TNU Journal of Science and Technology

228(06): 61 - 68

ANEW ITERATIVE METHOD FOR SOLVING PSEUDOMONOTONE
VARIATIONAL INEQUALITIES

Dang Hong Linh'", Nguyen Tat Thang®
'Hanoi University of Science and Technology

?Thai Nguyen University

ARTICLE INFO

ABSTRACT

Received: 16/02/2023

Revised: 271412023

Published: 28/4/2023
KEYWORDS

Variational inequality
Lipschitz continuity
Pseudomonotonicity
Extragradient algorithm
Self-adaptive algorithm

In this paper, we introduce a modified algorithm for pseudomono- tone
variational inequalities. This problem has many important applications
in different fields such as optimization problem, Nash equilibrium
problem, game theory, traffic equilibrium problem, fixed point
problem. The proposed algorithm bases on the self-adaptive method
and the modified Popov extragradient method that have been applied to
solve many other problems with Lipschitz continuous mapping. The
advantage of the algorithm is that it only needs to compute one value of
the inequality mapping as well as it does not require knowing the
Lipschitz constants of the variational inequality mapping. Moreover,
our algorithm does not require its step-sizes tending to zero. This
feature helps to speed up our method. The convergence of the method
has been proved based on the specified conditions of the parameters. A
numerical experiment in Euclidean spaces is given to illustrate the
convergence of the new algorithm.
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TU KHOA

Bat ding thirc bién phan

Lién tuc Lipschitz

Gia don diéu

Thuat toan dao ham tang cuong
Thuat toan ty thich nghi

Trong bai bao nay, ching t6i gidi thiéu mot thuat toan cai tién dé giai
cac bai toan bat dang thuc bién phan gia don diéu. Bai toan co nhléu
ng dung quan trong trong céc linh vue khic nhau nhu bai toén tbi wu,
bai toan cin bang Nash, 1y thuyét trd choi, bai toan can bang giao
thong, bai toan diém bat dong. Thuat toan dé xuat dua ra dua trén
phuong phép tu thich nghi va phuong phap dao ham tang cuong Popov
da dugc ap dung dé giai cac bai toan bat dang thic bién _phan véi anh xa
gia lién tuc Lipschitz. Uu diém cua thuat toan 1a chi cin tinh toan mot
gi tri cua anh xa bat dang thirc va thuat toan khong yéu cau biét trudc
hé sb Lipschitz ciia anh xa bét dang thic bién phan. Ngoai ra, thuat toan
clia chung t6i khong yéu cau budc nhay tién dén 0. Tinh chat nay gitp
tang tbc do cua thuat toan. Su hoi tu cua thuat toan da dwoc chitng minh
dua trén cac diéu kién xéc dinh cua cac tham sb. Mot vi du s duoc dua
ra dé minh hoa cho su hdi tu cta thuét toan méi.
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1. Introduction

Let C be a nonempty, closed and convex set in Euclidean space RM, A : C — R be a mapping.
The variational inequality problem of A on C is

find x* € C such that (A(x"),y—x") >0VyeC. (VI(A,C))

This problem has many important applications in economics, operations research, and mathe-
matical physics [1] - [3]. It includes many problems of nonlinear analysis in a unified form, such
as optimization, Nash equilibrium problems, game theory. Many authors have studied several
algorithms to solve the problem VI(A,C). The simple one is the extragradient method [4] proposed
by Korpelevich in a finite dimensional Euclidean space RM:

Pec,
Y = Po(x* — AA (X)), (1)
= Pe@ = 2A")).

Then A is psedomonotone and L-Lipschitz continuous on C, A € (0, %), the sequence {x"}
generated by (1) converges to a solution of VI(A,C). This algorithm has been investigated and
developed by a lot of authors [5] - [6]. The limitation of Korpelevich’s method is that it computes
the values of A mapping at two different points and requires knowing the Lipschitz constant L.

To deal with the case when the Lipschitz constant L is unknown, Yang and Liu [7] proposed the
following adaptive stepsize strategy for:

PLec,
Y= Fe(x" = AA")), 2)
X =y A (A() —A(Y")),

where

Aoy = min {%, Oc,,} ifA(X") #AG"),
o, if otherwise,

p € (0,1) and Ay > 0. However, compared to (1), the Yang’s algorithm requires the mapping A being
psedomonotone and L-Lipschitz continuous on the whole space instead of the feasible set.

