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The optimization problem has many effective and widespread
applications in resource planning, machine design, automatic control,
business administration, urban architecture that creating decision
support systems in management and development of large systems.
Nowadays, there are many effective algorithms published to solve
optimization problems, including iterative algorithms such as Gradient
algorithm, Newton’s algorithm and variations of this algorithm that are
applied in learning machine, deep learning, regression,... In this paper,
we introduce an algorithm based on Newton method and Quansi -
Newton method, they are effective methods of finding solutions for
optimal problems when the objective function is a convex, then we give
some computing results for the algorithm to illustrate the convergence
of the method.
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Bai toan tdi wru c6 nhiéu wng dung hiéu qua va rong rai trong quy hoach
tai nguyén, thiét ké ché tao may, diéu khién ty dong, quan tri kinh
doanh, kién trac d6 thi, trong viéc tao nén cac hé hd tro ra quyét dinh
trong quan 1y va phat trién cac hé théng Ién. Hién nay, c6 nhiéu thuat
toan hitu hiéu dugc cong bd nham giai quyét cac bai toan tdi wu, c6 thé
ké dén cac thuat toan 1ap nhu thuat toan Gradient, thudt toan Newton va
cac bién thé cua thuat toan nay duoc tng dung trong hoc may, hoc siu,
hdi quy,... Trong pham vi bai bao nay, chung toi gidi thisu mot thuat
toan dya trén phuong phap Newton va tua Newton, ddy 1a mét phuong
phap hiéu qua tim nghiém cho bai toan tdi wu khi ham muc tiéu la
phiém ham 16i va chung toi dua ra mot s két qua tinh toan ddi véi thuat
toan dé minh hoa sy hoi tu ciia phuong phéap.
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1. Gidi thiéu
Xét bai toan toi vu khong rang budc

Join, f(x). (1)
Trong d6, f(x) la phiém ham 16i c6 dao ham bac hai tren R"™. Bai toan t6i uu (1)) ciing 14 bai toan
duge dan vé tit nhidu bai todn thudc céc linh viuc khac nhau trong kinh té, ki thuat. Dé giai Bai
toan hién nay cé nhiéu phuong phéap giai khac nhau tuy thudc vho ham muc tieu. Mot trong
nhing phuong phap don gian 14 phuong phap duong déc nhét hay con goi 14 phuong phap Gradient
descent [I], phuong phap nay don gian va dp dung cho mot 16p kha rong cac ham muc tiéu, noi dung
phuong phéap la dua ra day lip x*tD = x(®) — X\, V f(x(®)), A\, > 0, trong d6 A\ 1a do dai bude duge
xéc dinh theo quy tic Armijo, phuong phap nay c6 nhuge diém la téc do hoi tu tuyén tinh. Dé ting
toc do hoi tu ctia thuat toan thi phuong phap Newton la mot lya chon kha tot ([2] - [5]). Hien nay,
phuong phap nay duge md rong dé tim 16i giai téi wu cho ham nhiéu bién trén co sé khai trién Taylor,
nghiém ctia bai toan t6i wu duge thyc hien theo day lip x(F+1) = x(*) — [sz(x(k))] ! Vf(x®),
néu ham muc tiéu khong c¢6 dang toan phuong thi day lip trén c6 thé phan ky hosic hoi tu vé cuc
tidu dia phuong hay hoi tu vé diém yén ngua. Mot bién thé ciia phuong phap Newton duge gidi
thieu trong [6] 1a phuong phap Newton suy rong, nghiém ctia bai toan t6i uu duge tinh toan theo
day lap x(F+1) = x(k) — ), [VQf(x(k))} - V£(x™), trong d6 A, duge goi la do dai bude va duge xac
dinh nhd cic phuong phap tim kiém mot chiéu theo huéng — [sz(x(k))]71 V £(x™). Tuy nhien
trong mot s6 bai toan thuec tién khi dan vé bai toan t6i wu ma ham muc tiéu khong ton tai dao ham
cap 2, khi d6 viéc ap dung phuong phap Newton 1a khong kha thi. Dé khic phuc han ché nay, gan
day mot s6 két qua trong [7] va [8] da dé xuat thuat toan tua Newton khi tim 10i giai cho bai toan
t6i wu phi tuyén cho thay tinh hiéu qua ctia phuong phap. Trong bai bao nay, ching t6i xay dung
thuat toan lip dya trén tu tuéng phuong phap Newton va tya Newton khi tim nghiém tai mbi budc
lap, trong dé c6 sy ké thita thong tin nghiém thanh phan da tinh dugce & 1an lip hién tai thay vi st
dung nghiém da tinh dude & 1an lap trude d6. Cac két qua tinh toin minh hoa cho thuat toin duge
dua ra dé khing dinh cho sy hoi tu clia thuat toan.

