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== 0%u + —0,u—3(d - 2u? — (d — 2)r?ud,(x,t) € RZ,
studied by Grotowski in 2001 in studying the special solutions for s
Yang-Mills heat flows. We aim to study the Cauchy problem for the
equation. We reply on the regularity of the semi-group {e®4,t > 0}.
Firstly, the model is not compatible with the semi-group, we need to
transfer to another one and the main difficulty is to handle the
unbounded nonlinearity r2u3. Finally, we proved the Cauchy problem
for the model that for any initial data u, € Wllﬁz(RJr), there exists
T (ug) > 0 such that the above equation has a unique solution u(t) €

W2 (R,) forall ¢ € [0, T (u)].
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TU KHOA

Bai toan Cauchy dia phuong
Vién dé ton tai duy nhat dia
phuong

Dong nhiét Yang-Mills

Lién thdng Yang-Mills
Dong nhiét hinh hoc

dugc Grotowski dua ra vao nim 2001 dé nghién ctiu cac nghiém dic
biét cua cac dong nhiét Yang-Mills trén cac da tap Riemann. Ching
toi nghién ctru bai toan Cauchy cho phuong trinh trén trong khong
gian W,",(R,). Phuong phap nghién ciu dya trén tinh chinh quy
cta ntra nhom giai tich {e?, ¢t > 0}. Bai toan trén khong tuong thich
Vv6i nira nhém giai tich da néu. Bang cach chuyén ddi bai toan trén
thanh mot bai todn thar 2 twong thich vai nira nhém giai tich va tim ra
mot ham trong thich hop dé didu khién dai lugng phi tuyén khong bi
chan r?u3 nhu 1a khé khan chinh trong bai toan. Cubi cung, ching
t6i da giai quyét hoan toan bai toan Cauchy trong khéng gian
W/ 72(R,), tac 12 véi moi gid tri ban dau u, € W, 7>(R,), ton tai
T(uy) > 0sao0 cho bai toan ton tai duy nhat nghiém u(t) €
Whe(R,), t € [0,T(up)l.
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1. Introduction

In this work, we focus on the following nonlinear heat equation

g d+1
{a—:f = 02u + 22 0,u — 3(d — 2)u? — (d — 2)r?u "

u(0) = up € L”(R4)

where u: (r,t) € R2 - R and d € N*. The equation (1) was arisen from the study of Yang-Mills
connections which is an important problem in Yang-Mills theory. The theory appears in the study
of the weak nuclear force, governing some particles' atomic decay, which is a non-commutative
version of Maxwell's electromagnetism, see [1], and [2]. The study of Yang-Mills connections
usually is considered in abstract spaces such as Riemann manifolds which get a lot of
inconveniences. For that reason, the author in [3] reduced the problem to the simpler version as in
(1). We kindly refer the readers to references [4]-[6] for an entirely mathematical introduction
and a deeply mathematical study on the solutions of equation (1).

The main goal of this paper is to study the local Cauchy problem to (1). We firstly mention
the works of [7] and [8] in which the authors proved the problem in Sobolev spaces HS. Recently,
we have [5] which the authors constructed blowup solutions to (1) and solved the local problem
in Cy° defined as the set of smooth functions with compact supports. However, it remains open if

the local Cauchy problem can be solved L*(RR,) or subspaces of L*(R,) such as Wllﬁz (Ry)
and L., (R,). This work aims to prove the problem in Sobolev space Wllfr"z (R,), a subspace

of L*(R,) which is strictly more significant than C;°(R,) handled in [5].
2. Mathematical approach

In this section, we aim to analyze the local Cauchy problem for equation (1) that directs us
to rigorous proof of the results in our paper. For more convenience, we firstly mention below
some necessary notations which we use in the proof of the paper. Let Q be a Lebesgue
measurable set in R™, we denote L* () as the set of all Lebesgue measurable functions on Q
such that

inf{B, such that u({x: |f(r)| > B}) = 0} < +oo,

which is a Banach space with the following norm

Il f llpo(qy= inf{B sao cho u(x € Q:|f(x)| > B) = 0}.
Similarly, we also define LT, |- (Q) by

LYy (@) = {f € L(@) 520 cho (1 +72)fll o g < +00},
which is also a Banach space with the norm
1 f Nl = I+ x)f Nl g

In addition to that, we also denote the Banach space W (Q) by

Wbt (Q) = {f € L*(Q) such that f, |Vf| € L®(Q)}.
and weighted Sobolev Wllﬁ;lz(ﬂ) defined by

Wyih2 (@) = {f € L(Q) such that (1 + |x|*)f, (1 + |x|))[Vf| € L*(Q)}.

