trd quan trong
trong nghién ctu cu trdc vanh Hermite va cac 16p vanh quan trong
khac, cac tinh toan co ban cua dong don modular da dugc mé ta day
du béi T.Y. Lam, P.M. Chon,... dic biét 1a cAc dong don modular c6
thé bo sung duoc. Theo T.Y. Lam (1978), mét vanh la Hertime phai
néu moi module phai ty do én dinh hitu han sinh 13 tu do, diéu nay
turong duong voi moi dong don modular déu ¢ thé bd sung thanh ma
tran kha nghich. Tuy nhién, khi tinh todn cac dong don modular c6
thé bd sung dugc trén nira vanh, c6 mot sé tinh chit khong con ding
nhu trén vanh va hién van chua c6 nhidu két qua nghién ciru vé van
dé nay. Trong bai béo nay, chling t6i chirng minh mot s6 tinh chat co
ban cia cac dong don modular trén nira vanh tly y; chi ra mét 16p
ntra vanh ma trén d6 tap cic dong don modular va tap cac dong don
modular cé thé bd sung duoc 1a khong bang nhau; chimg minh diéu
kién can va du dé moi dong don modular trén nira vanh giao hoan c6
thé b6 sung dugc thanh ma tran kha nghich; mé ta cau tric cac dong
don modular ¢ thé bé sung dwoc trén 16p nira vanh phi kha déi thoa
mot s6 diéu kién cho trudc.
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1. Gigi thiéu

Trong ly thuyét vanh, viéc tinh todn cac dong don modular dong vai trd quan trong trong
nghién ctru c4u tric cua cac vanh Hermite va mot sé 16p vanh quan trong khéc va da thu duoc
nhiéu két qua tha vi [1]-[3]. Trong [1], T. Y. Lam da xem vanh Hermite nhu la mot vanh ma trén
d6 moi module ty do 6n dinh hitu han sinh déu ty do va da chung minh dugc rang: Mot vanh 1a
Hermite khi va chi khi moi dong don modular trén né déu co thé bd sung dugc thanh ma tran kha
nghich. Tuy nhién, khi xem xét cic dong don modular trén nira vanh, viéc tinh toan gap nhiéu
han ché, do ntra vanh n6i chung khéng c6 phan tir d6i. Van dé dat ra 1a: Cdc dong don modular
trén nita vanh co cac tinh chdt déic trung nao? Cdc 16p Mira vanh nao ma trén dé moi dong don
modular déu c6 thé bé sung dwoc thanh ma tran kha nghich? M@ ta cau tric cia cdc dong don
modular trén mét sé niza vanh cu thé?...

Trong ba thap nién tro lai day, 1y thuyét nira vanh dwoc phét trién manh [4]; trong d6, ma tran
trén ntra vanh dugc nhidu nha khoa hoc quan tdm nghién ciru va da thu duoc nhiéu két qua tha vi
vé cu tric ma tran kha nghich, ma tran Iiiy dang, hang ma tran,... trén mot s6 l6p nira vanh cu
thé [5]-[9]. Lién quan dén van dé dat ra ¢ trén, co thé thiy, C. Reutenauer va H. Straubing [5] da
chung minh dugc rang: Trén nia vanh giao hoan, moi ma tran vudng kha nghich phai (trai) déu
kha nghich; Y. J. Tan d chi ra mét s6 dic trung cua ma tran kha nghich trén I6p nira vanh giao
hoan [6], [7] va ciing d4 chi ra mot diéu kién can va du dé mot dong don modular trén nira vanh
giao hoan c6 thé bo sung duoc thanh ma tran kha nghich [8]. Tuy nhién, céc két qua nghién ciru
vé dong don modular trén ntra vanh tong quét van con khiém tén. Trong bai bao nay, ching toi
xem xét mot sé dic trung khac cua cac dong don modular trén nira vanh khdng nhat thiét giao
hoan, md ta ciu tric cia cac dong don modular trén mot s6 16p nira vanh dac biét. Trudc hét, ta
c6 mot s6 dinh nghia va két qua lién quan dudi dy.

2. Mt s6 dinh nghia va két qua lién quan

Trong bai viét nay, ching tdi chi xét cho nira vanh c6 don vi. Dé thuan tién cho viéc trinh bay,
chuyén vi ciia ma tran A dugc ky higu 1a A', mot ma tran A cap mxn thi duoc viét A

xn ! .

hop cac ma tran cip mxn trén nira vanh R duoc ky hiéu men( ) tap hop cac ma tran vubng
cap nxn trén nira vanh R dugc ky hiéu M, (R).

