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The higher topological complexity is given by Y.B. Rudyak introduced
in 2010 as a topological invariant that has many relations with other
invariants. It is difficult to compute this invariant in the general case. In
this paper, we give the results of higher topological complexity for the
complement of generic arrangement in complex space. To get this
result, we give the upper bound by constructing local section and the
lower bound using isomorphism between the cohomology of
complement and the Orlik-Solomon algebra of corresponding
arrangement. The results show that the higher topological complexity
of the complement of generic arrangements depends only on the
number of dimensions of the space and the number of hyperplanes of
the arrangement. The calculated results give us one more example to be
able to confirm whether the topological complexity of an arrangement
of hyperplanes is combinatorial dependent or not.
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Do phuc tap td pbd bac cao duge Y.B. Rudyak dua ra nam 2010, day 1a
mot bat bién td pd c6 nhiéu lién hé véi cac bat bién khac. Viéc tinh toan
bat bién nay trong truong hop tong quét 1a kho. Trong bai béo nay,
ching t6i dua ra két qua vé& do phic tap to po béc cao cho phan bl céc
sap xép generic trong khong gian phuec. Dé dua ra duoc két qua nay
ching t6i lan luot dua ra chan trén bang cach xay dung cac nhat cit dia
phuong va dua ra chan dudi bang cach sir dung tinh dang ciu gitra doi
dong diéu cua phan bu va dai s6 Orlik-Solomon cua Sap xép tuong ung.
Két qua chi ra rang do phuc tap to po bac cao cua phan bl cac Sap xép
generic chi phu thugc vao sb chiéu cua khong gian va sé siéu phang cua
sap xép. Két qua duoc tinh toan cho ta thém maot vi du dé ¢ thé khang
dinh d6 phuc tap td pd cia mot sap xép cac siéu phang c6 phu thudc to
hop hay khéng.
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1. Gigi thigu

Cho X la mot khong gian t0 pd, PX1a khong gian cac duong lién tuc trong X va
7m:PX — XxX 1a anh xa bién mdi duong » thanh cip diém dau va diém cudi cia y hay
7(y) = (7(0); (1)) . Pay 1a mot phan thé theo nghia Serre. DO phuc tap t6 pd T'C(X) cua X
dugc M. Farber dinh nghia trong [1] chinh 1 giéng Schwarz (xem [2]) cua z. Trong [3], Yu.
Rudyak da mo rong khai niém nay thanh khai niém d6 phuc tap td pd bac cao (hodc xem [4]). Véi
n>2,dat J latichkétcua n doandonvi [0;1], i=1,...,n,véi 0, € [0;1]. dwoc ddng nhat,
X" 1a khéng gian tat ca cac ham lién tuc tir J vao X véitd p6 compact mo. Xét phan thé

e : X" > X"
y (), r(1,))

v6i 1. la phan tir 1 trong [0;1].. Day chinh Ia mot cai thé phan thé ciia anh xa duong chéo
d : X — X" (xem [3]).

Dinh nghia 1. Do phirc tap t6 pd bac cao cua T'C' (X) ciia khong gian X 1as6 k nho nhat
sa0 cho ton tai mot phu mé {U,...,U, } cua X" bsi k tap mé va voi mdi tap mé ton tai mot
nhét cit dia phuong s:U — X7 cua e ,nghiala e os =id, .
Sau ddy 1a mét s6 tinh chat quan trong cua TC
i) TC lamot bét bién dong luan.

i) Cho X 1a khong gian lién thong dudng co kiéu dong luan cia mot O - phiic n, chiéu thi

TC (X)<ndimX +1 (1)
iii) Cho X va Y la cac khong gian lién thong duong. Khi do,
TC (XxY)<TC (X)+TC (Y)~-1, (2)

iv) Vi €, 1a cai thé phan tho cua anh xa d : X — X" nén ta c6 tinh chat sau: Gia su ™ la
mot s6 nguyén duong, u. € H (X") Véi i=1,...,m la cac lop déi dong diéu thoa man
d;(ul_) =0va y Wy, U...uu #0e H'(X™). Khi dé, TC (X)=k+1.