The second limitation can affect the applicability and efficiency of this method, which is not
present in the Popov extragradient algorithm [8] proposed as a modification of the Arrow—Hurwicz
algorithm. For solving the problem VI(A,C), Popov’s extragradient algorithm {x"} is suggested as
follows:

Oy ec,
K = Pe(x" — AA (), 3)
yn+1 — Pc(x”+1 —).A(y")),

where A € (0, 57). In [8], the convergence of the sequences {x"} and {y"} generated by this method
is proved.

The modified Popov algorithm [8] has been recently interested by many authors. They have
improved and extended this method in different ways to obtain the weak and strong convergence of
the method [6], [9].

Motivated by the works in [10], in this paper, we propose a new algorithm for solving VI(A,C).
The new algorithm is improved from the Popov’s algorithm and Hai’s self-adaptive extragradient
algorithm. Our method preserves the advantages and overcomes the drawbacks of the existing ones.
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The new algorithm uses dynamic step sizes: the value of A, is selected based on the information
of the previous steps, hence, it does not require to know the Lipschitz constant of A. On the other
hand, the step-sizes in our algorithm are bounded away from zero. Moreover, at each iteration of the
algorithm, we only need to compute the value of the mapping A at a point. A numerical experiment
shows that these modifications improve the performance of the new algorithm.

The remaining part of this paper is organized as follows: the next section presents some definitions
and lemmas that will be used for proving the convergence of the algorithm. The third section is
devoted to the proof of our convergence results and a numerical example for illustration of the
convergence of the new method.

2. Preliminaries

This section presents the definitions and properties of the projection operator; some definitions
of the monotone, pseudomonotone and L-Lipschitz continuous mapping in RM; some results which
will be used for proving the convergence of the algorithm. We refer the reader to [11] - [13] for more
details.

For each x € RM, denote

Pc(x) := argmin{||z—x|| : z € C}.
The mapping Pc : x — Pc(x) is called the metric projection from RM onto C.
Proposition 2.1. [11] It holds that:
) [Pe(x) = PeO) ]| < [x—yll for all x,y € R,
(i) (y—Pe(x),x—FPc(x)) <O0forallxcR” yeC.
Definition 2.1. [12] A mapping A : C — R is called

1. monotone on C if for all x,y € C,
{Alx) —A(y),x—y) = 0.
2. pseudomonotone on C if for all x,y € C, we have

(A(Y),x—y) > 0= (A(x),x—y) > 0.

3. L-Lipschitz continuous on C if there exists a constant L € (0,0) such that for all x,y € C, we
have

JA(x) =A< Lllx =yl
If L =1, then A is called a nonexpansive mapping.
Lemma 2.1. [13] Let {a, },{b,} C (0,) be two sequences satisfying
ant1 < ap+by, Z b, < oo.
n=0
Then the sequence {ay} is convergent.

Denote by Sol(A, C) the solution set of VI(A,C). In this paper, we always assume that the solution
set of VI(A,C) is not empty.
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3. Main Results

Assumption 3.1. We consider the problem VI(A,C) under the following conditions:

(A1) The mapping A is pseudomonotone on C;

(A2) The mapping A Lipschitz continuous on C (with unknown Lipschitz constant).
To solve this problem, the following algorithm is proposed.

Algorithm 3.1.
Step 0. Choose y~!,)%,x° € C; A9 > 0,8 € (0,1), p € (0,3). Setn =0.
Step 1. Given A, y" and x". Compute

xn+1 — Pc(x” —)LnA(y")),
yn+l :Pc(xn+l —L,,A(y”)).

If A, ||JAG" 1) —AGM)|| < plly*~! —y"|| then set A, ;1 := A, else set 4,11 := A,,8.
Step 2. If x"*! = y”, then STOP, else update n := n+ 1 and GOTO Step 1.

Suppose now Algorithm 3.1 generates an infinite sequence {x"}. We will prove that this sequence
converges to a desired solution.

Theorem 3.1. If the conditions (A1)-(A2) in Assumption 3.1 are satisfied. Then, the sequence {x"}
generated by Algorithm 3.1 converges to a solution x* of VI(A,C).

