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This paper investigates the properties of the solution set for
generalized quasi-homogeneous complementarity problems. The
authors introduce the concept of p-degree quasi-homogeneous
maps with p>0. Using the concepts of exceptionally regular pair of
positively homogeneous maps for cone K, exceptional family of
elements for generalized complementarity problems and the
properties of p-degree quasi-homogeneous maps, the authors proved
a sufficient condition for compactness and non-emptiness of the
solution set for generalized quasi-homogeneous complementarity
problems. The class of p-degree quasi-homogeneous maps with p>0
properly contains the class of polynomial maps. So, the obtained
result is better a result of L.Ling, C.Ling, H.He [Pac. J. Optim,
16(1) 155-174, 2020.] about the properties of the solution set for
generalized polynomial complementarity problems.
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TU KHOA

Bai toan bu tong quat

Anh xa tya thun nhat bac p

Bai toan bu twa thudn nhét tong
quét

Cip anh xa thuan nhét duong
chinh quy ngoai trir d6i voi nén K
Day ngoai trir d6i v6i bai toan bu
tong quat

Bai bdo nay nghién cuu tinh chat tap nghiém cua bai toan bu tyua
thuan nhat tong quat. Céc tac gia gisi thiéu khai niém é&nh xa tua
thuan nhit bac p véi p >0. Dung cac khai niém cap anh xa thuan nhat
dwong chinh quy ngoai trir d6i voi nén K, day ngoai trir ddi véi bai
toan bu tdng quat va tinh chat cua cac anh xa tua thudn nhat bac p>0,
céc tac gia da chirng minh mot diéu kién du cho tinh khac rdng va
tinh compact cua tap nghiém ddi véi bai toan bu tua thuan nhét tong
quat. LGp céc &nh xa tua thudn nhét bac p >0 chira 16p céc &nh xa da
thirc nhu mét 16p con thyc su. Do d6, két qua thu duoc tong quat hon
mot két qua caa L.Ling, C.Ling, H.He [Pac. J. Optim, 16(1) 155-174,
2020] vé tinh cht cia tap nghiém ddi véi bai toan bu da thic tong
quat.
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1. Pat van dé

Trong khoang 20 nim gan day, bai toan bu trong 1y thuyét tdi wu dwoc dé cap dén mot cach
kha manh mé [1]-[8]. S& di nhu vay vi bai todn bu khéng chi 1a mét bai todn quan trong cua ly
thuyet toi wu, ma con lién quan dén bai toan can bang, mot bai toan nay sinh trong nhiéu linh vuc
nhu: ly thuyet trd choi, kinh té hoc (diém can biang Walras, can bang gia khong gian), co hoc (co
hoc két céu, co hoc tiép xuc), bai toan can bang giao thong... Méi lién quan gira bai toan bu va
bai toan can bang cling nhu tong quan vé céac loai bai toan bu va ang dung c6 thé xem trong [1].
Bai toan bu da thirc tong quat va tinh chét tap nghiém cua bai toan ‘nay dugc nghién cuu trong
[2]-[4]. Noi riéng, dinh Iy 3.1 cua bai bao [2] cho mot diéu kién du dé tap nghiém cua bai toan bu
da thirc tong quat la mot tap compact khac rong. Trong bai bao nay ching toi chi ra rang dinh ly
3.1 [2] van con dang néu thay céc anh xa da thtc F (x), G(x) trong dinh 1y d6 [2] bang cac anh xa

tong quat hon, duoc ching tdi goi 1a cac 4nh xa twa thuan nhat.

Duéi day khong gian véc to thuc n-chiéu s& duoc ky hiéu boi R", tich vo hudng ciia céc véc
to u,veR" duoc ky higu bsi (u,v), chuin Euclid cia véc to xe R"ky hi¢u boi ||,
R, ={teR:t>0}. Nén ddi ngiu K* cuanén Idi K trong R" duoc dinh nghia béi:

K*={u eR":<x,u>>0 (Vxe K)};

K*lubn la mét non 16i dong trong R". NEuKIa nén 16i déng trong R" thi
K** = (K*)*=
2. Cac khai niém

Pinh nghia 1.1: Cho hai 4nh xa lién tyc S,T tr R" vao R" va non 15i dong K trongR".
Bai toan tim x € R" sao cho S(x) e K,T(x) € K* va (S(x),T(x)) =0 goi la bai toan bi téng
quat, ky hiéu boi GCP(S,T,K). Tap nghiém cua bai toan GCP(S,T,K) duoc ky hiéu la
SOL(S,T,K).