We call f a radially symmetric function on Q if and only if for all orthogonal matrices A and
x € Q, we have Ax € Q and f(Ax) = f(x). We also define L4 () = {z € L*(Q) and z radially
symmetric }, which is a Banach space with |-l =y norm. In particular, we also define the
abstract space of Banach-valued functions X' for some T > 0 by

X7 = L2((0,T], W (Q) N Ligg (),
which is also a Banach space with the norm
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Iz llxr=sup I z(t) ll o(ga+2).
te(0,T]

Next, we define A by

A=03 +0%, ++0%,,
so-called Laplacian operator in R%*1. In particular, taking Q = R%*1, we recall the notation of
the semi-group {e*4} _  with

e L?(R**2) - L2(R**2),t > 0

and
tA 1 _le=yi?
e f (x) = —zz Jpar € % f()AY. ©)
(4mt) 2
We would like to mention Proposition 48.4 given [9], the following fundamental estimate
"etAf”Loo(Rdn) <Il f "L°°(]Rd+2)' (3)

Let us analyze the problem in deriving a good idea to handle our issue. Regarding equation (1),
we see that it is so hard to give a direct proof to equation (1) due to the lack of the following
linear operator

02u + # 0, 1.
To overcome this challenge, we used the idea investigated by [10] in which the authors
successfully handled the local problem to the harmonic heat flows. Adopting the idea, let us
define f be a function defined in R, then, we denote f as f’s extension to R4*2 defined by

x «_(f(xDifx #0,

f@x) = { £(0)ifx = 0. )
We can see that the extension is always a radially symmetric function. In particular, once f €

C%(R,), then, we have f € C2(R%*?2) and the following identity holds
d+1

Af = 0% +——0.f.
We suppose in addition that u is a C?(R,)-solution to (1) (so-called by the classical solution),
then, the extension i belongs to CZ(Rd+2) and i satisfies the following equation
0.l = Al — 3(d — 2)@? — (d — 2)|x|%@3, (x,t) € R%*2 x (0,T),
{a(O) = 1y € L”(R%*2).

Note that the solution @ remains radially symmetric. Let us introduce

z(x,t) = (1 + |z|?)ii(x, t). (5)
Thanks to the equation of u in the above, we write

37— gt 8|x|? 2(d+2) 4x - Vz
EERET A D2 1+ 2|7 T 1+ ]2
3(d—2) , (d-2)x|* ,
- VA Z
1+ [x[*) (1 + [x]*)?
Let us define F(z) by
T [ 8lx? 2(d+2) 4x -Vz .
@ =larpD: T+ |t T ®)
3d-2) , (@d=2)x|* ,
- ze — z>,
1+ [x]®) (1 + [x]?)?
and it reduces to the following problem
0.z = Az + F(2),(x,t) € R*2 x (0,T), @
z(0) =z, € L°°(]Rd+2),

Finally, our problem will follow once the Cauchy problem of (7) is solven.
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3. Main results

In this paper, we aim to give the complete proof to the local Cauchy problem to (1). As we
analyze in the previous section, it firstly need to prove the local ono for (7):

Proposition 2. 1: Let z, € WY (R**2) n L2, (R4*2), then, there exists T'(zy) > 0 such
that problem (8) has a unique solution on [0,T] and z(t) € W»*(R%*2) n Ly, (R4*2). In
particular, the following estimate holds

Il z(t) ||W1'°°(]Rd+2)s "ZOHWL”(]R‘HZ) +1,vt € [0,T].

