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trình thực thi cho một lớp các phương pháp Runge-Kutta dạng ẩn. 

Phương pháp Runge-Kutta dạng ẩn được nghiên cứu cụ thể ở đây 

được phát triển dựa trên các đa thức Gauss-Legendre, phương pháp 
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thức Gauss-Legendre. Sự kết hợp giữa hướng tiếp cận mới và 

phương pháp sai phân dạng khối Off-step bậc sáu có thể mang đến sự 

hợp lý trong việc xấp xỉ các bài toán stiff. Phương pháp này cũng 

được nghiên cứu trong bài báo. Sau cùng, các so sánh thực nghiệm 

đưa ra nhằm minh họa cho sự ưu việt của hướng tiếp cận đạt được. 
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1. Introduction 

Consider the initial value problem 

                  𝑦′ = 𝑓(𝑡, 𝑦), 𝑎 ≤ 𝑡 ≤ 𝑏, 𝑦(𝑎) = 𝛼.                                  (1)               

A Runge-Kutta method of s-tages and of order p is generally presented by 

𝑤𝑛+1 = 𝑤𝑛 + ∑ 𝑏𝑖𝑘𝑖

𝑠

𝑖=1

𝑘𝑟 = ℎ𝑓 (𝑡𝑛 + 𝑐𝑗ℎ, 𝑤𝑛 + ∑ 𝑎𝑗𝑟𝑘𝑟

𝑠

𝑟=1

) , ∀𝑟 = 1,2, … , 𝑠,

(∀𝑛, 0 ≤ 𝑛 ≤ 𝑁)                                          (2) 

       where the step size ℎ = (𝑏 − 𝑎)/𝑁, the number of equally distributed mesh points 𝑡𝑚′𝑠 is 𝑁: 
    𝑎 = 𝑡0 < 𝑡1 <. . . < 𝑡𝑁 = 𝑏,              

𝑤𝑛 is the approximation to 𝑦(𝑡𝑛), the exact value of the solution 𝑦(𝑡) of (1) at the mess point 𝑡𝑛, 
for all 𝑛 = 0,1, … , 𝑁. 

The Butcher’s table [1, p. 94] of the method (2) is presented as follows 
𝑐1

𝑐2

⋮
𝑐𝑠

 

𝑎11 𝑎12

𝑎21 𝑎22

… 𝑎1𝑠

… 𝑎2𝑠

⋮ ⋮
𝑎𝑠1 𝑎𝑠2

⋱ ⋮
… 𝑎𝑠𝑠

 

 𝑏1 𝑏2 … 𝑏𝑠 

A Runge-Kutta method is explicit if the matrix 𝐴 = (𝑎𝑖𝑗)
1≤𝑖,𝑗≤𝑠

 of (2) is lower triangular, and 

one is implicit if the matrix 𝐴 is not so. The benefit of an explicit one is from the fact that it can 

be easy to implement. But its drawback is that it needs very small step size to dial with the 

stiffness. This makes the number of functional evaluations raising a lot. This drawback is 

overcome with the use of an implicit Runge-Kutta method. Moreover, an implicit one need only 

fewer stages 𝑠 to get an order 𝑝 than that of an explicit one of the same order. Normally, for a 𝑠-

stages and 𝑝-order implicit Runge-Kutta method, 𝑠 may be less than 𝑝. However, for an explicit 

one, 𝑠 must be greater than 𝑝 for 𝑝 ≥ 5 ([1]). So, an implicit Runge-Kutta method is much 

suitable to treat the stiffness. A class of implicit Runge-Kutta method is constructed on the basis 

of Gaussian quadrature is introduced in [1], [2], pp. 219. Two specified methods of this class 

were given by 

 𝑠 = 2, 𝑝 = 4: 
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In fact, two methods mentioned have 𝑝 = 2𝑠. This is quite good in the sense of less 

computational cost of the functional evaluation but obtaining a high order of convergence which 

can not be seen from an explicit Runge-Kutta method of the same orders [3], [4].  