Pinh nghia 1.2: Anh xa H : R" — R* duoc goi | thuan nhat duong bac p e R néu véi moi
t>0,moi xeR" tacd H(x)=t"H(x).

Vi du: Cac anh xa H(X;,%,) = (X + X3, %X%,),G (X, X,) = /X + X5 ,(% +X,)?) 1a cac anh
xa thuan nhat duong bac 2 tr R? vao R?.
Pinh nghia 1.3: Cho d4nh xa F :R" — R", taviét F =0(|x|") (p>0) néu:
F(x) _
b x”
Pinh nghia 1.4: Anh xa T:R" — R"duoc goi 12 mot 4nh xa tya thuan nhat bac p >0 néu
co thé biéu dién T =H +F, trong d6 H 1a mgt anh xa thuan nhét duong bac p va F=0(x|")
L6p cac anh xa tya thuan nhat bac p duoc ky hiéu bai H(p,0(p)).

m-1
Nhgn xét 1: D& théy ring T(x)=> A®x™*+a, trong d6 x,aeR",m>2, AIa tensor
k=1
vudng n-chiéu (n>1) cap m—k , la mot anh xa thuoc H(m—-1,0(m-1)).
Phong theo dinh nghia 2.4 trong [2], chung t6i dua ra khai niém cap anh xa thuan nhit duong
chinh quy ngoai trir dbi véi mot nén 16i dong K trong R" nhu sau:
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Pinh nghia 1.5: Cho nén 16i dong K va H,G 1a hai anh xa thuan nhat duong tuong tng bac
p,g tr R" vao R". Tandi rang H,G la mot cap chinh quy ngoai trir d6i voi K néu khong
ton tai bo ba(x.t,s) € (R" \{0}) xR, xR, thoa mén cac diéu kién sau:

(ER1): H(X)+tx e K,G(x) +sx e K*;

(ER2): (H(X)+1x,G(x)+sx)=0.

Pinh nghia 1.6: Anhxa T :R" — R" duoc goi 12 xac dinh duong trén R" néu:
(x,Tx)>0,vxeR"\ {0}.
Nhan xét 2: C4c 4nh xa tuyén tinh tr R" vao R" cho boi cac ma tran vudng cap n déi xing
va xac dinh dwong A 1a vi du vé mét anh xa thuan nhat duong bac 1 xac dinh dwong trén R" .
Anh xa T :R? - R? cho bai cong thuc:
3% /x| 3 . .
X, e , X khi x, #0;
T(Xl,XZ)Z ( 1 2) 1
(0,x3) khi x,=0
1a vi du v& mot anh xa lién tuc, thudn nhét duong bac 3 va xac dinh duong trén R?, nhung
khbng thudc 16p cac anh xa da thirc. ‘ )
DPinh nghia 1.7: Tap nghiém SOL(S,T,K) khi S, T la cdc &nh xa tya thuan nhat bac p,q
tuong tng goi 1 tAp nghiém ciia bai toan bi tya thuan nhat tong quat.
So do chung minh két qua chinh cua ching t6i twong tu nhu ching minh cua dinh ly 3.1
trong [2] nén chung t6i cling can dén khai niém day ngoai trir duoc khao sat trong [5]-[7]:
Pinh nghia 1.8: Cho hai 4nh xa lién tuc S, T tir R" vao R" va non 156i déng K trong R".