2.  Phuong phap

2.1. Phwong phap Newton
Goi x* 1a diém cuc tidu cia phiém ham thi diéu kién can la gmi(x*) = 0. Dé xac dinh day
lip, ta sit dung khai trién Taylor cho f(x), ta c6

F6) = ) + V= x8) + 20— x W2, (2)

trong do,
(o o of
Vf(X) - (8$1’ 8$27"'7 anﬂ) 9

Ji 14 ma tran Hessen va dudce xac dinh 1a

9% f
V2 f(x) = [ }
Ox; 0 i=1,...nj=1,...n
Tit [2) ta co
Vf=Vf+ x—x"J,. (3)
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Vay ta c6 day lap
xFHD) = xB) ()7, k=1,2,3,...,n. (4)
Coéng thiic dudc goi 1a cong thitc lap Newton c6 téc do hoi tu cap 2. Thuat toin dude thiyc hién
nhu sau:
Thudt toan 1
function x=newton(x)¢);
k=1
while(||V fx|| > ¢)
d®) = —(J) "'V fr;
<D — (B) 4 q(h)
k=k+1,;
end;
% — x(k+1)

)

Theo thuat toan nay, tai budc tinh d® = —(JR) IV fr va xBHD = x(B) 1 da® chiing toi thyc hién
ké thira thanh phan phan xE—kH) da tinh dugc dé tinh x;k+1), j=1i+1,...,n. Vay () dugc thay thé

bing cong thiic x§k+1) = ng) + dz(-k), trong do

n

i = =" 1@, VIE®),

Jj=1

i—1

A == 5 [(J)7Y,, VAT

J

Vay ttit d6 thuat toan Newton duge cap nhat nhu sau:
Thudt toan 2

function x=newton(x),¢);

k=1;

n=Ilength(x(®) );

while(||V fx|| > ¢)

d® = 0;
for j=1:n
k k _ k
di" = (7)), VFE);
end;
xngrl) _ xgk) +dgk);
for i=2:n
for j=1:i-1
k k _ k+1
A = = [, VIS,
end;
for j=in
k k _ k
d* = — ()], Vi)
end;
x;k+1> _ x;k) +d;k);
end;
k=k+1,
end;
x = x(k+1);

Trong truong hgp ham muc tiéu khong kha vi bac 2, khi d6 thay vi st dung phuong phap Newton
ta sé st dung phuong phap tya Newton.
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2.2.  Phwong phép twa Newton

Y tudng ciia phuong phéap tua Newton [8] 1a xuét phét tit cong thiic (EI), ta xap xi ma tran
Hessen [Ji] bdi ma tran [Byg].
Vay tu ta c6 day lap
xHD = x®) X\ By Vi, k= 1., (6)

trong do, Ay 1a do dai budc duge xéc dinh theo huéng S = — [B;C]_1 V fi, dai lugng nay c6 thé
thay ddi ¢ mdi budc lap va thod man didu kien Wolfe [8],

F(x®) 4+ XeSp) < F(x®)) + ey M STV F(x(H),
STV (™ + XSp) < —2SEVF(xP), (7)
0<cr <eg <.

Thuat toan A\ x4c dinh nhwv sau:

Thudt toan 3
function \,=LineSearch(f,x*),Sy;);
Khdéi tao cac hdng s6 c1, co, B théa man

O<ci<e<l;0<p<l;

A= Ao;

while(\ chua thda man (@)
A= B\

end;

)\k = )\;

Trong truong hop ham muc tiéu 1a ham 16i thi diém t6i wu thu duge chinh 1a nghiém t6i wu toan
cuc ciia Bai toan (1. D& thiy trong (6), néu [By] = I thi cong thitc lap (6) chinh la phuong phap
dudong déc nhat da duge cong bd trong [9.