Dinh nghia 2.1 ([1]) Cho R la mét vanh, ma tran dong u=(u, --- u,)eM,,(R) duoc goi
la mot dong don modular néu tn tai ma tran cot v=(v, -+ v,) eM,,(R) sao cho uv=(1).
Mot dong don modular u=(u, --- u,) duoc goi la c6 thé bé sung thanh ma trgn kha nghich
(con duoc goi la c6 thé bé sung diroc) néu ton tai mot ma tran U'e M., (R) sao cho ma tran

vuong U :(J ] e M, (R) lama tran kha nghich.

Dinh nghia cho c¢ot don modular dwoc phét biéu hoan toan tuong ty.

Dinh nghia 2.2 ([1]). Vanh R duoc goi 1a vanh Hermite néu moi dong (cot) don modular trén
R déu c6 thé bo sung thanh ma tran kha nghich.

Dinh nghia 2.3 ([4]). Nua vanh la mot dai s6 (R, +,1,. 1,.,0) sao cho (R,+,0) la mot vi nhdm giao
hoan voi phan tir don vi 12 0, (R,.,1) 1a mot vi nhom v0| phan tir don vi 1a 1, phép nhan phan phbi
hai phia ddi voi phép cong va 0.r =r.0 = 0 véi moi reR.

Ntra vanh R duoc goi la giao hoan néu ab=b.a,va,beR .

Nira vanh R duoc goi 1a phi kha doinéu a+b=0=a=b=0,va,beR.

Ntra vanh R duoc goi 1a nguyén néu ab=0=a=0 hoic b=0,va,beR.
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Pinh nghia 2.4 ([6]). Cho R la nira vanh, phan tir ae R duoc goi 1a kha doi néu ton tai be R
sao cho a+b=0. Phan tir b duoc goi la phan tir déi cia a va ky hiéu 1a b=—a. Tap hop tat ca
céc phan tir kha doi cua R duoc ky higu la V(R). o

Dinh nghia 2.5 ([6]). Cho R la ntra vanh, phan tr ae R duoc goi 1a kha nghich néu ton tai
beR sao cho ab=h.a=1.Phan tr b dugc goi 1 phan ti nghich ddo cua a va ky higu la b=a™,
Tap hop tat ca cac phan tir kha nghich cua R dugc ky hiéu la U(R).

Dinh nghia 2.6 ([6]). Cho R la nira vanh, mot ma tran vuong Ae M, (R) dwoc goi la ma tran
kha nghjch néu ton tai ma tran Be M, (R) sao cho AB=B.A=1,. Ma tran B duoc goi la ma
trdn nghich dao cua ma tran A va ky hiéu 1a B = A™. Tap hop tat ca cac ma tran vudng cap n kha
nghich trén nira vanh R duoc ky hiéu la GL, (R).

Ma tran vudng Ae M, (R) dugc goi la ma tran /iy dang néu A? = A,

Ma tran A=(a;)eM,(R) duoc goi la ma trdn chéo néu a; =0,Vi= j,1<i, j<n va duoc ky
hiéu la diag(a,;,a,,, -, a,,)-

Pinh nghia 2.7 ([8]). Cho R la nua vanh, hai ma tran A BeM, . (R) dwoc goi la firong
dwong v6i nhau néu ton tai cac ma tran kha nghich P e GL,,(R),Q eGL, (R) sao cho A=PBQ.

Pinh nghia 2.8 ([8]). Cho R Ia nira vanh, hai ma trn vudng A B e M, (R) duoc goi la dong
dang véi nhau néu ton tai ma tran kha nghich P eGL, (R) sao cho A=P™BP.

Ménh d& 2.9 ([8, Lemma 2.1]). Cho R 2 nira vanh, khi do:

i) V6imoi a,beR tacé a+beV(R) khivachikhi a,beV(R).

i) Voimoi seR va aeV (R) tacd as,saeV (R) va s(-a)=-sa va (-a)s=-as.

iii) Voi moi steR va abeV(R) ta c6 s(t—b)=st—sb, (t—b)s=ts—bs,
—(a+b)=-a-b va (-a)(-b)=ab.

M¢nh @& 2.10 ([8, Lemma 2.2]). Cho R la nira vanh giao hoan, A=(a;) €M, (R) lamot ma
tran kha nghich. Khi d6,

) aya,,a.a, €V (R),Vi=jl<ijk<n.

ii) Néu n=2 thi ajaj, —2a,a,a,a,, +asay €U (R).

