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In this paper, we establish a new prey-predator model using game
theory with solitary hunting or pack hunting strategies. The model
includes a fast-time scale and a slow-time scale to investigate the effect
of predator behavior on the ecosystem. In our model, we assume that
the switch between hunting strategies and hawk-dove tactics happens
on a fast-time scale, while the development of the species of prey
intrinsic growth, predator mortality, and hunting process, takes place on
a slow-time scale. We use the differential equations theory and the
aggregated method to study the model’s well-posedness and the
properties of its solution, such as positivity, boundedness, and stability.
It is shown that the coexistence of prey and predator might be in a
steady state or a chaotic state. Some numerical simulations illustrate the
theoretical results in cases of stable equilibrium and chaotic equilibrium
are given. Discussions about predators' behavior and the ecosystem's
development are also provided.
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TU KHOA

Mo hinh thi moi
Phuong phap to hop bién
Ly thuyét tro choi

Chién thuat sian mdi
Phan tich n dinh

Trong bai bao nay, chung toi xdy dung mot mo hinh tha moi méi voi
tap tinh sin mol theo bay dan hodc don 1é sir dung 1y thuyet tro choi.
Mb hinh bao gom hai thang thoi gian nhanh va cham nham khao sat anh
hudng cua hanh vi sin moi ddi véi hé sinh thai. Gia st rang, su chuyén
d6i chién thuat san moi din ra trén thang thoi gian nhanh va sy phat
trién loai nhu qué trinh ting truéng noi tai cua loai mdi, qua trinh chét
ty nhién cua loai tha va qua trinh sdn bit mdi dugc xét trén thang thoi
gian cham. Ly thuyet phuong trinh vi phan va phuong phép t6 hop bién
duoc sir dung dé khao sat tinh dit chinh va mét s tinh chat dinh tinh
cta nghiém bai toan nhu tinh chét duong, tinh bi chin, tinh chét 6n
dinh. Céc phan tich hé dong luc chi ra rang, su sinh ton dong thoi cua
hai loai co thé dat trang thai 6n dinh hoac trang thai hon loan. Chung t6i
mo phong s6 cho md hinh, minh hoa truong hop dlem can bang on dinh
va diém can bang hdn IOan Trén co s& d6, mot s6 binh luan vé hanh vi
cua loai thu va sy phat trién cua hé sinh thai da duoc dua ra.
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1. Introduction

Biological population dynamics is very attractive to most of mathematical biologists. There are different
ways to explore the population dynamics. Evolutionary game theory is one of the most useful ways in
studying the dynamics involving the behavior of the objects. In 1973, an application of game theory in
exploring the biological evolution is first introduced by John Maynard Smith and George Robert Price
[1]. John Maynard Smith introduced his work on theory of evolutionary stable strategy (ESS) in his book
“Evolution and the Theory of Games” [2]. ESS becomes familiar to scientists [3],[4].

The combination of predator - prey model and game theory is effectively used to explore the effect of
predator behavior on the dynamics. Since 1998, Auger et al. have presented some results on the predator-
prey models with the hawk - dove game (aka the chicken game) [5]-[7]. A model with N-person hawk -
dove games which considered the fighting between N hawks for food was studied in [8] by Wei Chen et al.
Recently, some results on predator - prey model using Rock-Paper-Scissor strategies have been established

[9]-[11].

In this paper, we study a predator-prey model combining the classical model in slow time scale as in
[6] with the changing behavior of predator following the chicken game in fast time scale. We consider a
predator and prey model in which the predator uses hawk-dove tactics in combination with solitary hunting
or pack hunting behavior. There is a lack of research on this problem till now.

The model in this paper includes population of prey, population of predator, behavior of predator in
catching prey: in group or alone, aggressive or not. In fact, when predators see the same prey at the same
time, they might cooperate with the others to fight for food or retreat to avoid fighting. Which tactics in
which conditions would be more beneficial? That is the reason why we are interested in exploring the
model with the different behaviors of the predator.

The rest of this paper is organized as follows: In Section 2, the mathematical model with ecological
assumptions and the meaning of parameters are described. Section 3 derives the positivity and the bound-
edness of solutions and presents the aggregation model. In Section 4, the stability analysis of the equilibrium
points is presented. Section 5 is devoted to the illustration of some numerical simulations of our theoret-
ical results. Finally, we give some discussions and the biological significance of our analytical findings in
Section 6.