However, the weakness of an implicit Runge-Kutta method having in common is from the 

difficulty of extracting the mediate elements at each stage. Concretely, in the difference equation 

(2), such obstacle is caused by finding the terms 𝑘𝑖′𝑠. The usual approach to overcome this 

situation is to make use of the Newton-Raphson iteration technique to approximate the terms 𝑘𝑖′𝑠 

in the last 𝑟 nonlinear equations of (2). This is a feasible schema and is somewhat efficient if we 

have a good function 𝑓 and an appropriate initial approximation at each iteration process. 

However, the drawback of this approach comes from the fact that the solution of the nonlinear 

system is approximated by the solution of its linearized system, this in turn inflacts the truncation 

error. The new approach we are going to introduce here is then to make use directly the equations 

defining the terms 𝑘𝑖′𝑠 for iterative process. Because of the difference between the entered terms 

𝑘𝑖′𝑠 and the generated terms 𝑘𝑖′𝑠, a predictor-corrector process is naturally obtained. But another 

question arises on the correction is that if the generated terms 𝑘𝑖′𝑠 gaining from this process is 

trusted. Fortunately, thank to the matrix 𝐴 of Gaussian quadrature, appearing in (3) and (4), 

having the norm less than one, the aforementioned iterative process posses a fixed point which is 

just the right terms 𝑘𝑖
′𝑠. This makes the success in this new approach. An upper hand of the new 

approach comparing to some innovative noticeable techniques presented in [6]-[8] can be seen 

from the illustration in section 4 . We are going to describe this achievement in the following 

section.  

2. Iteration process for the predictor-corrector approach to implement an implicit Runge-

Kutta method 

Assume that the equation (2) is presented into the matrix from as follows:  
𝑤𝑛+1 = 𝑤𝑛 + 𝐵𝐤

𝐤 = ℎ𝑭(𝑡𝑛𝟏 + ℎ𝐶, 𝑤𝑛𝟏 + 𝐴𝐤)
                  (5) 

where 

𝐵 = (𝑏1, 𝑏2, … , 𝑏𝑠), 𝐶 = (𝑐1, 𝑐2, … , 𝑐𝑠)𝑇 ,

𝟏 = (1, … ,1)T, 𝐤 = (𝑘1, 𝑘2, … , 𝑘𝑠)T ∈ ℝ𝑠,

𝑭(𝒛, 𝒖) = 𝑭((𝑧1, 𝑧2, … , 𝑧𝑠)𝑇 , (𝑢1, 𝑢2, … , 𝑢𝑠)𝑇) = (𝑓(𝑧1, 𝑢1), 𝑓(𝑧2, 𝑢2), … , 𝑓(𝑧𝑠, 𝑢𝑠))
𝑇

.

 

In the equation (5), the unknown 𝐤 can be solve in the iterative process 

                    𝐤(𝑞+1) = ℎ𝑭(𝑡𝑛𝟏 + ℎ𝐶, 𝑤𝑛𝟏 + 𝐴𝐤(𝑞)), ∀𝑞 ≥ 0,               (6)                                           

to generate the sequence {𝐤(𝑞)}
𝑞≥0

 which converges to the true root 𝐤 of the equation (5). This is 

stated in the following result. 

Theorem Given 𝑛 ∈ ℕ, the transformations 𝑮𝑛,ℎ: ℝ𝑠 → ℝ𝑠 given by  

   𝑮𝑛,ℎ(𝐱) = ℎ𝑭(𝑡𝑛𝟏 + ℎ𝐶, 𝑤𝑛𝟏 + 𝐴𝐱)            

has a unique fixed point by choosing 𝑁 sufficiently large. Moreover, we could construct the 

formula for an initial approximation for the iteration process to find such fixed point by adding 

more requirement on how large 𝑁 are. 

