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In this article, a new approach to implement an implicit Runge-Kutta
method is developped. The implicit Runge-Kutta method in the study
was constructed on the basis of Gauss-Legendre polynomials, first
appeared in the paper of J.C. Butcher (2009). The improvement
produced by this approach is much helpful. This is because it takes
both advantages from an implicit one-step method of only three stages
to approximate the stiff problems with fewer number of calculations
and from a high accuracy of an order sixth method which is quite high
order of convergence under the consistency. The proof for the
convergence of the technique is also shown. This approach can also
be used to implement an implicit Runge-Kutta method presented of
even less order constructed basing on Gauss-Legendre polynomials. A
combination of the implementation and the sixth order Backward
Difference Formula Off-step Continuous block can shed light on the
therapy to the stiffness and be worthy. This is also studied in the
paper. Afterward, a comparison is made to show the improvement
achieved.
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Runge-Kutta dang an
Bai toan gi4 tri ban dau

Phuong phap du bao-hiéu chinh

Trinh thuc thi

Phuong phap don buéc tuyén tinh

Bai bao nay dua ra huéng tiép can méi doi véi bai todn xay dung
trinh thuc thi cho mét 16p cac phwong phap Runge-Kutta dang 4n.
Phuong phap Runge-Kutta dang an dwoc nghién ciu cu thé & day
duogc phat trién dya trén cac da thuc Gauss-Legendre, phuong phap
Xuit hién dau tién trong bai bao cua J. C. Butcher (2009). Sy cai tién
ma huéng tiép can méi mang lai 12 rat hiru ich. Diéu nay ¢ duoc do
nhiing loi thé ciia phuong phap mot budc dang an chi co ba budc,
dic biét phu hop véi cac bai toan stiff, vai khéi lwong tinh toan nho
ma dd chinh xac cao cia mét phuong phap bac sau, mot bac twong
ddi cao cua su hoi tu ma van dam bao diéu kién bén viing. Chang
minh cho su hoi tu ciia phuong phap nay dugc ra. Huéng tiép can
nay ciing c6 thé ap dung cho mot phuong phap Runge-Kutta dang an
khac dugc dua ra voi bac thip hon duoc xay dung dwa trén cac da
thirc Gauss-Legendre. Su két hop giita huéng tiép can mai va
phuong phap sai phan dang khéi Off-step bac séu c6 thé mang dén sy
hop ly trong viéc xap xi cac bai toan stiff. Phuong phap nay ciing
duoc nghién cuu trong bai bdo. Sau cung, cac so sanh thuc nghiém
dua ra nham minh hoa cho sy wu viét cua hudng tiép can dat duoc.
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1. Introduction

Consider the initial value problem

y =f(ty)a<t<by(a)=a. (1)
A Runge-Kutta method of s-tages and of order p is generally presented by
S

Wni1 = Wp + z bik;
i=1

S
k, = hf (tn + ¢, Wy, + Z ajrkr),w =12,..,5,
r=1

where the step size h = (b — a)/N, the number of equally distributed mesh points t,,,"s is N:
a=ty<t;<...<ty=bh,
wy, is the approximation to y(t,,), the exact value of the solution y(t) of (1) at the mess point ¢,
foralln=0,1,...,N.
The Butcher’s table [1, p. 94] of the method (2) is presented as follows

(Vn,0 <n <N) 2)

€1 | Q11 Q12 . Qg

Cz [ Az1 Q2 .o Qs

Cs [ Q51 Qgp ... Qg
[ by by .. b

A Runge-Kutta method is explicit if the matrix 4 = (aif)1<ij<s of (2) is lower triangular, and

one is implicit if the matrix A is not so. The benefit of an explicit one is from the fact that it can
be easy to implement. But its drawback is that it needs very small step size to dial with the
stiffness. This makes the number of functional evaluations raising a lot. This drawback is
overcome with the use of an implicit Runge-Kutta method. Moreover, an implicit one need only
fewer stages s to get an order p than that of an explicit one of the same order. Normally, for a s-
stages and p-order implicit Runge-Kutta method, s may be less than p. However, for an explicit
one, s must be greater than p for p > 5 ([1]). So, an implicit Runge-Kutta method is much
suitable to treat the stiffness. A class of implicit Runge-Kutta method is constructed on the basis
of Gaussian quadrature is introduced in [1], [2], pp. 219. Two specified methods of this class
were given by