Day {x©}", < R" goi la mét ddy ngoai trir déi voi bai todn GCP(S,T,K) néu:

1) lim|[x®|| = o0
1>
2) Ton tai mot day céc s6 duong {z |, théa man dong thoi céc diéu kien:

S(xM)+ 1 xV e K, T(x®) + 14,xV € K*,<S(x“)) + x0T (xD) +,uix(i)> =0.
B dé quan trong sau day dwoc ching minh trong [7] va duoc chirng minh lai trong [2]:
Bo dé 1.1: Cho céc anh xa lién tuc S, T tr R" vao R" va nén 16i dong K trongR" . Hai
kha nang sau loai trir nhau:
1) SOL(S,T,K) # & ;
2) Tén tai day ngoai trir {x? |, < R" déi véi bai todn GCP(S,T,K).
Mot trong cac két qua chinh cua bai bio [2] 1a dinh ly sau (dinh Iy 3.1,[2]), chuing toi dién dat
lai d@é tranh sir dung cac ky hiéu cong kénh trong [2]:
Pinh Iy 1.2: Gia st K 1anon 16i dong trong R" va :
1) S, T la cac anh xa da thirc tr R" vao R" cho béi cac cong thic :
1-1
BUx"I+b  (x,a,beR"),
=1
trong d6 A%, BY 13 c4c tensor vudng n-chiéu cdp m—k, | — j tuong ting;

m-1
S(x) =Y AX™ 4 a, T(x)=
k=1

2) A® B® 13 cap anh xa chinh quy ngoai trir déi véi non K ;
3) Néu m > 1 thi A® x4c dinh duong trénR", néu m <1 thi BY xéac dinh
duong trén R" .
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Khi d6 SOL(S,T,K) =& va latap compact trong R" .

M rong dinh ly trén tir 16p cac anh xa da thirc sang 16p cac anh xa tya thuan nhat 1a muc dich
cua bai bao nay.
3. Két qua chinh

Trong muc nay chung téi chirmg minh dinh ly sau:

Pinh ly 2.1: Gia st K 1a nén 16i dong trong R" va :

1)S,T 1 cac anh xa tya thuan nhat tr R” vao R" cho bai cac cong thic :
S=H,+FeH(p,0(p)), T=K,+GeH(q,0(q)) ,

trong d6 Pp,q la cac s6 dwong; H o Ky 1a cac anh xa lién tuc, thuan nhat duwong bac p,q
(tuong ting) tr R"vao R" va F =0(|x|"),G = 0(|x|") 1a cc &nh xa lién tuc tir R" vaoR";

2) H,,K, lacdp anh xa chinh quy ngoai trir ddi véi non K ;

3) Néu p>q thi H, la anh xa xac dinh duong trén R", néu q> p thi K, 12 anh xa xac

dinh duong trén R".
Khi d6 SOL(S,T,K) = va latap compact trong R".
Chirng minh. Trugc hét ta chang minh SOL(S,T,K) = <.

Gia sir tréi lai SOL(S,T,K)=. Khi do theo bd d& 1.1 ton tai ddy ngoai trr x|, = R"
déi voi bai todn GCP(S,T,K) . Vay ton tai day s6 duong { |, sao cho:

0=<S(x(”)+uix(i),T(x(i))+yix(”> (1)
SXMY+ 4 xV e K, T(xD) + 1 xV e K* (2)
trong do lim ‘x(i) =0,

T (1) va biéu dién cua cac anh xa S,T ta nhan duoc:
0= <H o (XN + F(xD) + 24xV, K (xP) +G(xV) + ,uix(i)> =N
0={H,(x")+F(xV), K, (x?)+G(x")) + 3)
i i i i i Nk
,ui<x(), H,(x")+F(x®)+ Kq(x())+G(x())>+yi2Hx( ’H
Do K 12 nén 16i dong ta c6 K ** =K, vay vai trd caa cac so P, la nhu nhau trong gia thiét

ctia dinh 1y 2.1. Do d6, khong giam tong quét ta ¢ thé xem p>q. Pat t, = H ﬂ“‘ql . Ta khang
(i)
X

dinh ring day {t }", bi chan. Thuc vy, néu day { }", khong bi chan thi thay {t, |, bing day

con cua né néu can, ta c6 thé xem {t, | 1a day dan toi vo cuc. Chia ca hai vé cua (3) cho
N R
”x(')H ta nhan duoc:

(H,(x?) + F(x©), Ky (xP) + G(xP))

) Kk

”X(:”p+l (XD H (D) + F () 4 Ky (X)) + G(x ™)) + ||x(it)iﬁ p-a
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@0_<Hp(x('))+ F(x®) Kq(x('))+G(x"))>+

M]P ’ M|
T .