Proof. Since 6 € (0, 1), the sequence {A,} is nonincreasing. We will show that this sequence is
bounded away from zero. Indeed, we assume that lim,, ... A4, = 0. Then, there exists a subsequence

{An.} € {7y} satistying
At [AG" ) = AG | > p |y 2=y
Let L be the Lipschitz constant of A, we have

Hyn,-f2 _yn,-fl H
IA("=2) =A™=l

which contradicts the fact lim,,_,.. A4,, = 0. Thus, there exists a number 7 > 0 such that

A‘I’l,‘*l > p

> P
“L

A1 = Ay and A, JAG" ) —AGY) | < plly =" Vn>ng. (4)

Since
K = Pe( = 2,A(")),
using the basic property of the projection, we have

(7= X" = LA — XY <0,

or equivalently,
<x”+1 —z,x"! —x”> <A <z—x”+1,A(y”)> vz eC. (5)

Analogously, from the definition of y"!, we obtain

<yn+1 _ijnJrl _xn+l> <A, <Z_yn+l’A(yn)> VzeC. (6)
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We have

e e B [ [ 1 e
= " — 2] = [l =y |P 20" =y = 2) = T =y
_|_2<xn+1 _yn,xn-i-l —Z>
= [l —z2l? = [l =P = =y
_|_2<yn _xn’yn _xn+l> +2<xn+l _xn’xn-&-l —Z>-
Using (5) and (6), we have
= 2] < =2 = [l =y P = Ty
+ 22, (A" ), =)+ 20, (A", z— XM
= [l —z2l? = [l =P = =y

F 22 (A" X =) 20 (AG") 2=y + 22 (A", =X,
Let z=x" € Sol(A,C), due to the pseudomonotonicity of A, we obtain

e g e e e e P i

+24, (A0 ) = AG), A =),
From (4), for all n > ngy, we have

2 =[P < [ =X = [ =Y = [ =)
+o (I =y 1P+ I =y")1%)
<l = x| = [l =y P = [l =)
+0 21 =P 20 =P =) (7

From (7), we obtain

e e i P e el
= (1=2p)|x" =y"|I> = (1 =3p) "+ —y"|]*. ®)

Since p € (0,1), the sequence {||x" —x*||> +2p||y"~! —x"||?} is decreasing and nonnegative.
Therefore, it converges and the sequence {x"} is bounded. There exists the finite limit

lim [ —x* |2+ 2p " — 2|2
n—oo
Morever, we infer that
|+ =" = 0 and [|[y" —x"| = 0. ©)
Therefore, there exists the finite limit
lim ||x" —x*|| =c.
n—oo

The sequence {x"} is bounded. Therefore, there exists a subsequence {x"7} C {x"} such that
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x" — x € C. We will prove that X € Sol(A,C). Indeed, from (5), for all z € C, n; > ko, we get
<xn,+1 _ g ! —x) < 7Ln0<Z—xn-’+1,A(y"f)>. (10)
Using (9), we have
[ = < =y Y =2 = 0. (1D
In (10), letting j — oo, using the continuity of A, (9) and (11), we have
(A(x),z—%) >0VzeC,
which means ¥ € Sol(A,C). Since the sequence {|[x" — x| } is convergent, we have
tim [ 5] = i 5] =

We present a numerical example to give some insight into the behavior of the proposed algorithm.
We also compare our algorithm with the Popov’s algorithm. We perform the iterative schemes in

MATLAB codes under version MATLAB R2021A and run on a PC with CPU 15 5200U and 6GB
RAM.

Example 3.1. Let C= {x e RM: -5 <x; <5 Vie l,...,.M}. We take A(x) = F(x), with F is a
randomly generated positive definite M x M matrix. The starting point y~!, y° and x° are generated
randomly. We use the stopping rule ||x" —x*|| < 1073, with x* = (0,...,0) T is the exact solution of
the considered problem.

The parameters are chosen by the grid search method with the grid size of 0.1 as following:

* In Algorithm 3.1, we choose p =0.3,8 =0.9,A_; =3.5;

* In Popov’s algorithm, we choose A = %.
The results are shown in Figure 1 and Table 1. Figure | shows the change of error = ||x" — x*||

of two algorithms according to time. We can see that our algorithm shows a better behaviour in term
of computational time.

Table 1. Compare Algorithm 3.1 with Popov’s Alg. in Example 3.1

Popov’s Alg. Alg. 3.1

Times(s) Iter. Times(s) Iter.

M =50 0.0024 786 0.0019 216
M =100 0.0270 2235  0.0097 318
M =200 0.0724 3777 0.0254 845
M =500 03784 5788  0.0726 1290
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M =80 M =100
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Figure 1. Performance of two algorithms in Example 3.1

4. Conclusion

In this paper, we have presented the iterative method to solve pseudomonotone variational
inequalities. Our algorithm can be applied for variational inequalities with unknown Lipschitz
continuous modulus. The algorithm does not require the step-sizes tending to zero. Moreover, the
new algorithm only requires to compute the value of the mapping A at a point. These features help to
greatly reduce the computational cost of the proposed algorithm.
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