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Many problems in practical and engineering applications lead to
finding solutions to a system of nonlinear equations with large numbers
of variables and equations. The problem of finding the exact solution to
a system of nonlinear equations is not always feasible, especially for
large-scale systems. Therefore, finding approximate solutions to this
class of equations is great importance. Since the appearance of the
Newton's method, there have been many methods proposed by
scientists to address this issue with the support of computer software.
Research and development of improved methods for this algorithm are
always of interest and focus for scientists. In this paper, we investigate
the problem of finding approximate solutions to a system of nonlinear
equations using the Newton-Krylov-Nedzhibov method. The
convergence of the iterative method can only be confirmed through
practical experiments. Using the properties of Krylov space and the
properties of the mapping that satisfies the Lipschitz condition, we
prove the convergence of the method. Moreover, we present the
solution to a nonlinear equation system using Mathlab software.
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TU KHOA

Cong thirc lap
Hoi tu bac bdn
Hé phwong trinh phi tuyén

Phuong phap Newton-Krylov
bac ba

Phuong phap Newton-Krylov-
Nedzhibov

Nhiéu bai toan trong thyc té va trong ky thuat thuong dan dén viéc tim
nghiém ctia mot hé phuong trinh phi tuyén véi s6 an va sd phuong trinh
I6n. Véan dé tim nghiém chinh xac cua hé phuong trinh phi tuyén khéng
phai lic nao cling thuc hién dwoc, dic biét 1a 16p cac hé phuong trinh ¢o
s6 an va sb phuong trinh 16n. Vi vay, viéc tim nghiém gan dung 16p céc
hé phuong trinh nay l1a rt can thiét. Ké tir khi phuong phiap Newton
Xuét hién di c6 rt nhidu phuong phap dwoc cac nha khoa hoc dwa ra dé
giai quyét vin d& nay dudi sy hd trg ciia cac phan mém may tinh. Viéc
nghién ctru va dua ra cac phuong phap cai tién cho thuat toan nay ludn
duoc cac nha khoa hoc quan tdm, nghién ciru. Trong bai bao nay ching
t0i nghién ctru viéc tim nghiém gan ding ciia hé phwong trinh phi tuyén
bang phuong phap Newton-Krylov-Nedzhibov. Su hoi tu cia phuong
phép lap chi duoc khang dinh bang thuc nghiém. Bang céach sir dung
céc tinh chét cua khong gian Krylov va cac tinh chat cua anh xa thoa
méan diéu kién Lipschitz ching toi chitng minh cho sy hoi tu cua
phuong phap. Ngoai ra, ching toi con trinh bay viéc giai s6 mot hé
phuong trinh phi tuyén duya trén phan mém Mathlab.
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1. Gioi thigu
Xét hé phuong trinh phi tuyén
Gz =0, @
t 7
trongdo G= g v ,9, v ;...;9, = V6i g :R" — Rlacacham phituyen (i =1,2,...,n).

1
Nam 1685, Newton cong bé cong thic giai phuong trinh phi tuyén f(x)=0 va dén nam
1690 Raphson da cong bd cong thtc Idp dé tim nghiém xap xi cua phuong trinh  f (x)=0 duoc
goi la phuong phap Newton — Raphson. Tur do, da co nhiéu nha khoa hoc quan tam, nghién ctu
va dua ra nhiéu cong thic lap véi toe do hoi tu bac hai, _trong do phai ké dén phuong phap
Newton [1], phuong phap Chebyshev, Halley [2] va mot sb phuong phép 13p hoi tu cap 3 duoc
trinh bay trong [3] - [9]. Tuy nhién cac phuong phap nay déu méc phai do phuc tap tinh toan cao
khi s6 phuong trlnh va s0 an cua h¢ 16n. Dé khic phuc han ché nay, bang cach tiép can khac,
Krylov dua ra mot phuwong phap dé giai gan dung hé phuong trinh phi tuyén (1) nhu sau:
Xét hé phuong trinh:
Gz s =-Guz ,s =z —z,necN, (2)

n n+1
Phuong phap Newton-Krylov la phuong phap tim nghi¢m gan dung ciia hé phuong trinh (2)
vai diéu kién

/
HG xn Sn + G xn H S 771 HG mn

V6i v, €]0,1 goi la diéu kién rang bugc.
Thuat toan Newton-Krylov:
1. Ldy z, va v, €[0,1 .
2.Cho n =0,1,..., valam theo cac budc sau:

maxr

. Chon Y. € [07 nnmw] ’
« Ap dung mét phuong phap lap dé tim nghiém s ciahé¢ G’ =z s =-G =

n °

Qua trinh trén s& dirng lai khi diéu kién sau duoc thoa man
HG' r s +G x H <7, HG T H

*Higuchinhz =z +s .