Do phirc tap t6 po bac cao da dugc tinh cho cac mat cau va tich cua cac mat cau boi Basabe va
cong su [4], va mot sb khong gian cau hinh bai J. Gonzélez, B. Gutiérrez [5].
Chung t6i quan tim dén d6 phuc tap td pd bac cao cua phan bu cac sip xép siéu phing. Trong

[6] va [7], chung t6i da tinh toan TCn cho phan bl cua cac duong thang phac va phan bu cua
sip xép kicu thé. Trong bai béo nay, chiing toi tinh T'C'  cho phan b cua mot sap xép generic.

2. So lgc Vé van dé nghién ciu

Trudc hét, chdng ta nhac lai mot s6 khéai niém can thiét trong Iy thuyét sap xép siéu phang.
biat V' 1a khong gian véc to phic r chiéu. Mot siéu phang H trong V' 1a mot khong gian afin con
(r—1) chiéucua V. Siéu phang V' c6 thé xem Ia hat nhan ciia da thirc &, bac 1 dwoc xéc dinh

sai khac mot hang s khac khdng. Mot r —sap xép cac siéu phang A trong V' 1a mét tap hiru
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han cac siéu phang {H ..., H,} trong V. Pa thuc Q(A) = HH,,eA a, € Clz,x,,...,x | dugc
goi la da thuc xac dinh cua A . Phan bi coa A duogc xac dinh 1a
M(A)=C"\v,_,H.

A dugc goi lasapxéptam néu N H = @ . Néu T = H + O thitagoi A lasip xép
tam véi tam 7. Néu A c6 tam, thi ta c6 thé chon hé truc toa d¢ afin sao cho tat ca cac siéu phang
di qua gbc toa do. Mot sap xép duoc goi 1a tam thyc chat néu 7 chi gém 1 diém géc toa do.

Cho mot (r+1) - sip xép tm A chaa [ siéu phang véi da thac xac dinh

Q(A) € Clz,,z,,...,x |. Ta xdy dung mot r - sip xép voi [ —1 siéu phang duoc ki higu boi

dA. O day, Q(dA) dugc xac dinh bang cach thay z, boi 1 trong da thue Q(A). d.A dugc
goi la giai nén cua A .

Pinh nghia 2. Mot - sap xép tam A véi r > 2 duoc goi la sip xép generic néu vai moi tap
con &5 < A voi ‘5‘ < r thi tap cac ham xac dinh cac siéu phing cia & doc 1ap tuyén tinh.

Néu A 1amot r - sap xép generic chira [ siéu phang vai [ < 7, khi d6 ta c6 thé chon lai hé
toa do sao cho da thirc xac dinh ¢6 dang Q(A) = =,...z,. Do d6, M(A) c6 kiéu dong luan cua

mot - xuyén T'. T do ta c6 TC (M(A)) =1+1 (xem [4]). Pay 1a mot truong hop dac biét

ctia dinh ly chinh. Vay ta chi can xét truong hop [ > 7.
Pinh nghia 3. Mot r - sap xép A dugc goi la sap xép & vi tri tong quat néu véi moi tap con
{H ,.,H }cAvéi p<r, HZ.1 M ..M H la mot khong gian afin con co d6i chiéu p va

véi p>r thh H n..nH =0.

Ta c6 mot sip xép A la generic khi va chi khi giai non d.A lamot (r —1) - sap xép 6 vi tri
tong quat (xem [8]). 9 ‘

Dé chung minh cho trueong hop tong quat, ta sé€ lan lugt dua ra chan dudi va chan trén cho
TC (M). Pé dua ra dwoc chin dusi, ching toi sir dung sy diang ciu cua dai s déi dong diéu

cia M voi dai s6 Orlik-Solomon, tir d6 tinh toan tryc tiép trén cac phan tir ciia dai s Orlik-
Solomon. B¢ dua ra chan trén, ta sé sir dung dinh ly cta Hatori dé dua ra kiéu dong luan cua
phan b, tir d6 xay dung truc tiép céc nhat cét dia phuong cua e .
3. Két qua chinh

Pinh ly. Cho A la sdp xép generic gom [ siéu phang phic trong C™, [ > r va
M=C'\uU,_H 1aphdn bi. Khi do

TC (M) =min{(n—2)r +1+1Lnr}.