3. Két qua nghién ciru

Trong muc nay, chung t6i chitng minh mot s6 tinh chat dic trung cua cac dong don modular
trén ntra vanh tly y; mo ta c4u truc cac dong don modular trén 16p ntra vanh nguyén phi kha doi
thoa mot s6 diéu kién cho trudc va chi ra didu kién can va da dé mot nira vanh giao hoan thoa
diéu kién: Moi dong don modular déu c6 thé bd sung duoc thanh mot ma tran kha nghich. Trudc
hét, ta c6 Dinh nghia vé dong (cot) don modular dugc phat biéu twong ty nhu trén vanh.

Pinh nghia 3.1. Cho R la nira vanh, ma tran dong u=(u, --- u,)eM, (R) duoc goi la
Mot dong don modular néu ton tai mét matran cot v=(v, - v,) €M, (R) saocho uv=(l).
Mot dong don modular u=(u, --- u,) duoc goi la c6 thé b sung thanh ma trdn kha nghich

(con duoc goi 1a c6 thé bo sung duroc) néu ton tai mot matran U'e M, , . (R) sao cho ma tran

vudng U :(J ] e M, (R) la ma tran kha nghich.
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Motmatrancot u=(u, - u,) eM,,(R) dugc goi la mét cér don modular néu ton tai mot
ma tran dong v=(v, --- Vv,)eM,, (R) sao cho vu=(1). Mot cot don modular dugc goi la co
thé b sung duroc thanh ma tran kha nghich (con duoc goi 1a ¢d thé bé sung diroc) néu tdn tai mot
matran U'e MnX(H)(R) sao chomatranvuéng U =(u U')e M, (R) lama tran kha nghich.

S6 nguyén duong n duoc goi la chiéu dai caa cac dong (cot) don modular néu trén. 7

Duéi day la mot so6 dac trung ciia dong don modular trén nira vanh tly y, cac phat biéu la
hoan toan tuong tu cho cac cot don modular.

Ménh d& 3.2. Cho u=(u, --- u,)eM,,(R) lamot ma tran dong trén nira vanh R. Khi do,
cac ménh dé sau la twong dwong: o

i) u la mot dong don modular c6 thé bo sung thanh ma tran kha nghich.

ii) Ton tai mot ma tran kha nghich V e GL, (R) saocho uV =(1 0 -+ 0).

iii) uv 1a mot dong don modular c6 thé bd sung thanh ma tran kha nghich véi moi
V eGL, (R).

Cheng minh. o

i) < ii): Gia st u la mot dong don modular c6 thé bo sung thanh ma tran kha nghich, suy ra

A . u R .

ton tai ma tran U'e M, (R) sao cho ma tran U :[U J la ma tran kha nghich, dit V =U™"
suy ra V la mot ma tran kha nghich va UV =1,. Do do, uV =(1 0 --- 0). Nguoc lai, gia sir
c6 ma tran kha nghich V sao cho uv=(1 0 -+ 0),goi v=(v, - v, )t 1a vecto cot dau

tién cua ma tran V, ta ¢6 uv=(1) suy ra u la mot dong don modular. Mat khac,
u=(1 0 -+ 0)V™*suyra u lavecto dong dau tién ciia ma tran kha nghich V. Vay u [a mét

dong don modular ¢6 thé b6 sung thanh ma tran kha nghich.
i) < iii): Gia str u l1a mot dong don modular c6 thé bo sung thanh ma tran kha nghich, theo

ching minh trén, ton tai ma tran kha nghich G eGL, (R) sao cho uG=(1 0 --- 0) suy ra
w(V7'G)=(1 0 - 0),vV eGL,(R).Do V"G lama tran kha nghich nén uV ciing la dong
don modular ¢6 thé bé sung thanh ma tran kha nghich. Nguoc lai, véi moi V e GL, (R) sao cho
uV 1a mot dong don modular c6 thé b6 sung thanh ma tran kha nghich thi ta lai c6 (uV )V " =u
cling 1a mot dong don modular ¢ thé bd sung thanh ma tran kha nghich. o

Ménh dé 3.3. Cho R la nia vanh, u=(u, --- u,)eM,(R) 1a mot dong don modular c6
thé bd sung thanh ma tran kha nghich. Khi do, ton tai ma tran cét v=(v, --- v,) sao cho
uv=(1) va A=vu la matran liiy ding dong dang véi ma tran chéo diag(L0,---,0)e M, (R).