Proof. We can choose 𝑁 sufficiently large such that ℎ is sufficiently small in order for 

𝐺𝑛,ℎ({𝐳 ∈ ℝs|‖𝒛‖ ≤ 1}) ⊂ {𝐳 ∈ ℝs|‖𝒛‖ ≤ 1}. 

Therefore, 𝐺𝑛,ℎ: 𝐵̅ℝ𝑠(𝟎, 1) = {𝐳 ∈ ℝs|‖𝒛‖ ≤ 1} → 𝐵̅ℝ𝑠(𝟎, 1) is contraction mapping since 

  ‖𝑮𝑛,ℎ(𝐱) − 𝑮𝑛(𝐲)‖ ≤ ‖𝛁𝑮𝑛,ℎ(𝛉)‖‖𝐱 − 𝐲‖, ∀𝐱, 𝐲 ∈ 𝐵̅ℝ𝑠(𝟎, 1),                                    

for some 𝛉 ∈ {𝑡𝐱 + (1 − 𝑡)𝐲|0 ≤ 𝑡 ≤ 1}, and by choosing 𝑁 large enough one more time such that   

‖𝛁𝑮𝑛,ℎ(𝛉)‖ = ℎ‖𝑫𝒖𝑭(𝑡𝑛𝟏 + ℎ𝐶, 𝑤𝑛𝟏 + 𝐴𝛉)𝐴‖ ≤ ℎ𝐿𝑛,ℎ‖𝐴‖ < ‖𝐴‖ < 1, ∀𝛉 ∈ 𝐵̅ℝ𝑠(𝟎, 1),    (7) 

where 
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𝐿𝑛,ℎ = sup
𝛉∈ 𝐵̅ℝ𝑠(𝟎,1)

‖𝑫𝒖𝑭(𝑡𝑛𝟏 + ℎ𝐶, 𝑤𝑛𝟏 + 𝐴𝛉)‖. 

By Fixed point Theorem in the complete banach space, 𝐺𝑛,ℎ has a unique fixed point, say 

𝐱ℎ
∗ ∈ 𝐵̅ℝ𝑠(𝟎, 1). Taking initial term 𝐱ℎ

(0)
∈ 𝐵̅ℝ𝑠(𝟎, 1), then generating the sequence {𝐱ℎ

(𝑞)
}

𝑞≥0
 by 

𝐱ℎ
(𝑞+1)

= 𝑮𝑛,ℎ (𝐱ℎ
(𝑞)

), we have lim
𝑞→∞

𝐱ℎ
(𝑞)

= 𝐱ℎ
∗ . 

To choose the right initial term which fulfils that ‖𝐱ℎ
(0)

‖ < 1, we use linearization 

𝑮𝑛,ℎ(𝐳) = ℎ𝑭(𝑡𝑛𝟏 + ℎ𝐶, 𝑤𝑛𝟏) + ℎ2𝑫𝒖𝑭(𝑡𝑛𝟏 + ℎ𝐶, 𝑤𝑛𝟏)𝐴𝐳 + 𝜊(𝐳2), ∀𝐳 ∈ 𝐵̅ℝ𝑠(𝟎, 1),         

to reasonably take the initial term 𝐱ℎ
(0)

 to be the solution of the linear equation 

  𝐳 = 𝒉𝑭(𝑡𝑛𝟏 + ℎ𝐶, 𝑤𝑛𝟏) + ℎ2𝑫𝒖𝑭(𝑡𝑛𝟏 + ℎ𝐶, 𝑤𝑛𝟏)𝐴𝐳,             

or equivalently to the equation 

           [𝐈s − ℎ2𝑫𝒖𝑭(𝑡𝑛𝟏 + ℎ𝐶, 𝑤𝑛𝟏)𝐴]𝐳 = ℎ𝑭(𝑡𝑛𝟏 + ℎ𝐶, 𝑤𝑛𝟏).                   (8)           