s=2,p=4:
1 V3|1 1 3
2 6 |4 4 6
1+\/§ 1+\/§ L
2 614" 6 4
1 1
2 2
s=3,p=6:
1 V15 5 2 V15 5 415
2 10 36 9 15 36 30
1 5+\/E 2 5 15
2 36 24 9 36 24 4)
1, V15 5 Vi5 2 15
2 10 et 30 ot 15
36 30 9" 15 36
5 4 5
18 9 18
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In fact, two methods mentioned have p = 2s. This is quite good in the sense of less
computational cost of the functional evaluation but obtaining a high order of convergence which
can not be seen from an explicit Runge-Kutta method of the same orders [3], [4].

However, the weakness of an implicit Runge-Kutta method having in common is from the
difficulty of extracting the mediate elements at each stage. Concretely, in the difference equation
(2), such obstacle is caused by finding the terms k;’'s. The usual approach to overcome this
situation is to make use of the Newton-Raphson iteration technique to approximate the terms k;'s
in the last r nonlinear equations of (2). This is a feasible schema and is somewhat efficient if we
have a good function f and an appropriate initial approximation at each iteration process.
However, the drawback of this approach comes from the fact that the solution of the nonlinear
system is approximated by the solution of its linearized system, this in turn inflacts the truncation
error. The new approach we are going to introduce here is then to make use directly the equations
defining the terms k;'s for iterative process. Because of the difference between the entered terms
k;'s and the generated terms k;'s, a predictor-corrector process is naturally obtained. But another
question arises on the correction is that if the generated terms k;'s gaining from this process is
trusted. Fortunately, thank to the matrix A of Gaussian quadrature, appearing in (3) and (4),
having the norm less than one, the aforementioned iterative process posses a fixed point which is
just the right terms k;s. This makes the success in this new approach. An upper hand of the new
approach comparing to some innovative noticeable techniques presented in [6]-[8] can be seen
from the illustration in section 4 . We are going to describe this achievement in the following
section.

2. Iteration process for the predictor-corrector approach to implement an implicit Runge-
Kutta method

Assume that the equation (2) is presented into the matrix from as follows:
Wpyq = W, + BK )
k = hF(t,1 + hC,w,1 + AK)
where
B = (by,b,, ..., bs),C = (c1,¢, o, c5)T,
1=01,... DV k= (ky,ky, ..., k)T € RS,

T
F(Z: u) = F((ZLZZ' e ZS)T' (ull Up) ey uS)T) = (f(zl:ul)' f(ZZ;uZ): If(ZSl us)) .
In the equation (5), the unknown k can be solve in the iterative process
k@D = pF(t,1 + hC,w,1 + AK@),vq > 0, (6)
to generate the sequence {k(Q)}q>0 which converges to the true root k of the equation (5). This is

stated in the following result.

Theorem Given n € N, the transformations G,, ,: R® — R® given by

G, n(X) = hF(t,1+ hC,w,1 + AX)

has a unique fixed point by choosing N sufficiently large. Moreover, we could construct the
formula for an initial approximation for the iteration process to find such fixed point by adding
more requirement on how large N are.

Proof. We can choose N sufficiently large such that h is sufficiently small in order for

Gon({z € RY|llz|l < 1}) < {z € R®|||z|| < 1}.
Therefore, G, : Brs(0,1) = {z € R¥|||z|| < 1} - Bgs(0, 1) is contraction mapping since
Grn®) — G| < [|[VGr,n(8)]|IIx — yll, vX,y € Bgs(0, 1),

forsome @ € {tx+ (1 — t)y|0 < t < 1}, and by choosing N large enough one more time such that
|VG,,»(0)| = hlID,F(t,1 + hC,wy1 + AB)A|l < hL, 4 llAll < lAll < 1,V0 € Bgs(0,1), (7)

where
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Lypn= sup [IDuF(tal+hC,wyl+ A®)].
(1S ERS(O,l)