Chizng minh. o .

Do u la dong don modular c6 thé bo sung thanh ma tran kha nghich nén ton tai ma tran

u ;
U'eM, ., saocho U :(U J la ma tran kha nghich. Goi V 1a vecto ¢t dau tién cua U . Khi
d6, doUU =1,
ma tran liiy dang. Dat X =Uv,Y =uU™ tac6, X'=Y=(1 0 --- 0) (do UU'=1)suyra
XY =(Uv)(uW™*)=UAU™=(1 0 - 0)(1 0 - 0)=diag(L0,--0).o

nén uv=(1). Mat khéc, (vu)2 =v(uv)u=v.(1)u=vu suyramatran A=vu la
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Nhan xét 3.4. Cho R la nira vanh va ma tran vuéng A=(a;)e M, (R) thoa man diéu kin
0! |< j \ - . . 3 A
a ={1 _ jj va a; eV (R),Vi> j. Khi d6, AeGL, (R). That vay, & dung Ménh dé 2.9, ma
tran kha nghich cua A duogc tao ra bang cach ding cac phép bién doi so cip dong twong tu nhu
trén vanh déi v6i phép khir Gauss cho ma tran khéi (A 1), dé dua ma trn nay vé ma tran
twong duong c6 dang (I, B).Khido, B=A".

Ménh dé 3.5. Cho s6 nguyén duong k va R 1a nua vanh, cac ménh dé sau 1a tvong duong:

i) Moi dong don modular ¢6 chiéu dai khdng qué k déu c6 thé bo sung duoc.

i) V6i moi ma tran AeM, (R), 1<m<n<k sao cho ton tai ma tran Be M, (R) thoa
méan AB = I, . Khi d6, ton tai ma tran V e GL, (R) saocho AV =(1,, 0).

Ching minh.

ii) = i) Hién nhién. Ta chiing minh i) = ii) bang phuong phap quy nap nhu sau:

Theo Ménh d& 3.2, két qua ding véi m, neN sao cho 1=m<n<Kk. Bay gio, gia st
AB=1_,doi A" lavecto dong trén cing cua ma tran A. Khi d6, A" 1a mt dong don modular co
chiéu dai n<k, suy ra A" c6 thé bd sung thanh ma tran kha nghich. Theo Ménh dé 3.2, ton tai
ma tran kha nghich VeGL,(R) sao cho AV=(1 0 - 0). bit

AV 1 0
=| Ao

A ] va U=V'B. Khi do, AVU=AW718=AB=|m. bat
U U2
U:( bd b= jsuyraulzl,uzzo suy ra

(m-1)x1 (m-1)x(n-1)
U (3n—1)><1 U (?1—1)><(m -1)
A+ A"U® =0 oy
A"U*=1_ )
Tir (2) suy ra ton tai ma tran kha nghich C eGL,,(R) sao cho A"C=(l,, 0) (theo gia

thiét n Khi do, AV ! = . = . Mat khac, tir (1) a
it qu ) , . M3 c, suy .
c q y ap) 1 0 0 Cn71 ﬂ 1 ﬂ "C A I . 0 a y

m—

. \ . 1 0
moi phan tir cuia ma tran A' déu kha d6i. Theo Nhan xét 3.4, ma tran vudng [A' | ] kha
m-1

C,)\o I

n-m

. 1 oY | 1 0YV' 0 A ,
nghich, dat V'= A ta c6 AV 0 =(1, 0). Ménh de duoc chung
m-1

minh xong. O ) )

Tiep theo, chung tdi chi ra mot so dic trung khac ctia cac dong (cot) don modular trén mot so
16p nira vanh cu the.

Pinh nghia 3.6. Cho R Ia nira vanh, goi Umr(R) (Umc(R)) la tap tat ca cac dong (cot) don
modular trén R va cUmr (R) (cUmc(R)) Ia tap tat ca cac dong (cot) don modular c6 thé bé sung
thanh ma tran kha nghich.

Nhén xét 3.7. Trén nira vanh R tly y, ta luén c6 cUmr (R) cUmr(R), cUmc(R)cUmc(R).
Goi ecUmr (R) (ecUmc(R)) la tap cac dong (cot) don modular c6 dang vecto dong (cot) don vi

eg=(0 - 010 - 0)(e=(0 -~ 010 - 0)),trong do, phan tir 1 ndm & cot
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(dong) thir i va cac phan tir con lai déu bing 0. Do moi ma tran hoan vi déu la ma tran kha
nghich nén ecUmr(R)<cUmr(R)cUmr(R), ecUmc(R)<cUmc(R)<=Ume(R). N6i chung,
cac diu bang khdng xay ra trén mot 16p nira vanh kha rong duoc chi ra & Ménh dé dudi day.

