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This paper considers a generalization of fractional Bessel type
process. It is also a type of singular stochastic differential equations
driven by fractional Brownian motion which has been studied by
some authors. The purpose of this paper is to study inverse moments
problem for this type of equation. We applied the techniques of
Malliavin calculus for stochastic differential equations driven by a
fractional Brownian motion. We obtain that under some assumptions
of coefficients, the inverse moments of solution are bounded. This
result is useful to estimate the rate of convergence of the numerical
approximation in the Lp- norm.
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Chuyén dong Brown phan thu
Qua trinh Bessel phén thu
Phuong trinh vi phan ngau nhién
phén thir

Tinh toan Malliavin

Moment ngugc

Bai bao nay xem xét mot dang tong quat cua qué trinh Bessel
phan thu. Pay cling la mot dang thudéc 16p cac phuong trinh vi
phan ngiu nhién ky di xac dinh bai chuyén dong Brown phan thu
dd dwoc nghién ctiru boi mot sb tac gia. Muc dich chinh cua bai bao
14 nghién cru moment nguoc cua qua trinh nay. Chung ta sir dung
tinh toan Malliavin cho phuong trinh vi phan ngiu nhién xic dinh
boi chuyén dong Brown phan thir. Véi mot sb gia thiét cua cac hé
s6, ching ta danh gia dugc tinh bi chan cia moment nguoc. Pay
la mot danh gia can thiét khi xem xét téc do hoi tu cua nghiém
Xap xi trong Lp.
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1. Introduction

In [1], author considered a more general singular stochastic differential equation driven by
fractional Brownian motion. More precisely, we study a generalization of the Bessel type process
Y = (Y (¢))o<t<r satisfying the following SDEs,

dY (t) = <}j(€t) + b(t,Y(t))> dt + odBH (1), (1)

where 0 <t < T, Y(0) > 0 and B¥ is a fractional Brownian motion with the Hurst parameter
H > % defined in a complete probability space (Q,F,P) with a filtration {F,t € [0,7]}
satisfying the usual condition. Fix T' > 0 and we consider equation on the interval [0, T].
We suppose that & > 0 and the coefficient b = b(t,z) : [0,+00) x R — R are mesurable
functions and globally Lipschitz continuous with respect to z, linearly growth with respect to

x. It means that there exists positive constants L, C such that the following conditions hold:
Ay) |b(t,x) — b(t,y)| < Llz — yl, for all z,y € R and t € [0, T7;
Ag) |b(t,x)] < C(1+ |z|), for all z € R and ¢ € [0, T.

In [1], author proved that under some assumptions of cofficients, this equation has a unique
positive solution. Moreover, in [2], author showed that the Malliavin derivative for this process
is an exponent function of the drift coefficient’s derivative. In this paper, we estimate the inverse
moments of the solution using the Malliavin calculus for stochastic differential equations driven
by a fractional Brownian motion. This is an interesting problem that has been studied by some
authors because it is necessary in showing the rate convegence of the numerical approximation
in the L, - norm. We can see some results in [3-5]. Firstly, we shall recall some basic facts on

Malliavin calculus (see [6-8]).

2. Malliavin calculus
Fix a time interval [0,7]. We consider a fractional Brownian motion {B (t)}eepo,r) We note
that E(BH (s).B¥(t)) = Ry(s,t) where
1
Ry(s,t) = §(t2H + s2H |t — s]2H).

We denote by € the set of step functions on [0,7] with values in R™. Let H be the Hibert

space defined as the closure of & with respect to the scalar product

<1[0,t}7 1[0,s}>f}( = RH(t, S).

On the other hand, the covariance Ry (¢, s) can be written as

tAs

t s
Ry(t,s) = OéH/ / r — w2 2 dudr = Ky (t,r)Kg(s,r)dr,
0o Jo 0
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where a = H(2H — 1), K (t, s) is the square integrable kernel defined by
1 H t H 3 H 1
KH(t, 8) =cygs2 / (u—s) T2y T 2du,
0

H(2H—1)

B(2—2H,H—3;

for t > s, where cy = and (3 denote the Beta function. We put Ky (t,s) = 0 if
t <s.

It implies that for all ¢, € H

T T
(p,0)) = an /0 /0 I — u[* 2, dudr (2)

The mapping 1[g 4 — B (t) can be extend to an isometry between H and the Gaussian space
associated with BY. Denote this isometry by ¢ — B(¢p).

Let 8 be the space of smooth and cylindrical random variables of the form

where n > 1, f € Cy°(R™). We define the derivative operator DF on F € 8 as the H -valued

random variable

(1), -, B (on)) i

DFZ

We denote by D2 the Sobolev space defined as the completion of the class 8, with respect to

the norm

— [E(F?) +E(|DF|3]"*.