In fact, if (7) is fulfilled, and that 𝐳 = 𝐱ℎ
(0)

 is the solution of (8) then 

(1 − ℎ‖𝐴‖) ‖𝐱ℎ
(0)

‖ ≤ ‖𝐈s − ℎ2𝑫𝒖𝑭(𝑡𝑛𝟏 + ℎ𝐶, 𝑤𝑛𝟏)𝐴‖ ‖𝐱ℎ
(0)

‖ = ℎ‖𝑭(𝑡𝑛𝟏 + ℎ𝐶, 𝑤𝑛𝟏)‖, 

‖𝐱ℎ
(0)

‖ ≤
ℎ‖𝑭(𝑡𝑛𝟏 + ℎ𝐶, 𝑤𝑛𝟏)‖

1 − ℎ‖𝐴‖
.                               (9) 

So, if we somewhat tightent the condition in (7) by adding the assumption on the right hand 

side in (9) to satisfy 
ℎ‖𝑭(𝑡𝑛𝟏 + ℎ𝐶, 𝑤𝑛𝟏)‖

1 − ℎ‖𝐴‖
< 1, 

we obtain the appropriate initial term 𝐱ℎ
(0)

, that is ‖𝐱ℎ
(0)

‖ < 1, for the iteration process to 

generate the sequence {𝐱ℎ
(𝑞)

}
𝑞≥0

 which converges to the fixed point 𝐱ℎ
∗ .   ◻ 

3. Implementation to the Implicit Runge-Kutta methods Based On Gaussian Quadrature  

The predictor-corrector approach with the initial term 𝐱ℎ
(0)

 at each step 𝑛 chosen to be the 

solution of (8) is used to implement the method (3) and (4). The implementation are presented in 

Matlab code shown below. 
Implementation to the method (3) 
function outp=RKI4(f,a,b,alpha,N,m) 

h=(b-a)/N; 

t0=a; 

w0=alpha; 

TW=[t0,w0]; 

%-------- 

A=[1/4,(1/4-sqrt(3)/6);(1/4+sqrt(3)/6),(1/4)]; 

syms t w; 

for i=1:N 

    j=1; 

Q=eye(2)-h*double(subs(diff(f(t,w),w),[t,w],[t0,w0]))*A; 

R=h*f(t0,w0)*[1;1]+h^2*double(subs(diff(f(t,w),t),[t,w],[t0,w0]))*[1/2-

sqrt(3)/6;1/2+sqrt(3)/6]; 

    Z=linsolve(Q,R); 

    k1=Z(1); 

    k2=Z(2); 

    while j<=m      

   %----------------------------------------------- 

    U=A*[k1;k2];  

    k1=h*f(t0+(1/2-sqrt(3)/6)*h,w0+U(1)); 
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    k2=h*f(t0+(1/2+sqrt(3)/6)*h,w0+U(2)); 

    %------------------------------------------------ 

    j=j+1; 

    end 

    t0=t0+h; 

    w0=w0+1/2*k1+1/2*k2; 

    TW=[TW;t0,w0]; 

end 

%------------------------ 

outp=TW; 

end 

 
Implementation to the method (4) 
function outp=RKI6(f,a,b,alpha,N,m) 

h=(b-a)/N; 

t0=a; 

w0=alpha; 

TW=[t0,w0]; 

%-------- 

A=[5/36,(2/9-sqrt(15)/15),(5/36-

sqrt(15)/30);(5/36+sqrt(15)/24),(2/9),(5/36-

sqrt(15)/24);(5/36+sqrt(15)/30),(2/9+sqrt(15)/15),(5/36)]; 

syms t w; 

for i=1:N 

    j=1; 

Q=eye(3)-h*double(subs(diff(f(t,w),w),[t,w],[t0,w0]))*A; 

R=h*f(t0,w0)*[1;1;1]+h^2*double(subs(diff(f(t,w),t),[t,w],[t0,w0]))*[1/

2-sqrt(15)/10;1/2;1/2+sqrt(15)/10]; 