By Fixed point Theorem in the complete banach space, G, , has a unique fixed point, say
X, € Bgs(0,1). Taking initial term xﬁlo) € Bgs(0,1), then generating the sequence {xﬁlq)} by
q=0

x,&qﬂ) =Gpp (x;q)), we have lim xglq) = X},.
q— oo

To choose the right initial term which fulfils that ”xﬁf’) ” < 1, we use linearization

Gnn(z) = hF(t,1 + hC,wy1) + h?D,F(t,1 + hC,w,1)AZ + 0(z?),Vz € Bys(0, 1),
to reasonably take the initial term x,(;’) to be the solution of the linear equation

z = hF(t,1+ hC,w,1) + h?D,F(t,1 + hC,w,1)Az,
or equivalently to the equation
[Ig — h?D,F(t,1 + hC,w,1)A]z = hF(t,1 + hC,w, 1). (8)

In fact, if (7) is fulfilled, and that z = x* is the solution of (8) then

(1 = hllAlD [|x2|| < It = h2D, F(tn1 + hC,wy DA [xS || = RIF(En1 + hC, wy DI,

h||F(t,1 + hC,w, 1)||
%l = == ®)

So, if we somewhat tightent the condition in (7) by adding the assumption on the right hand
side in (9) to satisfy

h||F(t,1 + hC,w,1)||
1 — hllAl|
we obtain the appropriate initial term x”), that is ”xg’)

<1,

| < 1, for the iteration process to

generate the sequence {xﬁlq)} which converges to the fixed point x;,. O
q=0

3. Implementation to the Implicit Runge-Kutta methods Based On Gaussian Quadrature

The predictor-corrector approach with the initial term xg‘” at each step n chosen to be the

solution of (8) is used to implement the method (3) and (4). The implementation are presented in
Matlab code shown below.
Implementation to the method (3)
function outp=RKI4 (f,a,b,alpha,N,m)
h=(b-a) /N;
t0=a;
wO=alpha;
TW=[t0,w0];
A=[1/4, (1/4-sqrt(3)/6); (1/4+sqrt(3)/6), (1/4)1;
syms t wy;
for i=1:N
j=1;
Q=eye (2) ~h*double (subs (diff (f (t,w),w), [t,w], [t0,w0])) *A;
R=h*f (£t0,w0) *[1;1]+h"2*double (subs (diff (f (t,w),t), [t,w], [t0,w0]))*[1/2-
sqrt (3)/6;1/2+sqrt (3)/61;
Zz=linsolve (Q,R);
kl=7 (1) ;
k2=7(2) ;
while j<=m
U=A*[kl;k2];
kl=h*f (£t0+(1/2-sqrt(3)/6)*h,w0+U (1)) ;
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k2=h*f (t0+(1/2+sqrt (3)/6) *h,w0+U(2)) ;

j=j+1;

end

t0=t0+h;
wO0=w0+1/2*k1l+1/2*k2;
TW=[TW,; t0,w0];

Implementation to the method (4)
function outp=RKI6 (f,a,b,alpha,N,m)
h=(b-a) /N;
t0=a;
wO=alpha;
TW=[t0,w0];
A=[5/36, (2/9-sqrt (15)/15), (5/36-
sqgrt (15) /30); (5/36+sqgrt (15)/24), (2/9), (5/36-
sqrt (15)/24); (5/36+sqrt (15) /30), (2/9+sqgrt (15) /15), (5/36)1;
syms t wy
for i=1:N
j=1;
QO=eye (3) ~h*double (subs (diff (f(t,w),w), [t,w], [t0,w0])) *A;
R=h*f (t0,w0)*[1;1;1]+h"2*double (subs (diff (f(t,w),t), [t,w], [t0,w0]))*[1/
2-sqrt(15)/10;1/2;1/2+sqrt (15)/10];
Zz=linsolve (Q,R);
k1=Z (1) ;
k2=7(2) ;
k3=Z(3) ;
while j<=m