2. Model formulation

Let ¢ and 7 be the notations of time on slow and fast time scale, respectively. We denote n(¢) and p(r)
as the densities of the prey and predator, respectively, at time ¢. We shall build up a model describing what
happens on both time scales: the changes of predation strategies on the fast time scale, and the hunting
process and development of the species on the slow one.

2.1. Hunting game dynamics on the fast time scale

At first, we will introduce the rules of the hunting game. Assuming that at time ¢, predators are divided
into two sub-groups, named the pack predators and the solitary predators. The pack group includes all
predators that choose to cooperate with the others to fight for food. The solitary group includes all predators
that choose to independently fight another single or to retreat to avoid combat. Let denote pa (¢) and py(¢)
as the pack predator and solitary predator densities, respectively, at time ¢. The total density of predators
is given by

p(t) = pa(t) + pr(t). ¢
On the fast time scale, predators fight for a captured prey. During an encounter, one individual must choose
either to cooperate with the others in a herd or to hunt independently. Furthermore, we assume that
herds have the same size and let ¢ > 2 is the number of the individuals of one. The game describes this
process of conflicts between two predation herds and between two single predators. The gain G of the game
corresponds to the prey amount that the predators dispute over during each unit of time. In this model, we
assume that the amount of prey killed per unit of time per one predator is proportional to the density of
prey with a proportional coefficient a > 0. In other words, the gain G(n) of the game is the amount of prey
killed which is defined as follow:
G(n) = an. (2)

Let C > 0 be the cost due to fighting between herds and between individuals.

Now, we denote A, L for pack group and solitary group, respectively; a coefficient Mj; of the payoff
matrix corresponds to the gain that is obtained by an individual playing tactic / against an individual playing
tactic k; [,k € {A, L}. We assume that the average gain and the average cost due to injuries are equally

and My, = % When one individual

divided by the individuals that have the same tactic, Myyq =
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G
meets a herd, it always retreats and lets the group obtains the gain, which means M4 = 0, My, = —.

Therefore, the payoff matrix M of the game is the following one:

G-C G
2q q
M= . (3)
G-C
O -
2

Let x and y be the proportion of pack predators and solitary ones in the total predators.

x:p—A,y:ﬂ:1—x. (4)
p p

Thus, at time ¢, the gain A4 of an individual that always choose to cooperate with the others and the gain
Ay, of one always choose to be single are given:

Ag = (1 O)MC) and A, = (0 1)M<x>. ()
y

Therefore, the average gain of an individual playing the two tactics in proportions x and y is the following

one:
x

A=(x y)M<>‘ (6)
Yy

Naturally, a predator individual would choose a tactic that helps it get more benefit. It means that if the gain
for one tactic is greater (or smaller) than the average gain, the size of that tactic group should be increased
(or decreased). In additional, we assume that the game is fast in comparison to other processes. With these
assumptions, the equations for the tactic groups are given:

Dh_ p(d—a), ke {A, L} o)

In the next part, we shall consider processes happen on slow time scale such as the predator mortality, prey
growth and process of prey capturing.

2.2. Dynamics of prey density on the slow time scale

In the model, we assume that the intrinsic growth of prey population follows logistic function with
a natural growth rate r and an environmental carrying capacity constant K. The density of preys also
depends on the number of preys killed by predators, which is proportional to the size of prey population
and predator population. Specifically, we use a Lotka - Volterra functional response type I with the intake
rate a mentioned before in the gain G of game. Thus, the equation for the dynamics of prey is given as
follows:

%:m(l—%)—anp, 3)

where t corresponds to the slow time scale. The relationship between the two time - scales is t = €7.
2.3. Dynamics of predator densities on the slow time scale

For predators, we assume that the growth depends on only the number of preys killed. That means
predators grow by preys they catch and naturally die with mortality rate u > 0. We also assume that each
tactic group as a proportion of predators is governed by the same rules. That leads to the following equation:

dpi

o —Upi+alpr, ke{A, L} )
in which o > 0 is a conversion constant of gain into biomass of predators. In other words, the growth
rate of each subgroup is proportional to the average payoff obtained by an individual in that subgroup. A
pack predator individual can encounter either another one in different herd in proportion x and gets the
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G-C G
gain 5 ora single individual in proportion y, gets —. Consequently, the growth of the pack predator
q

sub-population obeys the following equation:

d o G-C G
A ppara(l oM pA=—upA+a(.pA+-pL>pA~ (10)
dt y 29 p qvp

Similarly, we obtain an equation that rules the population of the solitary predator subgroup with notice
that a single predator will retreat when it meets a group, gets no gain, and will equally share the gain and
cost when it meets other solitary individual.

d * G-C
L _pp+a(0 DM pr=—ppr+a| ==L p,. (11)
dt y 2 p

The predator population and prey population growths are assumed to be on slow time scale. This is matched
with the fact that the fighting between predators frequently happens while the number of preys captured
each day is much smaller than the population.

