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1 Introduction and preliminaries

Mixed monotone operators were introduced by Dajun Guo and V. Lakshmikantham in [1] in
1987. Thereafter many authors have investigated these kinds of operators in Banach spaces
and obtained a lot of interesting and important results (see [2]-[6]). In this paper, we establish
existence results of fixed point for mixed monotone operators in a real Hausdorff locally convex
topological vector space without normality of cone.

Let E always be a real Hausdorff locally convex topological vector spaces with its zero vector θ
and P is subset of E. We say that P is a cone in E if

(i) P is closed, nonempty and P ̸= {θ},

(ii) ax+ by ∈ P for all x, y ∈ P and non-negative real numbers a, b,

(iii) P ∩ (−P ) = {θ}.
For a given cone P in E, we can define a partial ordering ⪯ with respect to P by x ⪯ y if and
only if y − x ∈ P , while x ≪ y will stand for y − x ∈ intP , where intP denotes the interior
of P , x ≺ y if and only if x ⪯ y and x ̸= y. In this paper, we always suppose E be a real
Hausdorff locally convex topological vector spaces, P be a cone in E with intP ̸= ∅ and ⪯ is
partial ordering with respect to P. If x1, x2 ∈ E, the set [x1;x2] = {x ∈ E : x1 ⪯ x ⪯ x2} is
called the order interval between x1 and x2.

Definition 1.1. Let P be a cone in E. We say that P satisfies the neighborhood property if for
any neighborhood U of θ in E, there is neighborhood V of θ in E such that

(V + P ) ∩ (V − P ) ⊂ U.

Remark 1.2. If P has a closed convex bounded base then P satisfies the neighborhood property
(see, Proposition 1.8 in [4]).

Example 1.3. Let E = R, P = R+. We early can check that P satisfies the neighborhood
property.

Definition 1.4. Let E is a topological vector space and {xn} be a sequence in E. We say that

(i) {xn} is converges to x ∈ E, we denoted lim
n→∞

xn = x, if for each U is neighborhood of x, there
exists n0 such that

xn ∈ U for all n ≥ n0.

(ii) {xn} is Cauchy sequence in E if

lim
n,m→∞

(xn − xm) = θ.

(iii) E is complete if every Cauchy sequence is converges.

Lemma 1.5. Suppose that P satisfies the neighborhood property in a real Hausdorff locally
convex topological vector space E. Let {un}, {vn}, {wn} be sequences in E such that wn ⪯ un ⪯ vn
for all n ≥ 1 and lim

n→∞
vn = lim

n→∞
wn = θ. Then lim

n→∞
un = θ.

Proof. Let U be an arbitrary neighborhood of θ in E. Since P satisfies the neighborhood prop-
erty, there is neighborhood V of θ in E such that

(V + P ) ∩ (V − P ) ⊂ U.
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Since lim
n→∞

vn = lim
n→∞

wn = θ, there exists n0 such that vn, wn ∈ V for all n ≥ n0. On the other

hand, by wn ⪯ un ⪯ vn for all n ≥ 1, we have un ∈ (wn + P ) ∩ (vn − P ) for all n ≥ 1. Thus
un ∈ (V +P )∩ (V −P ) for all n ≥ n0. Therefore, un ∈ U for all n ≥ n0. Hence lim

n→∞
un = θ.

Definition 1.6. (See [5]) Let P be a cone in normed space E. We say that P is normal if there
is a number M > 0 such that for all x, y ∈ E,

θ ⪯ x ⪯ y implies ∥x∥ ≤ M∥y∥.

Proposition 1.7. Let P be a normal cone in normed space E. Then P satisfies the neighborhood
property.

Proof. Assume that P does not satisfy the neighborhood property. Then there exists ϵ > 0 such
that for any n ≥ 1, we have

[B(θ,
1

n
) + P ] ∩ [B(θ,

1

n
)− P ] ̸⊂ B(θ, ϵ),

where B(θ, δ) = {x ∈ E : ∥x∥ < δ}. Thus, for any n ≥ 1, there exists un ∈ P, vn ∈ B(θ, 1
n)

such that un ⪯ vn and un ̸∈ B(θ, ϵ). Since P is normal cone and lim
n→∞

vn = θ, then lim
n→∞

un = θ.

Hence θ ̸∈ B(θ, ϵ). This is a contradiction.

2 Mail results

Definition 2.1. Let P be a cone in E. We say that A : P×P → P is a mixed monotone operator
if A(x, y) is increasing in x and decreasing in y, i.e., for u1, u2, v1, v2 ∈ P with u1 ⪯ u2, v2 ⪯ v1
implies A(u1, v1) ⪯ A(u2, v2). Element x ∈ P is called a fixed point of A if A(x, x) = x.