Ul=5/36*k1+(2/9-sqgrt (15)/15) *k2+ (5/36-sqgrt (15) /30) *k3;
U2=(5/36+sqrt (15)/24) *k1+(2/9) *k2+(5/36-sqrt (15) /24) *k3;
U3=(5/36+sqgrt (15)/30) *k1+(2/9+sqrt (15) /15) *k2+(5/36) *k3;
k1=h*f (£0+ (1/2-sqrt (15) /10) *h, w0+U1) ;

k2=h*f (t0+1/2*h,w0+U2) ;

k3=h*f (t0+(1/2+sqrt (15)/10) *h,w0+U3) ;

j=3+1;

end

t0=t0+h;

w0=w0+5/18*k1+4/9*k2+5/18*k3;

TW=[TW; t0,w0];

4. Numerical experiment and Comparison

We present here the comparison of the researched methods of order four and six, denoted as
IRK4_PC and IRK6_PC respectively, and some referenced methods including the Implicit
Runge-Kutta method of order six implented in the usual appoach, the usual explicit Runge-Kutta
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method of order four ([3]), the explicit Runge-Kutta method of order six ([4]), the sixth order
Backward Difference Formula Off-step block method ([5]) with the initial approximation
produced by the above Runge-Kutta method of order four, and the Backward Difference Formula
Continuous Block method of order three ([6]-[8]). These referenced methods are denoted as
IRK6, RK4, RK6, BDFO6, BDFblock3. We also introduce a new implementation, denoted as
BDFO6_IRKGPC, which makes use of IRK6_PC to initiate BDFO6. The experimental results
shown in each table below present the absolute error at the last mesh point ty = b for the
corresponding problem. The parameters for considered methods are introduced also in each table.

Example 1 ([3], pp. 321) Given the initial value problem
y' = (t+2t¥)y3 —ty,t €[0,2],y(0) = 1/3.

The exact solution of the problem is y = (3 + 2t + 6et”)

is shown in Table 1 for each method.

Table 1. Absolute error to the approximation of the solution of (10) at the last mesh point ty = 2
produced by the corresponding method and the time (in second) to perform the calculation corresponding
to each number N in the list

(10)

1/2
/ . The absolute error at ty = 2

IRK6_PC IRK4_PC IRK6 RK4
N =10, 20,30,70; N =10,20,30; N = 10,20,30; N =10, 20,30;
M =10 M =10 M = 10,tol = 0.001
1.915 x 107°, 1.82 x 1077, 1.464 x 1073, 6.458 x 1076,
2.978 x 10711, 1.064 x 1078, 3.628 x 107* 3.73x 1077,
2.612 x 10712, 2.075 x 107° 1.606 x 10~* 7.16 x 1078
1.6 x 10714
0.92s,1.27s,1.595,9.1s 0.88s,1.25s,1.65 0.98s,1.33s5,1.69s 0.48s,0.5s5,0.51s
RK6 BDFO6 BDFblock3 BDFO6_IRK6PC
N =10,20,30; N =10,20,30,70; N =9,21,30,69; N =10,20,30,70;
M = 10,tol = 0.001 M = 10,tol = 0.001 M = 10,tol = 0.001
1.982 x 1074, 5.314 x 1078, 1.181 x 1074, 2.836 x 1078,
1.033 x 1074, 1.542 x 1077, 1.132 x 1075, 1.536 x 1077,
6.991 x 107° 2.143 x 1078, 4,174 x 1078, 2.138 x 1078,
1.22 x 10710 4,04 x 1077 1.217 x 10710
1.52s,1.58s, 1.65 3.58s5,4.91s5,5.92s5,11s | 3.82s,5.8s,7.49s,15.25s | 5.88s,6.87s,8.04s,13.4s

Example 2 Given the initial value problem

' ! 2 In 2 5
y =<?—40)y+40t +t,t€[ln2,5],y(ln2)=ﬁ.|_1n 2.

(11)

The exact solution of the problem is y = t2? + te~*%t. The absolute error at ty = 5 is shown
in Table 2 for each method.

