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Mixed monotone operators were introduced by Dajun Guo and
V. Lakshmikantham in 1987. Thereafter many authors have
investigated these kinds of operators in Banach spaces. In 2009,
Z. Zhang- K. Wang proved the fixed point theorems for mixed
monotone operators in Banach spaces under the normal cone
assumption. In this paper, we establish existence results of fixed
point for mixed monotone operators in a real Hausdorff locally
convex topological vector space without normality of cone. Our
result is an extension of Z. Zhang- K. Wang.
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1 Introduction and preliminaries

Mixed monotone operators were introduced by Dajun Guo and V. Lakshmikantham in [1] in
1987. Thereafter many authors have investigated these kinds of operators in Banach spaces
and obtained a lot of interesting and important results (see [2]-[6]). In this paper, we establish
existence results of fixed point for mixed monotone operators in a real Hausdorff locally convex
topological vector space without normality of cone.

Let E always be a real Hausdorff locally convex topological vector spaces with its zero vector 6
and P is subset of E. We say that P is a cone in F if

(i) P is closed, nonempty and P # {6},

(ii) ax 4+ by € P for all z,y € P and non-negative real numbers a, b,

(iii) PN (—P) = {0}.

For a given cone P in F, we can define a partial ordering < with respect to P by z = y if and
only if y — z € P, while z < y will stand for y — x € int P, where int P denotes the interior
of P, z < y if and only if x < y and x # y. In this paper, we always suppose E be a real
Hausdorff locally convex topological vector spaces, P be a cone in E with int P # () and =< is

partial ordering with respect to P. If z1,29 € E, the set [z1;29] = {z € F: 1 < < x9} is
called the order interval between z; and x-.

Definition 1.1. Let P be a cone in E. We say that P satisfies the neighborhood property if for
any neighborhood U of 8 in E, there is neighborhood V of 0 in E such that

(V+P)Nn(V-P)CU.
Remark 1.2. If P has a closed convex bounded base then P satisfies the neighborhood property
(see, Proposition 1.8 in [4]).

Example 1.3. Let E = R, P = Ry. We early can check that P satisfies the neighborhood
property.

Definition 1.4. Let E is a topological vector space and {x,} be a sequence in E. We say that

(i) {xn} is converges to x € E, we denoted lim x,, = z, if for each U is neighborhood of z, there
n—oo

exists ng such that
x, € U for all n > ny.

(ii) {zp} is Cauchy sequence in E if

n,?lvlbrgoo(xn B xm) =0

(iii) E is complete if every Cauchy sequence is converges.

Lemma 1.5. Suppose that P satisfies the neighborhood property in a real Hausdorff locally
convez topological vector space E. Let {uy}, {v,}, {wy} be sequences in E such that w, < u, =< v,
for alln>1 and lim v, = lim w, =60. Then lim u, = 0.

n— 00 n—00 n—00

Proof. Let U be an arbitrary neighborhood of 8 in E. Since P satisfies the neighborhood prop-
erty, there is neighborhood V of # in E such that
(V+P)Nn(V-P)CU.
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Since h_)m Up = h_)m wy, = 6, there exists ng such that v,,w, € V for all n > ng. On the other
n o0

hand, by w, =< u, = v, for all n > 1, we have u,, € (w, + P) N (v, — P) for all n > 1. Thus
€ (V+P)n(V —P) for all n > ng. Therefore, u,, € U for all n > ng. Hence lim w, =6. O
n—oo

Definition 1.6. (See [5]) Let P be a cone in normed space E. We say that P is normal if there
is a number M > 0 such that for all z,y € F,

0 <z <y implies |[[z] < M]|y||.
Proposition 1.7. Let P be a normal cone in normed space E. Then P satisfies the neighborhood

property.

Proof. Assume that P does not satisfy the neighborhood property. Then there exists € > 0 such
that for any n > 1, we have

(B8, 1)+ PIN[BO, ) ~ Pl ¢ B.),

where B(0,0) = {z € E : |lz|| < §}. Thus, for any n > 1, there exists u, € P,v, € B(0,2)

such that u, < v, and u, € B(0,¢€). Since P is normal cone and lim v, =6, then lim w, = 6.
n—oo n—o0

Hence 6 ¢ B(0,¢). This is a contradiction. O

2 Mail results

Definition 2.1. Let P be a cone in E. We say that A : Px P — P is a mized monotone operator
if A(zx,y) is increasing in x and decreasing in y, i.e., for uj, us, v1, vy € P with u; < ug, va <X v;
implies A(u1,v1) = A(ug,v2). Element x € P is called a fized point of A if A(zx,z) = x.

Theorem 2.2. Suppose that the cone P satisfy the neighborhood property in a complete real
Hausdorff locally convex topological vector space E and A : P x P — P be a mized monotone
operator satisfying the following conditions:

(i) for each v € P, A(.,v) : P — P is concave;
(ii) for any u € P, there exists N > 0 such that

—N(v1 —v2) = A(u,v1) — A(u,v2) for all v1,ve € P,vg < vy;

(i) there exists v € P, < v and § € (0, 1] such that
0 < A(v,0) < v and 0A(7,0) = A(0,0).
Then A has a unique fixed point u* € [0, 0] with
A(6,0) 2 u* < A(v,0).