Proof: The result follows from the Banach fixed point theorem (the unique fixed point of a
constructive mapping). Now, we consider arbitrary initial data z, € W*(R%*2) n L, (R4*2)
and we introduce a subset in X7

By = {z € X7 such that ||z — e*2(zo)ll ,.r < 1}.
In addition, we also define the mapping T on X7 as follows
T(z) = ez, + fot e(t=94F (7)(s)ds,z € XT, (8)
where F(z) given as in (7). In the below, we aim to prove that once T small enough, the
following properties are valid
(H1): T maps from B, into itself.
(H2): T is a contraction mapping on B, i.e. there exists A € (0,1) such that
IT(z1) — Tzl r < Alzy — 2,0l 7, V24, 2, € B,
- Proof of (H1): Choose z € B, arbitrarily, since || z | x” < 1, we derive from (6) the
following estimate
IF@)| < C(z| + 12| + |zI° + |Vz]) < Cy(|z] + |V2)) S Gy 1l z I,
which yields
I F($) l oo (ra+z)< C1 I 2 llyr, Vs € (0, T].
Besides that, we apply (3) and the above estimate which leads to
"e(t_S)A:F(Z)(S)"Loo(mdn) <Cllz ”XT'
provided that t — s > 0. Next, we take t € (0, T] arbitrarily, and we derive from (8) and the
above estimate that

IT(2)(t) — e*4(20)| =

¢ t
f eE=9IAF(2)(s)ds Sf |e=D8F (2)(s)|ds
0 0

t
< fo I T(Z)(S) ”L°°(]]Rd+2) ds < ClT(“ z "xT)

Taking the supremum on (0, T], we obtain
_ LtA
t:&%]'lT(Z) e (ZO)”Lco(Rd+Z) SGT Iz, 9)

On the other hand, with ¢t € (0,T] and x € R%*2, we apply V to (2) with f = z, which leads the
following identity

1 _lx=y?
Vo)) =gz | Ve T 2()dy
(4mt) z IR
1 _lx=y/?
= Wf —Vye 4t | z5(y)dy.
(47Tt)T RA+2
Since z, € W (R%*2) we derive from the integration by parts that
Ve (20) = — i L o) dy = ety
x€ (ZO) - d+2 Jpd+2 e ZO(y) y=e Zo-
(4mt) 2
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Taking L”-estimate with (3), we have
"Vxemzo(t)"Loo(Rdn) = ”VZOHLOO(Rd+2) vt € (0,T].
and
||efAz0||Loo(Rd+2) < 12oll oo a+2), ¥t € (0,T].
Thus, we obtain
||€tAZ0(t)||xT < ||Zo||W1,°o(Rd+2)- (10)
Considering € > 0 small enough such that t — £ > 0, and estimate (2), we derive

t—¢
Vx f e(t—s)AT(z)(s)dS
0

t—¢ 1 _lx=yl?
B R e
O (4n(t—s)) z TR
t—e¢ 1 1

Vit — s Jpa d+2 _lx-yl?
M n(t - 9) 7 e SEIF (@), 5)
X — _495_3’|2
X <_ Q e 8(t-s) > dyds.
2,/(t—5)
Note that, we can estimate as follows
=)
2,/(t-5)

where the constant C doesn't depend on the other parameters. Thus, we obtain

_lx=yl© y|?

——=¢ 8t-)| < C,Vx,y € R**2,t —s >0,

— & TP ()0,
<C f —— ¢ 3INF(2)(y, s)ldyds
0 Rd+2 (4 (t S))T
t—e t—e
_|.‘F(Z)(s)| oo (pd+2ydS <
o L (R +2)

1
Vt—s
Taking € — O and (8), get
sup |[VT(2)(t) — VetAzouLoo(Rm) < CT(ll z ll,r). (11)
te(0,T]

t—¢
‘fo et=98F(2)(s)ds
0

<( |Z|yrds < C3T|z]| 7.

Thanks to (9) va (11), we conclude the following
IT(2) — ezl ;v < (C1 + CIT Nl z Il 1.

L_ which leads to
C3

IT(2) — e*zoll.r <l z ll .