2.4. The complete slow-fast model

The complete model that combines all processes in slow and fast time scale reads as:

efi—’; = e[rn (1 - %) —an(pa +PL)]
(12)

d
et = p(bi— D) +e[npi+tanepd, ke {4, L)

where € < 1 is a small parameter. We also use the fast time scale 7 to rewrite the complete model (12):

dn n

de=elm(1- %) —antpat )]

dpa G—-C ps G pp

A pa(Aa—A - A AT

g pa(Aa )+8[ upA+a( % +q L )P (13)
dpL G-C PL

L pi(AL—A - Ay

it pL(AL )+8{ IJPL+06< 5 p)PL}

The model (13) clearly shows that the population of prey as well as predator population change very little in
fast time scale when € is small enough. The game dynamics on fast time scale shows the changes in the sizes
of the two tactical groups. This model is a three-dimensional system of ordinary differential equations.

3. Positivity, boundedness and aggregated model
3.1. Positivity and boundedness

In this part, we get some properties for the solutions of the complete model system (13) which relate
to the positivity and boundedness.

Theorem 0.1. All the solutions of the complete model (13), which start inR3. are always positive and bounded.

Theorem 0.2. For any given initial value in R3 , the complete model (13) has a unique positive solution.

These properties guarantee the meaning of exploring the model because of the positivity and bound-
edness of populations of prey and predators.

3.2. The aggregated model

We shall use the aggregation method, referred to [5],[12],[13], to reduce the dimension of the complete
system (13) of the three equations into the aggregated model of the two equations.

3.2.1. Fast equilibrium
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The first step of the method is to neglect the small terms O(€) and to look for the existence of a stable
equilibrium of the game dynamics which happen on fast time scale.

e pr(a—a), ke fa 1) (19
dt
On fast time scale, the densities of the prey and the predator, n and p = p4 + pr. respectively, can be consid-
ered as constants. Moreover, because x, y are proportion of pack predator subgroup and solitary predator
subgroup in total predators, which means x+y = 1, we can reduce the system (14) of the two dimension
to one equation that rules the pack predator group. Hence, the game dynamics is ruled by the following

equation:
g g[(6-€_G G-\ G G 5
dt 2q q 2 q 2 |
(¢=2)G—4C

The equation (15) has three equilibria of 0, 1, and x* = . We now consider the cases as

(¢=1DG—(g+1)C
follows:
1 C
Case A.g>2=C< £C< q—.
g=1 q-2

According to parameters values, three cases can occur:

q€ .
Al. G > = =0 <x*<1. 0,1 are stable; and x* is unstable.

C
A2.C<G< q—z = x* ¢ [0;1]. 1 is stable; 0 is unstable.
q—

A3. G < C=x*€|0,1]. x* is stable; 0, 1 are unstable.

CaseB.g=2=x"= . We have three cases as follows:

G-3C
B1. G >3C=x*<0=-x*¢[0;1]. 1 is stable; 0 is unstable.

B2.C<G<3C=x">1=x"¢[0;1]. 1isstable; 0 is unstable.

B3.G<C=0<x*<1. x*isstable;0;1 are unstable.
3.2.2 Aggregated model

The second step of the aggregation method is to substitute the fast equilibrium and add the two predator
equations in the complete model with the assumption that the fast process is at the fast equilibrium. Thus,
with the notations ¥ for the stable equilibrium, j, A,k € {A, L} respectively stand for py, A,k € {A, L}
at the stable equilibrium, we have the aggregated model

i ~rlr(1-%) -]

dp _

dr
We have three fast equilibria and the gain depends on the prey density G = an. Therefore, we obtain three
aggregated models which are valid on three different domains of phase plane.

(16)
[—;L+a(AAi+Adl—iD]p.