    Z=linsolve(Q,R); 

    k1=Z(1); 

    k2=Z(2); 

    k3=Z(3); 

    while j<=m      

   %----------------------------------------------- 

    U1=5/36*k1+(2/9-sqrt(15)/15)*k2+(5/36-sqrt(15)/30)*k3; 

    U2=(5/36+sqrt(15)/24)*k1+(2/9)*k2+(5/36-sqrt(15)/24)*k3; 

    U3=(5/36+sqrt(15)/30)*k1+(2/9+sqrt(15)/15)*k2+(5/36)*k3; 

    k1=h*f(t0+(1/2-sqrt(15)/10)*h,w0+U1); 

    k2=h*f(t0+1/2*h,w0+U2); 

    k3=h*f(t0+(1/2+sqrt(15)/10)*h,w0+U3); 

    %------------------------------------------------ 

    j=j+1; 

    end 

    t0=t0+h; 

    w0=w0+5/18*k1+4/9*k2+5/18*k3; 

    TW=[TW;t0,w0]; 

end 

%------------------------ 

outp=TW; 

end 

4. Numerical experiment and Comparison 

We present here the comparison of the researched methods of order four and six, denoted as 

IRK4_PC and IRK6_PC respectively, and some referenced methods including the Implicit 

Runge-Kutta method of order six implented in the usual appoach, the usual explicit Runge-Kutta 

http://jst.tnu.edu.vn/
mailto:jst@tnu.edu.vn


TNU Journal of Science and Technology 226(15): 60 - 67 

 

http://jst.tnu.edu.vn                                                        65                                             Email: jst@tnu.edu.vn 

method of order four ([3]), the explicit Runge-Kutta method of order six ([4]), the sixth order 

Backward Difference Formula Off-step block method ([5]) with the initial approximation 

produced by the above Runge-Kutta method of order four, and the Backward Difference Formula 

Continuous Block method of order three ([6]-[8]). These referenced methods are denoted as 

IRK6, RK4, RK6, BDFO6, BDFblock3. We also introduce a new implementation, denoted as 

BDFO6_IRK6PC, which makes use of IRK6_PC to initiate BDFO6. The experimental results 

shown in each table below present the absolute error at the last mesh point 𝑡𝑁 = 𝑏 for the 

corresponding problem. The parameters for considered methods are introduced also in each table.  

Example 1 ([3], pp. 321) Given the initial value problem 

𝑦′ = (𝑡 + 2𝑡3)𝑦3 − 𝑡𝑦, 𝑡 ∈ [0,2], 𝑦(0) = 1/3.                 (10) 

The exact solution of the problem is 𝑦 = (3 + 2𝑡2 + 6𝑒𝑡2
)

−1/2
. The absolute error at 𝑡𝑁 = 2 

is shown in Table 1 for each method. 

Table 1. Absolute error to the approximation of the solution of (10) at the last mesh point 𝑡𝑁 = 2 

produced by the corresponding method and the time (in second) to perform the calculation corresponding 

to each number 𝑁 in the list 

IRK6_PC 

𝑁 = 10, 20,30,70; 
𝑀 = 10 

IRK4_PC 

𝑁 = 10, 20,30; 
𝑀 = 10 

IRK6 

𝑁 = 10, 20,30; 
𝑀 = 10, 𝑡𝑜𝑙 = 0.001 

RK4 

𝑁 = 10, 20,30; 
 

1.915 × 10−9, 
2.978 × 10−11, 
2.612 × 10−12, 

1.6 × 10−14 

1.82 × 10−7, 
1.064 × 10−8, 
2.075 × 10−9 

1.464 × 10−3, 
3.628 × 10−4 

1.606 × 10−4 

6.458 × 10−6, 
3.73 × 10−7, 
7.16 × 10−8 

0.92𝑠, 1.27𝑠, 1.59𝑠, 9.1𝑠  0.88𝑠, 1.25𝑠, 1.6𝑠 0.98𝑠, 1.33𝑠, 1.69𝑠 0.48𝑠, 0.5𝑠, 0.51𝑠 