Proof. We prove the theorem in three steps:

Step 1. We show that for each u € [0; 9], A(u, .) has a unique fixed point 7'(u) on [A(6; v); A(v, 6)].
Indeed, for any u € [#; 7], there is N > 0 such that A(u,v) + Nv is increasing in v by (ii). Put

A(u,v) + Nv
N+1
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Because A is mixed monotone, B(u,v) is increasing in u and v. Moreover, we have B(u,v) = v
if and only if A(u,v) = v. Let {u,} va {v,} are two sequences as:
ug = A(0,0),v9 = A(v,0) and

Un+1 = B(u,uy,), 1 = B(u,vy,) for all n > 0.
By 0 < u <X v,up X A(0,0) < v,up =< vg and vg = A(v,0) > 6, we have
ug = A(0,0) <X A(u,up) and A(u,vy) < A(7,60) = vy.

This implies that

A(u,ug) + Nug
< fd B =
W= TTN (1w, u0) = ur,

A(u,vg) + Nug

v1 = B(u,v) = N1 =

V0.
Hence, ug = u1 = v1 = vg. By induction we have
Up =X Upt+l =X Unt1 S vy for all m > 0.

Thus, we obtain

N+1
N
= N+ 1(%71 — Up—1) for all n > 1.
Therefore N
0 < vy —uy < (m)n(vo —up) for all n > 1.

By Lemma 1.5, we get

lim (v, —up) = 6.
n—oo

On the other hand, for m > n we have
0 < Uy, — Uy XV — Uy XV — Up.

Since lim (v, — up) = 0 and by Lemma 1.5, we get
n—oo

Hm  (up — uy) = 6.
m,n— o0

Thus, {u,} is a Cauchy sequence in E. By E is complete, there is T'(u) € E such that

lim u, =T (u) = lim v,.

For each n > 0, we have
Up S Uptk S Upyr S vy forall bk >1

Letting £ — oo, we have
Up = T(u) < v, for all n > 1.

Since B is increasing, we have

Unt1 = B(u,u,) < B(u,T(u)) < B(u,v,) = vpyq for all n > 1.
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By Lemma 1.5, we get

T}Ln;o Up = nlg& vp, = B(u,T(u)).

This implies that T'(u) = B(u, T (u)). Thus, T'(u) € [A(0,0); A(v,0)] is a fixed point of B(u,.) .
If there x € [A(0,v); A(v,0)] with B(u,z) =  then

Uy, = 2 v, for all n > 1.

Therefore, x = T'(u). Thus, T'(u) € [A(6,v); A(v,0)] is a unique fixed point of B(u,.). Hence,
T(u) € [A(f,0); A(v,0)] is a unique fixed point of A(u,.).
Step 2. We show that

(1) T'(.) is increasing;

(2) [(1 =0)t+ )T (u) < T(tu) for all ¢t € [0,1].
Let u,u’ € [0,7],u < u/. From Step 1, we choose uy = uj = A(6,7) and by B(u,v) is increasing
in both variables, we have

uy = B(u,up) < B(u',up) = uj.

By induction, we get u,, < u/, for all n. Taking the limit, we have
T(u) X T().

Thus, T is increasing. On the other hand, for ¢ € [0, 1], by A is concave in the first variable and
A is mixed monotone, we have

[(1—=0)t+ 0T (u)

I
—

== 3
S
i B

T(u)+ (1 —1t)0T (u)
(w)) + (1 —t)A(0, T (tu))
(tu)) + (1 — t) A0, T(tu))

IA A TA
==
<~ ~~
£ F

=3

~

Q SN—

Step 3. We show that 7" has a unique fixed point on [#;9]. Consider two sequences {u,} and
{vn} by: up = 0,v9 = v and

Unt1 = T(up), vnt1 = T'(vy,) for all n > 0.
From T'(u) € [A(6;0), A(v,0)] C [0; 0] for all u € [#; 0] we have ug < uy,v1 < vg. This implies
Up = Unt1, Unt1 = vy for all n > 0.
By u1,v1 € [A(0,0); A(v,0)] then dv; < uy. For each n, we put
ty = sup{t > 0: tv, < up}.
Then t,, > ¢ for all n and {¢,} is increasing sequence. Since Step 2, for any n > 0 we have
[(1=08)tn + 0Jvpns1 = [(1 = O)tn + )T (vy) =X T(tnvn) = T(up) = tUpy1.

Thus,
tny1 > (1= 00)t, + 6 for all n > 1.
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Hence, lim ¢, = 1. Moreover, for m > n, we have
n—oo

0 < Uy — Uy XV — Uy XV — Uy RV — tpvy < (1 —ty)vg for all n > 1.

By Lemma 1.5, we get {u,} is a Cauchy sequence in E. Therefore, there is u* € E such that
lim u, = u*. Now, by
n—oo

1
Uy < Uy = —uy foralln>1
tn
we have

lim w, = lim v, = u*.

n—o0 n—oo

By Step 1, u* is a fixed point of T'. The proof of the uniqueness is the same as above in Step
1. Hence, u* € [6;7] is a fixed point of A with

A(0,9) < u* < A(4,0).

Assume that v* is a fixed point of A on [#;v]. By Step 1, T'(v*) is a fixed point of A(v*,.). Since
the uniqueness of the fixed point of T', we get u* = v*. ]

Remark. When FE is a Banach space and P is a normal cone in F then Theorem 2.2 becomes
Theorem 2.1 in [7].

3. Conclusion

In this paper, we establish existence results of fixed point for mixed monotone operators in a
real Hausdorff locally convex topological vector space without normality of cone. Our result is
an extension of Z. Zhang- K. Wang [7].
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