B, 13 ma tran xap xi cho ma tran Hessen va théa man dicu kién

ViE®) = viEED) - By () - x*D). (8)
Tai diém z**D | ta c6
VHD) = V1)  [Bin] (5D -, )
hay c6 thé viét
[Brt1]di = gy (10)

trong do6
dj, = x*) —x®) g = Vi) — Vi

Cong thiic (10]) c6 thé viét lai nhu sau:
di = Bri1] ' g (11)

& day, By, 1 1& ma tran déi xing xac dinh duong va dude cap nhat theo cong thite

[Bri1] = [By] + CZZ". (12)
Tit (10), ta c6
o7 — 8k —I[“Bk] di
z'd,

Chon Z = g;, — [By] dg, khi d6

(g, — [Brldi) (g, — [Bi] dk)T.

[Bit1] = By + (g, — [Be]dr)” dy

(13)
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Ngoai céch tiép can theo , ta ciing c¢6 thé sit dung cach tinh
[Bri1] = [Bi] + C1Z1ZT] + C2Z,Z35 .
Theo céach tiép can nay, thi viec cap nhat ma tran By duge dan vé cong thie lap

gigr  (Bildy) (Bildy)”
gldy d; Byldy

[Brs1] = [Bi] + (14)
Nhu vay, thuat todn tim nghiém cta Bai toan duge thye hién nhu sau:
Thudt toan 4
function x=QNewton(xV, ¢);
k=1;
[Bi] = I
while(||V fi|| > ¢)
Sk =—[Bi] ' V/fi;
e = LineSearch(f,x® S;);
x(k+1) — (k) A Sk;
d;, = x(k+) _ x (k).
8: = Vi1 — Vi
Cap nhdt [Bj1] theo hoic (14);
k=k+1,;
end;
x = x(FtD),
Theo thuat toan nay, xudt phat tir diém 21, day lip (14) hoi tu vé diém t6i wu cuc bo z* va thoa
man
FM) > > f®) > > fa)
Trong truong hgp ham muc tiéu 1a ham 16i thi diém t6i wu thu duge chinh 1a nghiém t6i uu toan
cuc cua Bai toan .
Minh hoa cho két qua 1y thuyét, sau day 1a mot s6 két qua tinh toan thit nghiém ciia thuat toan.

3. Mot sé két qua tinh toan

Trong muc nay, ching t6i thuc hién mot sé tinh toan thit nghiem dé kiém tra 1y thuyét vé
st hoi tu clia thuat toan duge trinh bay trong muc 2. Sau day la mot s6 dit kien cho trude dé thuc
hién thuat toan:

Ham muc tiéu
£ =3 (@ = )" (15)

Xap xi dau: x™) = (0, 0, ..., 0).

D@ thay nghiem ding ctia Bai toan (1)) 1a x* = (1, 1, ..., 1), f(x*) = 0. Ham muc tiéu (15 kha vi
moi cAp nén ton tai ma tran Hessen, vay ta hoan toan cé thé a4p dung thuat toan Newton dé giai
Bai toan . Dat err = Hx(k) - X*HQ, ta c6 két qua tinh todn minh hoa cho sy hoi tu ctia thuat
toan Newton dugc cho trong Bang 1.

Két qua tinh toan 6 Bang 1 cho thiy nghiém xap xi tim dudc hoi tu vé nghiém ding clia bai toin
theo s6 1an lap. D6 thi Hinh 1, Hinh 2 minh hoa cho sy hai tu cia thuat toan. T Hinh 1 va Hinh 2,
cho thay ham sai s6 v& ham muc tiéu 1a cac ham don diéu gidm theo s6 1an lip, da cho thay nghiem
xap xi hoi tu vé nghiém ding clia Bai toan .
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Bang 1. Nghiém zdap xi ctia Bai todn thu dugc tu Thuat todan 2

x (k) k=5 k=10 k=15 k=20
2P 0,8025 0,9740 0,9966 0,9995
2 0,8025 0,9740 0,9966 0,9995
a? 0,8025 0,9740 0,9966 0,9995
z 0,8025 0,9740 0,9966 0,9995
2k 0,8025 0,9740 0,9966 0,9995
2 0,8025 0,9740 0,9966 0,9995
2 0,8025 0,9740 0,9966 0,9995
a 0,8025 0,9740 0,9966 0,9995
a? 0,8025 0,9740 0,9966 0,9995
2P 0,8025 0,9740 0,9966 0,9995
err 0,6246 0,0823 0,0108 0,0014
a5 T T T T T T T T T
5
- B Do thi sai s0 theo s& [En 13p |
2
25k -
2 - -
15F .
1F -
[ -1
DCI 2 4 5] & 10 12 I:I g 1:3 a ‘I*B = 20