Theorem 2.2. Suppose that the cone P satisfy the neighborhood property in a complete real
Hausdorff locally convex topological vector space E and A : P × P → P be a mixed monotone
operator satisfying the following conditions:

(i) for each v ∈ P , A(., v) : P → P is concave;

(ii) for any u ∈ P , there exists N > 0 such that

−N(v1 − v2) ⪯ A(u, v1)−A(u, v2) for all v1, v2 ∈ P, v2 ⪯ v1;

(iii) there exists v̄ ∈ P, θ ≺ v̄ and δ ∈ (0, 1] such that

θ ≺ A(v̄, θ) ⪯ v̄ and δA(v̄, θ) ⪯ A(θ, v̄).

Then A has a unique fixed point u∗ ∈ [θ, v̄] with

A(θ, v̄) ⪯ u∗ ⪯ A(v̄, θ).

Proof. We prove the theorem in three steps:

Step 1. We show that for each u ∈ [θ; v̄], A(u, .) has a unique fixed point T (u) on [A(θ; v̄);A(v̄, θ)].
Indeed, for any u ∈ [θ; v̄], there is N > 0 such that A(u, v) +Nv is increasing in v by (ii). Put

B(u, v) :=
A(u, v) +Nv

N + 1
.
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Because A is mixed monotone, B(u, v) is increasing in u and v. Moreover, we have B(u, v) = v
if and only if A(u, v) = v. Let {un} và {vn} are two sequences as:
u0 = A(θ, v̄), v0 = A(v̄, θ) and

un+1 = B(u, un), vn+1 = B(u, vn) for all n ≥ 0.

By θ ⪯ u ⪯ v̄, u0 ⪯ A(θ, v̄) ⪯ v̄, u0 ⪯ v0 and v0 = A(v̄, θ) > θ, we have

u0 = A(θ, v̄) ⪯ A(u, u0) and A(u, v0) ⪯ A(v̄, θ) = v0.

This implies that

u0 ⪯
A(u, u0) +Nu0

N + 1
= B(u, u0) = u1,

v1 = B(u, v0) =
A(u, v0) +Nv0

N + 1
⪯ v0.

Hence, u0 ⪯ u1 ⪯ v1 ⪯ v0. By induction we have

un ⪯ un+1 ⪯ vn+1 ⪯ vn for all n ≥ 0.

Thus, we obtain

θ ⪯ vn − un =
A(u, vn−1)−A(u, un−1) +N(vn−1 − un−1)

N + 1

⪯ N

N + 1
(vn−1 − un−1) for all n ≥ 1.

Therefore
θ ⪯ vn − un ⪯

( N

N + 1

)n
(v0 − u0) for all n ≥ 1.

By Lemma 1.5, we get
lim
n→∞

(vn − un) = θ.

On the other hand, for m > n we have

θ ⪯ um − un ⪯ vm − un ⪯ vn − un.

Since lim
n→∞

(vn − un) = θ and by Lemma 1.5, we get

lim
m,n→∞

(um − un) = θ.

Thus, {un} is a Cauchy sequence in E. By E is complete, there is T (u) ∈ E such that

lim
n→∞

un = T (u) = lim
n→∞

vn.

For each n ≥ 0, we have
un ⪯ un+k ⪯ vn+k ⪯ vn for all k ≥ 1

Letting k → ∞, we have
un ⪯ T (u) ⪯ vn for all n ≥ 1.

Since B is increasing, we have

un+1 = B(u, un) ⪯ B(u, T (u)) ⪯ B(u, vn) = vn+1 for all n ≥ 1.
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By Lemma 1.5, we get
lim
n→∞

un = lim
n→∞

vn = B(u, T (u)).

This implies that T (u) = B(u, T (u)). Thus, T (u) ∈ [A(θ, v̄);A(v̄, θ)] is a fixed point of B(u, .) .
If there x ∈ [A(θ, v̄);A(v̄, θ)] with B(u, x) = x then

un ⪯ x ⪯ vn for all n ≥ 1.

Therefore, x = T (u). Thus, T (u) ∈ [A(θ, v̄);A(v̄, θ)] is a unique fixed point of B(u, .). Hence,
T (u) ∈ [A(θ, v̄);A(v̄, θ)] is a unique fixed point of A(u, .).
Step 2. We show that

(1) T (.) is increasing;

(2) [(1− δ)t+ δ]T (u) ⪯ T (tu) for all t ∈ [0, 1].
Let u, u′ ∈ [θ, v̄], u ⪯ u′. From Step 1, we choose u0 = u′0 = A(θ, v̄) and by B(u, v) is increasing
in both variables, we have

u1 = B(u, u0) ⪯ B(u′, u′0) = u′1.

By induction, we get un ⪯ u′n for all n. Taking the limit, we have

T (u) ⪯ T (u′).