J— 2
t; - <x(i), H,(xP)+F(x®)+ Kq(x(i))+G(X(i))>+ t.

[ <
Dung tinh p-thuan nhat duong (twong (ing g-thuan nhat dwong) cua cac énh xa H , K, ta cé
thé viét lai (4) dudi dang:

X Fx) X Gx)
0_<Hp(“x<l>”)+ Tk ’Kq(“x<i)u)+ <[ >+
t x0 ’ (X(i)) F(X(i)) 1 K (X(i)) G(X(i)) tiz ®)
. — : + + - +
(R T R T

9 b - A

xa lien tuc tir R"vaoR", F =0(|x|"),G=0(|x|*) thi dé thdy s6 hang thtr nhat & vé phai cua (5)
1a dai lwong bi chan khi Hx(i)H du 16n. D& ching to ring gia thiét {t, |, 1a ddy dan ti vd cuc

dan téi mau thuan ta phan biét hai truong hop:
Trwong hep 1: p=(. Trong truong hop nay (5) tro thanh:

_ O Fx®) o x@ G ®)
O<H p(Hx(i)H)+ HX(i)Hp ,Kp(HX(i)H)+ Hx(i)“p >+

(6)
x® x0 O F(x®) x® ex™y\ .,
{Z— H_(— K, (— :
“<ux°>u B o “ux<'>u”uxmw>

Chia ca hai vé cua (6) cho t” ta duoc:

1 pop B per
(7)
1/ x® X0 F(x®) X0 Gy
f<ux<°u'“p‘uxwu” ol G oy >

Cho i—> o0, ding nhan xét 3 & trén va nhé rang t, —>oo,Hx‘”H—>oo tir (7) ta nhan duoc mau

thuan 0=1. o
Truwong hep 2: p > (. Trong trudng hop nay tur (5) ta c6 bat dang thirc:
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( x® F(X(i)) ( x® G(X('))

LN ENT) .
x® H( X(l) F(X(i)) 1 K.( X(I) G(X('))
TR o B BT e

Bai vi day {vr® = HX( )H Yoa

cau nay ta suy ra c6 mot day con cua day {v“)} hoi tu t6i mot phan tr v cua mat cdu don vi

la ddy thuéc mit cau don vi cua R" thi tir tinh compact ciia mat

trong R".Thay day {v(i)} béng day con ciia n6 hoi tu t6i v néu cin, ta co thé coi chinh day
W@} hoi tutéi v. Do H, xéc dinh duong trén R"va []=1 tacé (v.Hp@)>0. cho
i —oo trong (8) va lai dung nhan xét 3, chd y rang khi p>q hé sb cua t; trong vé phai (8) c6
gisi han 12 <§, H p(;)> >0 khi i —>o0, ta nhan duoc mau thun 0> +oo.
Céc mau thudn nhan duoc chiing to rang day {t; |, phai la day bi chan. Cac hé thuc (1), (2)
bay gio ¢ thé viét lai dusi dang:
= (Hy 60 GOt O 40, 060+ 600 ) ©

H, () + F (), Hx<i>u‘**1x<i> € KKy () 4 G(xO) 1 X < (10)

EX)

x{
Lai xét day {v) = “ ()H }°, va ly luan nhu trén, ta c6 thé xem rang limy, =v . Céc hé thirc
i—>0

(9) va (10) tr¢ thanh:
O:<Hp(x(i))+F(x(i))+tin(i)“qv(”,Kq(x(i))+G(x(”)+tin“)”qv(”> 1)

H, (x0) + F(xO) 41 [xO v e K, Ky (x0) +G(x ) +4,[x O v e K * (12)
Do ddy {t; |, bi chan, bang cach thay {t; }*, bsi mot ddy con héi tu cua nd néu can, ta co thé
Xem rang limt, =t>0.

i—o©

Xét treong hop p=q: Tu cac hé thic (11), (12) suy ra:

- xO - F(x®) ) xO G(x('))
G peop e o "
(i) (i) ) (1) (i) )
p(me” l‘:(x p)“i"(') eK.K Him“ F((X)” Lity® ek (14)
Cho i — o0, tir cac hé thuc (13), (14) ta nhan duoc:
<Hp(§)+E§,Kp(;)+£;>=o, H, () +tveK, K,(0) +tveK* (15)
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He thic (15) mau thudn véi gia thiét ring cap anh xa H,, K, 1a mot cap anh xa chinh quy
ngoai trir d6i véi non K.
Xét trwong hgp p>(: Tu cac hé thic (11), (12) suy ra:

g *uxmupq o uxmuq )
x(') F(x"’) t.y® x(') G( (')) .
"GP pop e g )

Do p-q>0va Hx“)” —> 0, cho i — o0 trong cac hé thie (16), (17) ta nhan duoc:
<Hp(§),Kq(;)+E;>=o, H,0)eK, K () +tveK™* (18)

Céc hé thuc (18) mau thuan véi gid thiét rang cap anh xa H,, K, 1a mét cap anh xa chinh quy
ngoai trir doi voi non K. i i ’

Nhu vay, gia thiét phan chang SOL(S,T,K) = dan téi mau thuan véi gia thiét 2) cua dinh
ly 2.1 vé tinh chinh quy ngoai trir d6i véi non K cua cap anh xa H , K. Biéu nay ching minh
rang SOL(S,T,K)=J.

Bay gio ta chitng minh tinh compact cua tap SOL(S,T,K). Gia st zeR"la mot diém gioi
han cia tap SOL(S,T,K). Khi dé ton tai mot day 2@}, = SOL(S,T,K) sao cho z® -z khi
i >0 Vi 2O},  SOL(S,T,K) ta co:

s(z")eK, T(2") e K=, (s@),T(z"))=0 (19)
Cho i—oo trong (19) va dung tinh lién tuc cua cac anh xa S,T, tinh dong cua cac nén
K,K* ta nhan dugc: S(z)eK, T(z)eK*,(S(2),T(2))=0

Vay zeSOL(S,T,K), nghiala SOL(S,T,K) latap dong.

Tinh bi chin cua tap SOL(S,T,K) duoc ching minh bing phan chang. Gia sir tréi lai
SOL(S,T,K) khong bi chin. Khi 6 tén tai ddy ¥}, = SOL(S,T,K) sao cho lim|x®] = +oo.
Vay ta c6:

s ek, T(x?)eK*, (s(x),T(x"))=0 (20)
H, (x)+ F(x") eK, K (xP)+G(x") e K*,
< 0) 0) 0) 0) (21)
<Hp(x )+ F(xD), Ky (x®) + G(x )>=o

Duing tinh p-thuan nhat duong (twong g g-thuan nhét duong) cua cac anh xa H K vatinh

chat cua cac non, tir (21) ta nhan duoc:
X(l) F(X(')) X(l) G(X('))

A T L (')H )

=0
ux<'>u uwu “(meu hof

(22)
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Lai do day {v® = X _3*, 1addy thuoc mat cu don vi cia R", khéng mét tinh téng quat ta

(i)
r

c6 thé xem diy nay hoi tu vé phan tr v thudc mat cAu don vi cia R". Cho i —oo trong (22) ta
nhan duoc:

H, (1) K, Ky(n) eK*,(H, (v), K, (1)) =0 (23)

Cac hé thic (23) mau thuan véi tinh chinh quy ngoai trir d6i véi non K cua cap anh xa
H,.K,. Vay tap SOL(S,T,K) latap bi chan. O trén ta da ching minh ring SOL(S,T,K) la tap

dong, do d6 SOL(S,T,K) la tap compact va chitng minh caa dinh Iy 2.1 két thc.

4. Két luan

Twr cdc nhan xét 1 va nhan xét 2 & trén suy ra rang tap cac anh xa da thuc 1a tap con thuc sy
cua tap cac anh xa tua thuan nhat, do @6 dinh ly 2.1 thuc sy manh hon dinh ly 1.2 (ttc 1a dinh ly
3.1[2]).

Lé&i cam on
Bai bao nay duogc tai tro boi Truong DPai hoc Hang hai Viét Nam trong dé tai ma sé DT21-
22.92.
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