« Case A, g>2.
C
Model I: n > L 0 is stable in Eq. (15),

g—2a’
@ =lr(-%) -]

d£_ B +aan—C
ar \H 2 p-
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C
Model II: n > —, X =1 is stable in Eq. (15),
a

i ~r(1-%) )

(18)
dp _ ([ +ocG_C
ar  \THTE)P
c . .
Model IIl: n < —, X = x" is stable in Eq. (15),
a
dn n
(%)~
(19)

ap_ap
dt 2 (g—Dan—(g+1)C’

H(n)

in which H(n) :aznz— (2“(fxl) —|—2C> an + W +C2

When n > we have two models, namely systems (17) and (18). If x < x*, the model I,

(q—2)a’
Eq. (17) is governing and if x > x*, the model II, Eq. (18) is ruling.

« CaseB,g=2.

C

When n > — % =1 is stable in Eq. (15), model II, Eq. (18) is governing. When n <
a

stable in Eq. (15), model III, Eq. (19) is ruling.

SN

In general, there are two cases as follows:

« Case 1: Model Il is valid on {n,n < 2} . Model I is valid on {n,n > S} .

qC

(g—2)a

C C
« Case 2: Model III is valid on {n,n < } . Model II is valid on {n, —<n<
a a

I is valid on {n,n> 9 }
(¢ —2)a

} . And Model

In the phase space (n, p), besides the vertical line n = % at which these models connect in both cases, in
qC

(g—2)a

4. Stability analysis of the aggregated model

case 2, the other connected line is n =

The first equation of the three models are the same. That leads to the same n— nullclines: n = 0 and
p= r (l — %) . The p— nullclines which depend on parameters values can be found from the equations
a

d
@@ _ 0 of the three models. For model I, system (17), we have two nullclines, p = 0 and the vertical line

dt
2u+oC d

n=nj= %. For model II, Eq. (18), there are two dilt) = 0 nullclines, p = 0 and the vertical line
2 aC

n=nj= %. For model ITI, system (19), if (g — 1)?> —4aC < 0 then p = 0 is the only p— nullcline

and if (g — 1)2 —40C > 0 then there are three nullclines p = 0; n = n3; n = n}, where

. aC+pu(g—1)+/u(g—1)>—4auC
n:n3;4: aa .
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C C

Those vertical nullclines are ordered as follows: — < nj <nj <nj3,and — <nj <nj3. Thus, nj is always in
a a

the domain of model II, Eq. (18) while n3,n} are always not in the domain of model III, Eq. (19). In case 1,

C
q > 2, nj is in the domain of model I, system (17), if n} > LZ There are up to six equilibria. Two of them,

(0,0); (K;0) always exist and four others (n}, p}), i € {1;2;3;4} where p} = r (1 - ’;é) can be found in
a
positive quadrant if n] < K. In any cases, (0,0) is a saddle point.

According to the position of K with respect to the other equilibria as well as the connected lines, in
each case, it is divided into some sub-cases.

C

Case 1: Fig. 1(a) corresponds to the sub-case K < —, the equilibrium (K,0) is asymptotically stable which
a

mean that the predator gets extinct, the prey tends to its carrying capacity. Fig. 1(b) corresponds to the

C
sub-case — < K < nj, the equilibrium (K,0) is a stable node, the prey tends to its carrying capacity, the
a

Cc
predator dies out. Fig. 1(c) corresponds to the sub-case — < n} < K, the equilibrium (K, 0) is a saddle and

a
the equilibrium (n3, p}) is a sink, thus the predator and the prey coexist.

P (1 (1 P (1 ) P am (I
a a < a
c
C . . C -
@ Ko=oomon g Komon g S S

P (1 : (1 (U] P (I () U]}
i
1 r
r ' r
a a
: - - l{
b - -
' }
1
h Y
N 34
1
C K n qc n € ny K _4C n
@ e ® @-21
p A (I 0 P A am (I ) p (i 10 )
r :
2 a
. ik '
a l . -
-
T }
] '
© C om € mK n It c C_ny Kon © < c K nj n
a (G-2)a a (q-2)a a (q-2)a

C
Figure 2. Phase portrait of aggregated system in case 2 (a) K < min {né, q} ,

x qC x qC : x qC (q*_ e
(b)n; <K < m, (c)nj < m <min{K,n}}, (d) m <nj <K,
©, q_g)a <K <nl.
Case 2: Fig 2.(a) corresponds to the sub-case K < min{ " fcz)a ,n;} , the equilibrium (K,0) is a stable
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point which means that the predator becomes extinct, the prey approaches its carrying capacity. Fig 2.(b)

%, the equilibrium (K,0) is a saddle and the equilib-
rium (n}, p3) is a stable focus, so the prey andqthe predator coexist. Fig 2.(c) corresponds to the sub-case
nj < ﬁ < K, the equilibrium (K,0) is a saddle. There is no stable point. The system has a chaotic
behavior solution. The density of prey is pushed back and forth through the connected line between the

Cc
corresponds to the sub-case — < n; < K <
a

domains of the model II and I. Fig 2.(d) corresponds to the sub-case %
q—2)a
(K,0) is a saddle. The equilibrium (n}, p}) is asymptotically stable. Therefore, the prey and the predator

C
are in coexistence. Fig 2.(e) corresponds to the sub-case = < K < nj}. The equilibrium (K, 0) is a sink.