Thus, T is increasing. On the other hand, for t ∈ [0, 1], by A is concave in the first variable and
A is mixed monotone, we have

[(1− δ)t+ δ]T (u) = tT (u) + (1− t)δT (u)

⪯ tA(u, T (u)) + (1− t)A(θ, T (tu))

⪯ tA(u, T (tu)) + (1− t)A(θ, T (tu))

⪯ A(tu, T (tu))

= T (tu).

Step 3. We show that T has a unique fixed point on [θ; v̄]. Consider two sequences {un} and
{vn} by: u0 = θ, v0 = v̄ and

un+1 = T (un), vn+1 = T (vn) for all n ≥ 0.

From T (u) ∈ [A(θ; v̄), A(v̄, θ)] ⊂ [θ; v̄] for all u ∈ [θ; v̄] we have u0 ⪯ u1, v1 ⪯ v0. This implies

un ⪯ un+1, vn+1 ⪯ vn for all n ≥ 0.

By u1, v1 ∈ [A(θ, v̄);A(v̄, θ)] then δv1 ⪯ u1. For each n, we put

tn := sup{t > 0 : tvn ⪯ un}.

Then tn ≥ δ for all n and {tn} is increasing sequence. Since Step 2, for any n ≥ 0 we have

[(1− δ)tn + δ]vn+1 = [(1− δ)tn + δ]T (vn) ⪯ T (tnvn) ⪯ T (un) = un+1.

Thus,
tn+1 ≥ (1− δ)tn + δ for all n ≥ 1.
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Hence, lim
n→∞

tn = 1. Moreover, for m > n, we have

θ ⪯ um − un ⪯ vm − un ⪯ vn − un ⪯ vn − tnvn ≤ (1− tn)v0 for all n ≥ 1.

By Lemma 1.5, we get {un} is a Cauchy sequence in E. Therefore, there is u∗ ∈ E such that
lim
n→∞

un = u∗. Now, by

un ⪯ vn ⪯ 1

tn
un for all n ≥ 1

we have
lim
n→∞

un = lim
n→∞

vn = u∗.

By Step 1, u∗ is a fixed point of T . The proof of the uniqueness is the same as above in Step
1. Hence, u∗ ∈ [θ; v̄] is a fixed point of A with

A(θ, v̄) ⪯ u∗ ⪯ A(v̄, θ).

Assume that v∗ is a fixed point of A on [θ; v̄]. By Step 1, T (v∗) is a fixed point of A(v∗, .). Since
the uniqueness of the fixed point of T , we get u∗ = v∗.

Remark. When E is a Banach space and P is a normal cone in E then Theorem 2.2 becomes
Theorem 2.1 in [7].

3. Conclusion

In this paper, we establish existence results of fixed point for mixed monotone operators in a
real Hausdorff locally convex topological vector space without normality of cone. Our result is
an extension of Z. Zhang- K. Wang [7].

References

[1]. D. Guo, V. Lakskmikantham, "Coupled fixed points of nonlinear operators with applica- 

 tions", Nonlinear Anal., 11, 1987, pp 623–632.

[2]. C. Zhai, L.Zhang, "New fixed point theorems for mixed monotone operators and lo- 

 cal existence-uniqueness of positive solutions for nonlinear boundary value problems", J. 

 Math. Anal. Appl, 382, 2012, pp 594–614.

[3]. X. Zhang, L. Liu and Y. Wu, "New fixed point theorems for the sum of two mixed mono- 

 tone operators of Meir–Keeler type and their applications to nonlinear elastic beam equa- 

 tions", J. Fixed Point Theory Appl., 2021, https://doi.org/10.1007/s11784-020-00835-z.

[4]. D. T. Luc, Theory of Vector Optimization, Lectures Notes in Economics and Mathematical 

 Systems, Springer Verlag, Berlin, Germany, Vol 319, 1989.

[5]. L. G. Huang and X. Zhang, Cone metric spaces and fixed point theorems of contractive 

 mappings, J.Math. Anal. Appl. 332, 2007, pp 1468-1476.

http://jst.tnu.edu.vn jst@tnu.edu.vnEmail: 

nd Technologyaf Science oJournal TNU 94-88: )7(0722

93



[6]. Z. Zhao, "Existence and uniqueness of fixed points for some mixed monotone operators", 

 Nonlinear Anal., 73, 2010, pp 1481–1490.

[7]. Z. Zhang, K. Wang, "On fixed point theorems of mixed monotone operators and applica- 

 tions", Nonlinear Anal., 70, 2009, pp 3279–3284.

http://jst.tnu.edu.vn jst@tnu.edu.vnEmail: 

nd Technologyaf Science oJournal TNU 94-88: )7(0722

94