Table 2. Absolute error to the approximation of the solution of (11) at the last mesh point t, = 5
produced by the corresponding method and the time (in second) to perform the calculation corresponding
to each number N in the list

IRK6_PC IRK4_PC IRK6 RK4
N = 10,30,40,70; N =10,30,40,70; N =10,20,30,40,70; N =10, 30,40;
M =10 M =10 M = 10, tol = 0.001
7.7 x 1033, 2.35 x 10%9, 1.324 x 1071, 2.143 x 1032,
1.31 x 1071, 512 x 1071, 3.46 x 1072, 1.167 x 103°,
3.698 x 1073, 1.62 x 1072, 1.443 x 1072, 2.574 x 1039,
3.483 x 107° 1.964 x 1075 7.486 x 1073, 2.895 x 1073
2.021x 1073
2.55,4.9s,5.84s5,9.21s | 2.47s,5.08s,5.85,9.3s | 3.1s,4.3s,5.35,6.35,9.9s5 | 1.33s,1.4s,1.42s,1.43s
RK6 BDFO6 BDFblock3 BDFO6 IRK6PC
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N = 10,40,70; N = 10,20,30; N =9; N =10, 20;
M = 10,tol = 0.001 M =10, tol = 0.001 M = 10,tol = 0.001
3.34 x 101, 1.934, 0.7 x 1071 1.283 x 10712,
2.97 x 10%5, 8.829 x 1077, 0.7 x 10714
2.915 x 1072 1.4 x 10714,
1.22 x 10710
1.2s,1.35s,1.36s 3.08s,4.4s,5.74s 3.39s 5.18s,6.73s

Example 3 Given the initial value problem
y'=—10y + 10cost — sint,t € [0,4],y(0) = 2. (12)
The exact solution of the problem is y = cos (t) + e~19¢. The absolute error at ty = 4 is
shown in Table 3 for each method.
Table 3. Absolute error to the approximation of the solution of (12) at the last mesh point ty = 4 produced
by the corresponding method and the time (in second) to perform the calculation corresponding to each
number N in the list

IRK6_PC IRK4_PC IRK6 RK4
N =10,20,30,70; N =10,20,30; N =10,20,30; N =10,20,30;
M =10 M =10 M =10,tol = 0.001
1.004 x 1072, 424 x 1072, 3.972 x 1072, 9.517 x 106,
1.538 X 1078, 1.628 x 1075, 7.104 x 1073 3.982 x 1073,
3.801 x 107° 5.123 x 1076 2.727 x 1073 4607 x 1074
0.83s,1.16s,1.55s 0.81s,1.18s,1.53s 1.14s5,1.37s,1.72s 0.45s5,0.41s,0.425s
RK6 BDFO6 BDFblock3 BDFO6_IRK6PC
N =10, 20,30; N =10,20,30,70; N =09,21,30; N =10, 20,30;
M =10,tol = 0.001 M =10,tol = 0.001 M =10,tol = 0.001
1.275 x 1010, 1.09 x 107%, 0.971 x 1073, 1.345 x 1078,
3.065 x 1074, 1.284 x 1079, 3.25x 1075, 1.284 x 1079,
6.712 x 10™* 7.73 x 10711 8.425 x 107° 7.729 x 107!
0.42s,0.44s,0.46s 0.97s,1.45s,1.94s 1.1s5,1.93s, 2.65s 1.75s,2.21s,2.67s

We observe from three examples that the research method IRK6_PC and IRK4_PC and the
composition method BDFO6_IRK6 between IRK6_PC and BDFOG6 take very higher advantage
in treating the non-stiff problem (equation (10)) fairly stiff problem (equation (11)) and very stiff
problem (equation (12)) both in the exactness and the computational cost. In fact, it could also be
seen easily basing on the global truncation error.

5. Conclusion

A good quality approach to implement the implicit Runge-Kutta method constructed on
Gaussian quadrature is presented. This new strategy makes benefit both in less computational
cost and higher accuracy. It still has the useful combination to initial the method BDFOG6 to dial
with the stiffness which is the strong property of this method. This approach could be expected to
bring more efficiency for other developments which would be studied in the upcoming reseaches.
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