Finally, we choose T <

1

Moreover, we introduce
|x|2

G(x,t) = e 4t,t>0,

a+2
(4mt) 2

which is radially symmetric, and we rewrite
t
T(z) =G(t) *zy + f G(t —s)*F(2)(s)ds,
0

where the notation ™' stands for the convolution product. It is easy to see that the convolution
product of two radially symmetric functions remains radially symmetric. So, we derive T(z) if
z € B,.

- The proof of (H2) : Considering z,, z, € By, then, we can write
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t

T() =) = | e 9(F () = F(2))0)ds.
0

Regarding (7) and the facts that ||zl » < 1 and ||21|le < 1, we quickly obtain

|F(z) (v, 5) = F(22) (. 9)l
< G121y, 8) = 22(¥, )| + [Vz1 (¥, ) — Vz, (3, 5)])
< Cylizo(s) — ZZ(S)”WLOO(]Rd+2) < Cyllzy — z3ll 7.
In particular, we derive
IF(z1)(s) — ?(Zz)(s)”Loo(]Rdn) < Gyllzg = 23l 1.
Using the above estimate and (2), we have the following estimate
IT(z1)(t) - T(ZZ)(t)lle(Rd+2)
< Cy [y Iz — z5ll rds < CyTlizy — 25l v, t € (0,T].
Similarly to (11), we also obtain
IVT(z,)(t) — VT(ZZ)(t)“Loo(]RdH) < CsTllz; — Z2”xT, t € (0,T]. (13)
Combining (12) and (13), we conclude
IT(z,) — T(z)ll,r < (C4 + C5)Tllzy — 23|l 1.
thus, A = (C4 + C5)T < 1 and the following holds
IT(z;) — Tz, r < Alzy — 23]l 7.

(12)

1

Taking T < TCRTAL

Finally, we conclude (H2).
From the fact that W (R%**2) n LY, (R%*2) is a Banach space, we apply the Banach fixed
point theorem to derive the existence and uniqueness of the fixed point z € B, of T such that
z(t) = T(z)(t),vt € (0,T].
In particular, by the parabolic regularity, we have z(t) € CZ(Rd+2) and it satisfies equation (8)
forall (x,t) € R%*2 x (0,T) pointwise. In addition, since z € B, we get
Iz Ilr=1T() I, r< ||ZO||W1,00(Rd+2) +1,t € (0,T],
and it holds when t = 0. Finally, we get the conclusion of the Proposition.
Consequently, Proposition 2.1 implies the following result:
Proposition 2. 2: Let d = 1 be an integer number and initial choice
Ug € Wloj_rz (R+)

Then, there exists T = T(uy) > 0 such that problem (1) has a unique solution on [0, T] and

u(t) € W2, (R,),Vt € [0,T]. In particular, we have the following estimate

1+r
[u(r, O] + 18,u(r, ] < <22 v(r,t) € (0, +00) x [0,T].
Proof: Let uy € WY (R,), then, it follows that z, € W (R?*+2) n Ly, (R**2). Applying
Proposition 2.1, we obtain the existence and the uniqueness of z on [0, T (z,)] = [0, T (uy)] and
z(t) € C?(R?**2), then, the problem (1) and (8) are equivalent, this leads to the existence and the
uniqueness of u, the solution to equation (1) on [0, T]. In particular, the estimate involving to u
immediately follows the following
Il z(t) ||W1,oo(]Rd+2)S ||Z()||W1,00(Rd+2) + 1, forallt € (0,T].

Finally, we get the conclusion of the Proposition.

4. Conclusion

As we showed in Proposition 2.2, the Cauchy problem for (1) is totally solved in

Wllfrc’z (R.,) a subspace of L*(RR,). In comparison to the result proved by [5] where the authors
considered the problem in Cy;°(R,), our result is better. The proof technique replies to the idea
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given by Biernat and Seki, 2019 in [10] that extends the problem to a similar issue that R%+2 —
dimensional one, and then, we reply on the theory of semi-group e®4,t > 0 to get the conclusion.
The new contribution is to use the suitable transformation

z=(1+|x|®)i
which avoids the unbounded property of the nonlinear term r2u3 as r — +co . Inspired by the
current result, we suggest an open question if the hypothesis Wff:z (R,) can be replaced by
LY, ,2(R,). In the future, we are interested in solving the open one that leads to new tools and
techniques discovered.
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