Chizng minh: Chirng minh cua dinh ly s& chia lam hai phan.

Chin dwéi: Bing viéc st dung két qua vé sy ding cdu cia H (M;C) véi dai s6 Orlik —
Solomon A(A) cua A nhu cac dai s6 phan bac (xem [8]) va két hop véi viéc st dung tinh chat

chan dusi (iv), ta s& dua ra chin dudi cia TC' bang viéc sir dyng dai sb Orlik - Solomon.
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Vi A lasap xép generic nén dai s6 A(A)c6 cac phan tu sinh a,...,a, | v6i quan hé nhu sau
af =0, a,a; =—aa, va néu I = {ijyori } <{0,1,..,l =1}, k<7 thi a, = a,..a, # 0.
Tap hop céc phan tir a,,I = {i, <...<i} <{0,1,...,l =1} 1amot co s& (nhu khong gian véc
to phuc) cua A(A) (xem [8]).
Coi c4c phan tir @, nhu cac phan tir trong H (M;C), khi d6 voi mdi a, ta dat
t

o, =101®..010¢®..01-101®...a ®1®...01,véi t =2,...,n.

Pit p = min{l—1,2r -2}, J ={0,1,...,p},I = J Véi m = . X6t phn tir
=]1d1a) 114,
iel =2 ieJ\] "

Trong khai trién cia 7 ¢6 s hang +a, ®...®a, ®a,, bac (n—2)r+ p+1 khong bj
triét tieu boi cac s6 hang khac. Do d6, tacod 7 = 0.

Matkhac, d @ =0 véimei i =0,1,....,0—-1 vat=2..,n.Trdotasuyra

TC (M)=(n—-1r+(p+1)—r+1=min{(n—-2)r+1+1Lnr}. (3)

Chin trén: Véi mdi sap xép tim trong khong gian véc to phuc, ta ¢d phan ba M(A) tuong
duong dong luan véi S' x M(d.A) (xem [8]). Vi A la sip xép generic gém [ siéu phang véi
[>r nén dA lamot (r —1)-sap xép & vi tri tong quat gém [ —1 siéu phang. Ap dung dinh ly
cua Hattori (xem [9]), ta c6 M(d.A) twong duong dong luan véi M, , voi

M= U T T ={(z,02,) €T 2, =1 néu je I c{l,..,[-1}},

=1
Ap dung tinh chat (i) va bat dang thic (2) cua TC taco
TC (M) =TC (S'x M) < TC (S") + TC (M(d.A)) - 1

=TC (S")+TC (M,)—-1.

Tu M, lamot khung CW - phuc (r —1) chiéu cia 7' nén ap dung (1) ta dugc

TC (M) <n(r-1)+1.

Mt khéc ta c6 TCH(Sl) =n (xem [3]). Tt d6 suy ra
TC (M)<n+(n(r-1)+1)-1=nr.

Néu [+1=>2rthi TC (M)=nr=min{(n—-2)r+1+Lnr}, th do ta c6 diéu phai
chung minh. Vi vay, ta chi cin xét truong hop [+1<2r. Nghia 1a ta chang minh
TC (M,) < (n=2)(r—=1)+1.

That vdy, ta s& phan tich (A,)" thanh hop cua (n —2)(r —1) +1 tap con ENRva xéy dung
c4c nhat cat dia phuong trén ting tap con trén.

Vsimditapcon J < {1,...,I =1}, I < {2,...,n — 1}, taxét cac tap con cia (7"")" nhu sau
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Fy = {(u,Uyseyu)) |0, = u,, =... = néuvachinéu j e J},

Uy, ={(u,ty,.u) |, = u, néuvachinéuiel,je J}.

E =F n(M,)"  véi F ={(u,u,,..,u )| u,; # u,; Vi mol

i=2.mj=1.,1=1}, F=U, F.j=1..1-1véi F, = F; 0(M,)",

U,s=1L..,n=2t=1...r=1vsi U, =U, "(M,)".