Nam 2008, G.H. Nedzhibov da dé xuat mot phuong phap giai gan dung hé phuong trinh phi
tuyen (1) vai toc do hoi tu bac bon [10], duoc goi 1a phuong phap Newton-Krylov-Nedzhibov.
Phuong phap Newton-Krylov-Nedzhibov véi cong thuc lap nhu sau:

X, .. =X, —%[SG'(y(xn))—G’(xn )T(3G’(y(xn))+G’(xn))h(xn), (3)

trong d6 h(x)=G'(x) 'G(x) va y(x):x—%h(x).

Tu cong thuc (3) ta x&y dung dugc cong thac lap sau:
G'(%)-h(%,)=G(x,) @)
va

(36" (¥(%,))~&'(x,))s, =5 (36'(¥(x,)~G'(x,))h(x,) ©
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Véi y(x):x—gh(x) va X, =S, +X,.

Ta st dung thuat toan Newton-Krylov tim nghiém gan dung X,,; tr hé phuong trinh (4), (5).

Sy hoi tu va tc do hoi tu cia phwong phap chi duoc suy ra tir két qua thuc nghiém. Trong bai
bao nay chung tdi trinh bay ching minh sy héi tu cua phuong phap Newton-Krylov- Nedzhibov
V6i toc d hoi tu bac bon. Cau tric cua bai bao gom 4 phan, phan thir nhat cua bai bao la phan
Giai thiéu, Phan 2 trinh bay ching minh su hoi tu cua phuong phap, Phan 3 trinh bay két qua
thuc nghiém va Phan 4 |a phan Két luan.
2. Sw hoi tu cia phwong phap Newton-Krylov-Nedzhibov

Trudc hét chung t6i xét hai Binh Iy quan trong sau, dugc trinh bay trong [11].

, -1 N
Pinh 1y 2.1 Cho C,I € R" , trong d6 I 1amatrdn don vi. Néu HC“ <1thi I—C  tintgiva

H T—C Y < —1 Honnira, néu 4 kha nghichva HA’I B—A H <1 thi B kha nghichva
1=
Afl
e
1-(A B—4

Pinh ly 2.2. Cho anh x¢ G :R" — R™ khd vi lién tuc trén mét tap loi, mé¢ D va

G' € Lip, D , khi dévéimoi z+pe D tacd ‘G z+p -G 1 -G = pHS%HpHZ.

Tiép theo chlng t6i trinh by sy hoi tu cua phuong phap Newton-Krylov- Nedzhibov va
chirng minh sy héi tu caa cong thice lap.

Pinh ly 2. 3 (Sw hoi tu cta cong thiuc Newton-Krylov-Nedzhibov) Cho G:R" — R" khd vi
lien tuc trén mgt tip loi mé DcR". Gid sir ton tai x eR" va «,B>0 thod man

s(x",r)cD,G(x"):O,G'(x*)-1 ton tai, HG'(X*)l <p, va F'elLip, (s(x*,r)). Khi d6 ton tai

s6 &>0 thoa man véi méi x° es(x*,%j day X, %y, .. X, ,... Xdc dinh boi cong thirc (3) héi tu

Pat F(x)=G'(x)(36'(y)+G'(x)) " (36'(y)-G'(x))=G'(X)~2G'(x)(3G'(y) + G'(X)) G'( X), Véi

Pat H(x)=3G'(y)-G'(x), khi do G(x)=G'(x)—2H(x) " G'(x).