S lan l&3p k

Hinh 1. D0 thi sai 6 theo s6 lan ldp vdi 6 lan lap k=1,2,...,20 thu dugc tu Thudt todn 2
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P& thi ham muc tiéu theo so [@n l3p

Ham muc tiéu fix)

L] 2 4 L] g 10 12 14 16 18 20

Salanlap k
Hinh 2. Do thi ham muc tiéu theo sé lan ldp (so lan ldp k=1,2,...,20) thu dugc tu Thuat toin 2

Bay gig, ta xét ham muc tiéu sau:

10
Z (xz — 1)4 dr; < 1
fl@)=1¢ T (16)
S —1)yVx; =1 Vo; > 1
=1
Ham muc tieu khong ton tai dao ham cap 2 tai * = (1, 1, ..., 1). Vay dé tim nghiém cho Bai toan

v6i ham muc tieu (16)), ta thyc hien Thuat toan 4 v6i ma tran xap xi ma tran Hessen dugc cap
nhat theo cong thitc (14). Cac két qua tinh toédn duge cho trong Bang 2.

Bang 2. Nghiém zdp zi clia Bai todn thu duoc tw Thuat toan 4

x (%) k=5 k=10 k=15 k=20
2 2,2566 0,5028 0.9292 0,9826
2 2,2566 0,5028 0.9292 0,9826
a? 2,2566 0,5028 0.9292 0,9826
) 2,2566 0,5028 0.9292 0,9826
a ) 2,2566 0,5028 0.9292 0,9826
a 2,2566 0,5028 0.9292 0,9826
2P 2,2566 0,5028 0.9292 0,9826
a 2,2566 0,5028 0.9292 0,9826
a 2,2566 0,5028 0.9292 0,9826
2P 2,2566 0,5028 0.9292 0,9826
err 3,737 1,5722 0.2238 0,0550
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S6 lieu & Bang 2 cho thay nghiém xip xi tim dudc hoi tu vé nghiém ding ctia bai toan theo s lan
lap. D6 thi Hinh 3, Hinh 4 minh hoa cho su hdi tu ctia thudit toan.

i0 T T T T T T T T T

P thi sai s theo sd [En l3p

Sai sd err

0 2 4 ] 8 10 12 14 16 18 20
sé IEn lap k

Hinh 3. Do thi sai so theo s6 lan lgp vdi s6 lan ldp k=1,2,...,20 thu dugc ti Thudt todn 4

200 T T T T T T T T T

]
(=]
T
1

P thi ham muc tiéu theo s6 [En lap

=2
=
T

Ham muc tiéu f{x)
s
=

)
=]
T

100

B0

G0

aof

20

Hinh 4. Do thi ham muc tiéu theo s6 lan lip (s6 lan lip k=1,2,...,20) thu dugc ti Thuat todn 4
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Tir do6 thi sai s6 vA ham muc tiéu, ta c6 thé thay phuong phap tiwa Newton c6 uu diém khong
yéu cau ham muyc tiéu kha vi bac 2 nhung tdc do hoi tu kha cham so v6i phuong phap Newton.
Ham sai s6 vA ham muc tiéu khong phai 1a cdc ham don diéu gidm theo s6 1an lap, nhung c6 xu
huéng gidm dan, didu nay cling khing dinh nghiem xap xi hoi tu vé nghiem dang ctia bai toan.

4. Két luan

Trong bai bao nay, ching t6i dé xuit mot thuat toan lap gidi bai toan tdi wu 16i khong
rang budc dya trén phuong phip lip Newton va tua Newton, trong dé c6 sy ké thita thong tin
nghiém thanh phan da tinh duge ¢ lan lap hién tai thay vi sit dung nghiém da tinh duge & lan lap
truée d6. Cac két qua tinh toan theo thudt toan dudce thyc hién trén moi truosng Matlab 2014, két
qué s6 da khang dinh duge sy hoi tu ciia phuong phap va phit hgp véi Iy thuyét dua ra trong bai béo.

L&i cAm on

Cac két qua nghién citu trong bai bdo nay 14 mot phan ctia D& tai cAp co s6 ” Gidi phdp tng dung
cong nghé thong tin trong bdo mat lgi nhudn, nang cao hiéu qud hoat dong kinh doanh doi vdi doanh
nghiép vita va nhé” mang ma s6 T2022-07-11. Ching t6i xin tran trong cam on quy phat trién khoa
hoc va cong nghé Truong Dai hoc Cong nghé thong tin vi Truyén thong da tai trg cho nghién citu
nay.
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