Ménh dé 3.8. Néu R Ia nira vanh phi kha di thi cUmr(R) la tap con thyc sy cia Umr (R);
cUmc(R) la tap con thuc sy cua Umc(R).

Chung minh.

Ta chimg minh cho truong hop cUmr (R) la tép con thyc sy cia Umr (R) , truong hop con lai
dwoc ching minh tuong tw. Gia st cUmr(R)=Umr(R), xét ma tran dong u=(1 1) théa mén

1 X
(1 1)[0] =(1) nén u la mot dong don modular ¢6 chiéu dai 2. Do cUmr(R)=Umr(R) nén u c6
A A Y A 5 . A - A 1 1 \
thé bo sung thanh ma tran kha nghich, suy ra ton tai «,#€R sao cho ma tran U =( ﬁj la
o

1 1 10
ma tran kha nghich. Pat U™ :(m nj . Khi d¢, ( ][m nj:( ] suy ra n+q=0 suy
P q a BAp q 01

ra n=q=0 (do R la ntra vanh phi kha ddi). Mat khac, an+ q=1 suy ra 0=a.0+ £.0=1 (V0
ly). Vay cUmr (R) la tap con thuc sy cua Umr(R). o

Céc két qua dudi day cho ta mot s6 trudng hop dau bang xay ra & cac bao ham thire duoc néu
trong Nhan xét 3.7 trén.

binh ly 3.9. Cho R la nira vanh giao hoan. Khi d6, cUmr(R)=Umr(R) khi va chi khi R la

vanh Hermite.
Chung minh.

0
mot dong don modular trén nira vanh R. Do cUmr(R)=Umr(R) nén ton tai «, AR sao cho

Gia sit cUmr(R)=Umr(R), voi moi acR,a=0 tacé (1 a)(ljz(l) nén u=(1 a) la

A 1 a) . R . . i (Mmoo . . o
matran U = 5 la ma tran kha nghich. Bat U™ = 0 g Ia ma tran nghich dao cua U. Ta
[04

co,UU =1, vaUU =1, nén

n+ag=0 (3)
ma+ng=0 4
p+Qqa=0 (%)

Mat khac, do U™ 1a ma tran kha nghich nén theo Ménh dé 2.10 ta c6: mn, pg,mp,nq eV (R)
va m’g® —2mnpq+n’p? €U (R).

Tu (3) suy ra
n®p* = —agnp’ (6)
am?g® = —nm°q (7
mn =—agm (8)
Mt khac, tir (5) suy ra pq=—-q°ca 9)
Tir (8) va (9) suy ra —2mnpq = —2ag’me (10)
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Tu (6), (7) va (10) suy ra a(mzqz—2mnpq+nzpz):—nmzq—2:;12q3moz—z;12qnp2 suy ra
a=(-nm’q-2a’q’ma —a’gnp” )(m’q? —2mnpq+n2p2)_1. Tir (4) suy ra maeV(R) nén
—2a’g’ma eV (R), do mn,pg,ngeV(R) nén -nm’geV(R) va -a’gnp’eV(R) suy ra
-nm’q-2a’g’ma—a’gnp® eV (R). Vay aeV(R) hay R la mot vanh va do
cUmr(R)=Umr(R) nén R 1a vanh Hermite. Di¢u nguoc lai 12 hién nhién dung. o

Nhan xét 3.10. Dinh ly 3.9 ciing dwoc phat biéu hoan toan twong tu cho cac cot don modular.

binh ly 3.11. Cho R la ntra vanh nguyén phi kha doi théa man cac diéu kién: Véi moi
a,beR tacd, ab=1=a=b=1; a+b=1=a=1Ab=0 hoiac b=1Ara=0. Khi d6, moi dong
don modular u=(u, --- u,) co thé bo sung dugc déu c6 dang vecto don Vi

u=(0 -~ 0 1 0 --- 0),chicé mot thanh phan bang 1 con lai bang 0. Hon nita, moi ma