We denote by d§ the adjoint of the derivative operator D. We say u € Domd if there is a
§(u) € L?(2) such that for any F' € D2 the following duality relationship holds:

E((u, DF)s) = B(5(u) F).

The random variable d(u) is also called the Skorohod integral of u with respect to the fBm B;,
and we use the notation §(u fo ()6 BH (t)

Suppose that u = {u(t),t € [0 T} is a stochastlc process whose trajectories are Holder contin-
uous of order v > 1 — H . Then, the Riemann—Stieltjes integral fo (t)dBH (t) exists. On the
other hand, if u € D2(H) and the derivative DJu(t) exists and satisfies almost surely

T T
// \DIu(®)|[t — s2H2dsdt < oo,
0 0

and IE(HDuHLl/H([O T12) ) < 00, then (see Proposition 5.2.3 in | fo (t)0 B (t) exists, and we

have the following relationship between these two stochastic mtegrals.
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Lemma 2.1.

T T T [T
/ w(t)dBH (1) = / w(t)SBH (1) + oy / / Dau(t)|t — s|2H2dsdt, 3)
0 0 o Jo
where ap = H(2H — 1).
Following paper [2] we can estimate the Malliavin derivative of Y (¢).

Lemma 2.2. Assume that conditions (Al) — (A2) are satisfied and Y (t) is the solution of
equation , then for any t > 0, we have

DY (t) = o.exp (/t [Wk(r) + SZ(T, Y(r))} dr> 104 (4)

3. Inverse moments of generalization of fractional Bessel type

process

The following theorem consider the negative moments for the solution of the equation . This

is the main result of this paper. It states that

Theorem 3.1. Assume that conditions (Al) — (A2) are satisfied and Y (t) is the solution of
the equation . For p > 1 with

§>( )HO’Q 2H— ILSSE[O,T],
then

sup E[Y(¢)]7? < o0.
t€[0,T]

Proof. Applying chain rule for Riemann—Stieltjes integral we have

(Y(t)+e)? :(Y(O)+e)_p—p/0 m%—p/o JWdBH(s)
(Y (s) ! 1
=M=t ) ey o ), v

-p
_aHpU/ / < V(s p+l> s — r[212dsdr.
aHpa/ / < e—l—Y ))p+1> |s — 7|22 2dsdr

2H—2
=aygp(p+1)o // €+Y p+2| s—r| dsdr
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_p(p+1)H32H_10/0 V(52 f}rf}g;))l)“ r

By applying Lemma (2.2))

_ L 12H-2
aHpa// (e—&—Y ))p+1>|8 7 dsdr

t exp fra flu, Y (u)du) 1o g(r)
=p(p+1)H82H_1/0 o ( ?G+Y(s))p+2) =

dr.

But

(F(s,2) — [(s,9)) (& — y) = (’“ - ’;) (e~ 9) + (b(s,2) — bi(s.3)) (z — )

T

< (b(s,z) = b(s,y)) (x —y) < Llxz — y|?, for allz,y € (0,400).

f(s,x) = f(s,9)

r—y

2H—-2
_aHpo// (e—i—Y ))p+1>|8—?”| dsdr

p(p +1)Hs2H 162 /t _ebrw
o (e+Y(s))p+?

It implies that < L. It mean that 0, f(s,y) < L. So we have

Then

S, — 82H710_26L5
(Y1) +e) <(Y(0) +€) _p/f Y(s)Y(s) — (p+ DH

(e + Y (s))P+?
t
H
p/o o €+Y p+1(5B (s).

Moreover, the function f(t,y) satisfies the following properties
VC? +2kC —
2C

(i) [f(t,y)]” <2C(1+y?),Yy > 0,t > 0 where [f(t,y)]” is the negative parts of the function
ft,y).

ds

(i) F(t) > Sy~ 1) for ally <y =

fty) k 20(1 +y°) 11
ety S sy g e e <200 D

And

f(s,9)y + (p+ 1)Hs* " 1g2eks
(€ +y)rt?
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IN

5+ (p+ )Hs M 1o2%els X 20(1+y%)y + (p+ DHs* o2l
(e + y)p+2 y<y T (e + y)p+2 y2y1
—% + (p+ 1)Hs?H-1g2els

2H—1_2 Ls, —p—2 —p—1 ,  —p+l
(et g2 ly<y, +(p+1)Hs ole™y P+ 2C(y P +y P,

k
Forp>1 and 5 > (p+ 1)Hs*=152el% | there exists the constant Cy, ,» such that

(Y(t)+e) P <(Y(0)+¢) P+ Cyl’pp/o (2C + s?H1)ds —p/o le(s))M(SBH(s).

Take expectation and letting € — 0, we obtain the conclusion.

4.

Conclusion

The main result of this paper is to estimate inverse moments for a generalization of fractional

Bessel type process which is necessary in showing the rate convegence of the numerical approx-

imation in the L, - norm.
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