1’

Uy =Up e
Khi d6, cdc tap F, v6i j=01...1-1 va U, véi s=1...n—-1vat=1..r-1la
mot phu cua (M,)" chira (n —2)(r —1) + 1 tap con. Tiép theo, ta s& xay dyng cc nhat cat lién
tuc cia e trén moi tap con nay. Ta co, F_ lahop roi cua céc tap F, va moi tap U, ciing 1a hop
roi ciia cac tap U, . Do do, ta chi can xay dung nhét cat trén mdi tap F, va U, .
V6i hai diém u,u’ € ]\/[0 ta xac dinh mot duong di Z(u"“,) trong M0 tr u dén u' nhu sau: Gia

st u=(u,enu ) VA w=(uy,en,n ). Khido, tadat 1 () = (4, (8,500, 0 (0)),
Vvéi toa do the 5 1a l(u_u,>(t)]_ duoc cho bai cong thure sau:
- Néuw, =o' thil . (t) =u =u' véimoite[0;1].
J J (uu' )N/ J J

- Néu u, # u; thi

u, khi 0 <t <7(u);
tfr(u]) . .
l(u,u')<t)j =17, . (W) khi t(u,) <t <1-7(u));
u khil—z(u))<t<1.

Véi 7, la cung tron ndi hai diém tir 2 t6i 2’ cho bsi cong thic 77 (t) = "7,

tel0;1], voi 2z =€".2 =e“,0 < p,¢' <2z Tham sé ¢ cua [ dugc chia thanh ba phan boi

tham sd hoa 7 : S" — [0, %] xac dinh boi
K= khil 2 - 1]< V2

T\Z2) =
#=1 khi| 2 — 1> V2

D& thdy rang Ly (t) xac dinh vei moi wu' €T va 1a mot duong lién tuc néi
by Q) =w vei l, (1) =u".

Tiep theo, ta can kiém tra /() nam trén M véi moi ¢ € [0;1] va u,u’ € M, . Nghia la
voimoi ¢ € [0;1], ., (t) c6itnhat [ —r toadd bang 1.

Gia st weT W el vsi LI'c{l.l-1} \1\ = \I\ =r—1. Ki hiéu

T

I={Ll =T\, =L, ] =13\ " vadat [, =T " T .Khidotaco |T| =|T|=1-r.
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Vi bat ki t €[0;1], xétchiso jel . Vi jel va jel nénu =wu) =1 vatrdinh
(@), =u, =u =1véimoi ¢e[0;1].

')

nghia ta c6 l(u

2’

Vai t e [0;2] ta xét chi s6 je T\I.Vi jgInén u,=1. Do 6, z(u,) =7, suy ra
by @), =u, =1 véimoi t & [0;7].

Véi ¢ e[L:1], taxétchiss jel' \I.Vi jglI' nén w, =1.Do dé, 7(u,) =17, suyra
byuy@); =, =1 véimoi ¢ e&[1;1].

Vay véi méi t e[0;1], [, () c6itnhat [—r toaddbang 1,7, . (t) nam trén M.

Xétanhxa s : M) — My xacdinhboi s(uy,uy,eesw,) = (ol e, )

Tu cach xay dung l(u,u,) ta suy ra han ché cua s trén céc tap hop F,,F,,U,, phu thudc lién
tuc theo ( Uy, Uy
v6i j=0..,-1,s=1..,n—1 va t=1..r-1 déu la cac tap ENR. Do do,
TC’( J<(m=2)(r=-1)+1 Vay

TC (M)<n+n-2)(r-)+Il-1=(n-2)r+1+1.
Vi [+1<2rnén TC (M) <min{(n—2)r +1+1Lnr}. (4)
Két hop (3) va (4) ta dugce diéu phai ching minh.

. n) va la nhét cit cua e trén cac tap Fj,Ust. Hon nira, céc tap hop F,-stt

4. Két luan

Trong bai bao ndy, chung t6i dua ra két qua vé do phuc tap to pd bac cao cua phan bu maot sap
xép generic. Khi tim chan duéi chling t6i sur dung su dang cau cua ddi dong diéu cua phan bl véi
dai s6 Orlik-Solomon cua sap xép siéu phang do6. Khi tim chan trén, bang viéc sir dung kiéu dong
luan ctia phan bu chiing t6i di xay dung truc tiép cac nhat cét dia phuong.
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