RK6 

𝑁 = 10, 20,30; 
 

BDFO6 

𝑁 = 10, 20,30,70; 
𝑀 = 10, 𝑡𝑜𝑙 = 0.001 

BDFblock3 

𝑁 = 9, 21,30,69; 
𝑀 = 10, 𝑡𝑜𝑙 = 0.001 

BDFO6_IRK6PC 

𝑁 = 10, 20,30,70; 
𝑀 = 10, 𝑡𝑜𝑙 = 0.001 

1.982 × 10−4, 
1.033 × 10−4, 
6.991 × 10−5 

5.314 × 10−8, 
1.542 × 10−7, 
2.143 × 10−8, 
1.22 × 10−10 

1.181 × 10−4, 
1.132 × 10−5, 
4.174 × 10−6, 
4.04 × 10−7 

2.836 × 10−8,  
1.536 × 10−7, 
2.138 × 10−8, 
1.217 × 10−10 

1.52𝑠, 1.58𝑠, 1.6𝑠 3.58𝑠, 4.91𝑠, 5.92𝑠, 11𝑠 3.82𝑠, 5.8𝑠, 7.49𝑠, 15.25𝑠 5.88𝑠, 6.87𝑠, 8.04𝑠, 13.4𝑠 

 

Example 2 Given the initial value problem 

𝑦′ = (
1

𝑡
− 40) 𝑦 + 40𝑡2 + 𝑡, 𝑡 ∈ [ln 2 , 5], 𝑦(ln 2) =

ln 2

240
+ ln2 2.           (11) 

The exact solution of the problem is 𝑦 = 𝑡2 + 𝑡𝑒−40𝑡. The absolute error at 𝑡𝑁 = 5 is shown 

in Table 2 for each method. 

Table 2. Absolute error to the approximation of the solution of (11) at the last mesh point 𝑡𝑁 = 5 

produced by the corresponding method and the time (in second) to perform the calculation corresponding 

to each number 𝑁 in the list 

IRK6_PC 

𝑁 = 10,30,40,70; 
𝑀 = 10 

IRK4_PC 

𝑁 = 10, 30,40,70; 
𝑀 = 10 

IRK6 

𝑁 = 10, 20,30,40,70; 
𝑀 = 10, 𝑡𝑜𝑙 = 0.001 

RK4 

𝑁 = 10, 30,40; 
 

7.7 × 1033, 
1.31 × 10−1, 

3.698 × 10−3, 
3.483 × 10−6 

2.35 × 1039, 
5.12 × 10−1, 
1.62 × 10−2, 
1.964 × 10−5 

1.324 × 10−1, 
3.46 × 10−2, 

1.443 × 10−2, 
7.486 × 10−3, 
2.021 × 10−3 

2.143 × 1032, 
1.167 × 1039, 
2.574 × 1030, 
2.895 × 10−3 

2.5𝑠, 4.9𝑠, 5.84𝑠, 9.21𝑠  2.47𝑠, 5.08𝑠, 5.8𝑠, 9.3𝑠 3.1𝑠, 4.3𝑠, 5.3𝑠, 6.3𝑠, 9.9𝑠 1.33𝑠, 1.4𝑠, 1.42𝑠, 1.43𝑠 

RK6 BDFO6 BDFblock3 BDFO6_IRK6PC 
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𝑁 = 10, 40,70; 
 

𝑁 = 10, 20,30; 
𝑀 = 10, 𝑡𝑜𝑙 = 0.001 

𝑁 = 9; 
𝑀 = 10, 𝑡𝑜𝑙 = 0.001 

𝑁 = 10, 20; 
𝑀 = 10, 𝑡𝑜𝑙 = 0.001 

3.34 × 1051, 
2.97 × 1045, 

2.915 × 10−2 

1.934, 
8.829 × 10−9, 
1.4 × 10−14, 
1.22 × 10−10 

0.7 × 10−14 

 