, u \
tran kha nghich dwgc bo sung tir u, c6 dang A= (U J , déu la ma tran hoan vi.
n
Ching minh.
Do u=(u, - u,) lamotdong don modular nén ton tai ma tran cot v voi Vi =(v, - v,)

sa0 cho uv=(1) hay > uv =1 suy ra ton tai uy, =11<k<n suy ra u,=v, =1. Do do,
i=1

u=(u, -+ 1 - u)), phan tr 1 & cot the k. Ton tai ma trén hodn vi P sao cho

UP=(1 u, - u,). Theo Ménh dé 3.2 ta c6 uP Ia mot dong don modular c6 thé bé sung

thanh ma tran kha nghich. Goi U =(u,) la ma tran kha nghich dugc bo sung tir uP va

U‘1=V=(vij)n, trong d6, (U -+ U,)=(1 u, - uy). Néu ton tai i, 2<i<n sao cho
u, #0.Khi d6, do UV =1_ vaR la nira vanh nguyén phi kha ddi nén

Vi, ==V, =0 (11)

Vpp ==V, =0 (12)

Do VU =1, nén 1=>vu,, theo (11) ta c6 1=v,u, suy ra v, =u, =1. Mat khéc,
1=1

n
1=> vu, , theo (12) tacé v,,u, =1 suy ra v, =1.

1=1

n n n
Do UV =1, va u, =1 nén 1= u,v, =1+ > u,v, suyra » u,v, =0 suy ra u,v, =0. Do
1=1 1=2 1=2

u; =1 nén v, =0, diéu ndy mau thudn véi v, =1=0. Vay uP=(1 0 --- 0) suy ra
u=(1 0 -+ 0)P™ hay ula vecto dong trén cing cua ma tran hoan vi P~. Bay gid, gia sir ton
tai ma tran kha nghich Q c6 dong trén cung la u=(1 0 -+ 0)P™. Pt L=Q" ta co

QL=LQ=1,, suy ra cac dong con lai cua Q cling la cac dong don modular va do Q kha nghich
nén céc dong cia Q déu la cac dong don modular c6 thé bd sung thanh ma tran kha nghich. Theo
chimg minh trén, céc vecto dong ciia Q déu c6 dang vecto donvi e;=(0 -+ 0 1 0 --- 0),
thanh phan thir j nao d6 bang 1 con lai biang 0. P& ching minh Q 1 ma tran hoén vi, ta chi can
chirng minh moi cot cia ma tran Q cé khéng qua mét phan tir 1. That vay, gia su ton tai cot thi j
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ctia ma tran Q c6 hai phan tir 1 1a q;=0y =1 i=k,suyra q, =0, vm=j va ¢, =0, Vr j

(do moi dong ciia Q déu ¢6 dang vecto don vi). Do QL =1, nén 1=>"q,l, =q,l, =1, . Mat
r=1
n
khac, do i=k nén 0=>q,l, =q;l, =1, diéu ndy mau thuan véi I, =1=0. Vay Q lamot ma

r=1
tran hoan vi. o

Chay3i2 ‘
i) Nua vanh céc so tu nhién N la théa man cac diéu kién cia Binh ly 3.11 & trén.
ii) Tir mot dong don modular co dang u=(0 -~ 0 1 0 --- 0) dugc xac dinh nhu trong

Dinh Iy 3.11, ta c6 thé ¢6 nhiéu cach bd sung dé thanh mot ma tran kha nghich, chang han nhu
khi n =3, xét dong don modular u=(1 0 0), ta c6 thé b6 sung thanh cac ma tran kha nghich
nhu sau:

<

QD

C

N

Il
o o r

10
iii) Cho R 1a ntra vanh nguyén phi kha ddi thoa man cac diéu kién: ab=1=a=b=1 va
a+b=1=a=1Ab=0 hoic b=1ra=0, v6i moi a, beR.Khido, ecUmr(R)=cUmr(R).
iv) Binh Iy 3.11 c6 thé duoc phat biéu twong tu cho trudng hop céc cot don modular.
4. Két luan

Bai bao da dat duoc mot sé két qua chinh sau ddy: Chi ra mét sé tinh chét dic trung co ban
ctiia dong don modular trén nira vanh tly y thé hién qua cac Ménh dé 3.2, Ménh dé 3.3, Ménh d&
3.5, Ménh dé 3.8. Ching minh diéu kién cin va du ¢é moi dong don modular trén nira vanh giao
hoan c6 thé bb sung thanh ma tran kha nghich ¢ Binh ly 3.9. M6 ta ciu tric cua cac dong don
modular c6 thé b sung thanh ma tran kha nghich trén Iép ntra vanh nguyén phi kha déi thoa mot
sb diéu kién cho trudc, thé hién ¢ Binh Iy 3.11.
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