(¢=2)a
Therefore, the prey approaches its carrying capacity and the predator goes extinct.

< n] < K. The equilibrium

5. Numerical simulations

In this section, we preview numerical simulations to illustrate the theoretical results in previous sec-
tions. The first two figures 3 and 4 in this section show the behavior of the solution, specifically, prey
density and predator density, of both complete model and aggregated model in the same initial conditions
and the same parameter values. As € changes and gets a small value, it can be found the similarity in the
value of the solution while the time scale goes on the infinitive. From now, we use the aggregated model to
study the behavior of the complete model. The next four figures 5, 6, 7 and 8 illustrate the cases that prey,
and predator coexist when the max gain greater than the cost of competing. Figure 5, 6 show the behavior
of the densities of prey and predator along timeline while the figure 7 and 8 show the phase portrait of
the systems. It has been seen that the densities might start at different points but end up at the same one.
The last three figures 10, 11 and 12 represent the case when chaotic phenomenon happens. In this case the
predator and prey coexist in unstable state. The densities pushed back and forth between the two domains
of the systems I and L

complete model

| ----epsion = 0.5

300§ oh -~~~ epsilon = 0.1
o -~~~ epsilon = 0.06

I I
500 600 700 800 900 1000
time

4 d I I L
0 100 200 300 400

Figure 3. Prey density of complete model and aggregated model with different value of €

P T
,’/ ---- complete model
25 F ——aggregated model

250 300 350

Figure 4. Behavior of solutions of the complete model and aggregated model with € = 0.1
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200

- n(t), n(0) = 30
p(1), n(0) = 30
150 -, -~ n(t), n(0) =50
;3 ——p(t), n(0) =50
==-=n(t), n(0) =10
——p(t).n(0) =10

o {
& 100/

50

0 I 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50

time

Figure 5. Coexistence at different initial density of prey in case aK > C.

120

I I I I I
15 20 25 30 35 40 45 50
time

Figure 6. Coexistence at different initial density of predators in case aK > C.

I I
20 40 60 80 100 120 140 160 180
n

Figure 7. Phase portrait - Coexistence at different initial conditions in case aK > C.

30

25

Figure 8. Phase portrait. Coexistence at different initial conditions in case aK > qC/(q—2).
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8
6 ’M
4

L L

5 10 15 20 25 30 35 40 45 50 55 60
n

Figure 9. Phase portrait. Coexistence at different initial conditions in case aK < qC/(q—2).

20

j \ : -~ n()

time

Figure 10. Coexistence in chaotic state in a short period of time

25
—n(t)

20k —p

R RELRES AEERRLR 1REL))

0 100 200 400 500 600 700 800 900 1000
time

Figure 11. Coexistence in chaotic state in a long period of time

25
Figure 12. Behaviors of the dynamics system in chaotic state

6. Discussion and Conclusion

In this paper, we have established a new prey-predator model with hunting strategies using modified
hawk-dove tactics on two-time scales. From the results of the stability analysis of the model, it can be
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concluded that if the gain is less than the cost of the competition, predators might switch hunting tactics.
Otherwise, if the gain is greater than the cost of fighting, predators tend to choose the same tactic, i.e., all
individuals choose the herd strategy, or all individuals choose the solitary strategy. From the simulations
and stability analysis, it can be seen that When the maximum gain of one sub-group is much smaller than
the total cost, the predator becomes extinct, and prey reaches the environment capacity no matter which
strategies are chosen. When the maximum gain of one sub-group is greater than the total cost, the prey
and the predator coexist either in a steady state or chaotic state. In a steady state, the sizes of the prey
population and predator population do not change, while densities are pushed back and forth in a chaotic
state. Some issues can be further explored, such as the properties of the chaotic state of the dynamical
system, the effect of the size of the herd on the ecosystem, etc. We leave this part for future work.
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