1.283 × 10−12,  
0.7 × 10−14 

 

1.2𝑠, 1.35𝑠, 1.36𝑠 3.08𝑠, 4.4𝑠, 5.74𝑠 3.39𝑠 5.18𝑠, 6.73𝑠 

 

Example 3 Given the initial value problem 

𝑦′ = −10𝑦 + 10 cos 𝑡 − sin 𝑡 , 𝑡 ∈ [0,4], 𝑦(0) = 2.           (12) 

The exact solution of the problem is 𝑦 = cos (𝑡) + 𝑒−10𝑡. The absolute error at 𝑡𝑁 = 4 is 

shown in Table 3 for each method. 

Table 3. Absolute error to the approximation of the solution of (12) at the last mesh point 𝑡𝑁 = 4 produced 

by the corresponding method and the time (in second) to perform the calculation corresponding to each 

number 𝑁 in the list 

IRK6_PC 

𝑁 = 10, 20,30,70; 
𝑀 = 10 

IRK4_PC 

𝑁 = 10, 20,30; 
𝑀 = 10 

IRK6 

𝑁 = 10, 20,30; 
𝑀 = 10, 𝑡𝑜𝑙 = 0.001 

RK4 

𝑁 = 10, 20,30; 
 

1.004 × 10−2, 
1.538 × 10−6, 
3.801 × 10−9 

4.24 × 10−2, 
1.628 × 10−5, 
5.123 × 10−6 

3.972 × 10−2, 
7.104 × 10−3 

2.727 × 10−3 

9.517 × 106, 
3.982 × 10−3, 
4.607 × 10−4 

0.83𝑠, 1.16𝑠, 1.55𝑠  0.81𝑠, 1.18𝑠, 1.53𝑠 1.14𝑠, 1.37𝑠, 1.72𝑠 0.45𝑠, 0.41𝑠, 0.42𝑠 

RK6 

𝑁 = 10, 20,30; 
 

BDFO6 

𝑁 = 10, 20,30,70; 
𝑀 = 10, 𝑡𝑜𝑙 = 0.001 

BDFblock3 

𝑁 = 9, 21,30; 
𝑀 = 10, 𝑡𝑜𝑙 = 0.001 

BDFO6_IRK6PC 

𝑁 = 10, 20,30; 
𝑀 = 10, 𝑡𝑜𝑙 = 0.001 

1.275 × 1010, 
3.065 × 10−4, 
6.712 × 10−4 

1.09 × 10−4, 
1.284 × 10−9, 
7.73 × 10−11 

0.971 × 10−3, 
3.25 × 10−5, 
8.425 × 10−6 

1.345 × 10−8,  
1.284 × 10−9, 
7.729 × 10−11 

0.42𝑠, 0.44𝑠, 0.46𝑠 0.97𝑠, 1.45𝑠, 1.94𝑠 1.1𝑠, 1.93𝑠, 2.65𝑠 1.75𝑠, 2.21𝑠, 2.67𝑠 

 

We observe from three examples that the research method IRK6_PC and IRK4_PC and the 

composition method BDFO6_IRK6 between IRK6_PC and BDFO6 take very higher advantage 

in treating the non-stiff problem (equation (10)) fairly stiff problem (equation (11)) and very stiff 

problem (equation (12)) both in the exactness and the computational cost. In fact, it could also be 

seen easily basing on the global truncation error. 

5. Conclusion 

A good quality approach to implement the implicit Runge-Kutta method constructed on 

Gaussian quadrature is presented. This new strategy makes benefit both in less computational 

cost and higher accuracy. It still has the useful combination to initial the method BDFO6 to dial 

with the stiffness which is the strong property of this method. This approach could be expected to 

bring more efficiency for other developments which would be studied in the upcoming reseaches. 
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