Tu ||x° —x*||<£, Vi g:min{r,i},do G’ 1a Lipschitz tai X" nén ta cé
2 2By

Her(x*)*[ef(xo)_ef(x*)]HSHG'(x*)ﬂ“\g(ﬁ)_g(x*)

S,B;/”xo —x

Theo Pinh Iy 2.1 tac G'(x’) kha nghich va

¢ 1
< —<—.
Y52
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4

G'(x”‘)f1
<

o) fee)-e(x)] <3lex)

)

Tir y° =x° —%G'(xo)_lG(xo), ta suy ra
Yo —x =x"-x" —%G’(xo)_lG(xo)

“5l2e ) [ol)-0) - ) |

Ap dung Pinh Iy 2.2, ta c6
. 1 , - . , .
Iy =<3 2Je' () o (x)-6 ()6 () (x—x ) + -]

<1(2£ZHX* X[+ _x*uj<luxo_x*u<lg.
32 2 4

3

Suyra y° eS[x*,gj.
Do ||y0 —x*||<§ va G’ la Lipschitz tai x* néntacé
HG'(x*)‘l[G'(y")—G'(x*)]“sHG'(x*)‘1
Ap dung Pinh Iy 2.1taco G'(y°) kha nghich va
G'(x)"

HG,(yO)-l ( )

et Te) o )]
Taco

H(x)=3G(y°)+G'(x°) < H(x°)-4G'(X') =G'(x°) -G'(x") +3[ G'(y*) -G'(X) |

Jo ) -6 sl x|« s

8l ~,/ «\1 4

Tir ||x°-x*||<§,||y°-y*||<§ va G’ la Lipschitz tai x* nén ta co
H[4G’(x*)]l[H(x°)—4G’(x*)] [a6'(x)] [ H () -4e'()]
S%H[G'(x*)]l[ G’(xo)—G’(x*)H+3HG’(y°)—G’(x*)‘HH

Ll -xaly -y )< prs .

<

Ap dung Dinh Iy 2.1taco H(x°) kha nghich va
[+ )] .8
1—”[46’(%‘)]1[H(x°)—4G’(x*)]H 21

DIFINE

[e()]"

1
<=p.
2P

Taco
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F(XO)ZG'(XO)—ZH(x°)’1G'(x°)

“glele ) ) me) [oy)- e (x)] e )20 (s
Talai 6, F (x')=36'(x) ner

F () -F(x)

=5l ()= () JH () [e ()6 ()] +e (x) & (x )+ &' (') -6 (x )]

Tu G’ la Lipschitz tai x* néntacé

20 (x) " [F(x)-F () J|<2oe(x ) [ ()~ ()

H(x)”

S efe 0 )-e v ee) flo ()6 (e ) - (c - 3fer () -e ()

By -l sre x| rly x| [« e gt s S pro <o

Ap dung Binh 1y 2.1 taco F(x°) kha nghich va
2G'(x")

Fe)” .
1— ZG’(X*) [F(xo)—F(x*)
bat L(x)=3G'(y)-G'(x) , khido
L(x°)—2G'(x*):3[(3’(y°)—e'(x*)]+G'(x*)—e'(x°).
Tir [x° —x*||<g,||y° —y*||<§ va G’ 12 Lipschitz tai x* nén bing cach danh gia twong ty ta co
(28/(¢)) ) ~20(x)
Ap dung Pinh Iy 2.1 ta c6 L(x°) kha nghich va
-1
2G'(x”
[MEINE ( - ) <Jerx)’
1-“(2@'(x*)) [L(xo)—ZG’(x*)]H 1

-1

1024
<
315

<

B<3p.

5
<—.
16

< p.

Tir dinh nghia ciia X, tacd x, = x° —% F(x° )’l G(x°). Do d6

. 1 -
X — X =x°-x —EF(XO)IG(XO)

=x"—x —% L(x0 )_1[3G'(y°) +G’(x°)]+%F(x° )_l [G’(x*) —G(x°)—G'(x°)(x*—x°)]

sz(xo )7l [G'(y") —G’(xo)](xo—x*)+%F (xo)f1 [G’(x*) ~-G(x") —G’(xo)(x*—xo)]

Ap dung Pinh ly 2.2 ta c6
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x50 flon-eoonbe-x s fF () floreer-ceer-crere—)
<37'87||y° =xX°[|[x* =% +375% X’ —x°||2 <% X' —x°||<§g<%g.

Suyra X, € S(xgj

<% tirdo suyra X, €S x, 2.
2 2

k+1
< 3 ||x0 -x'
4
3. Két qua thuc nghiém
Trong phan ndy, chdng t6i st dung Matlab dé tim nghiém gan dung cua hé thdng qua cong

thrc 13p (3) v6i sai s6 khong vuot qua 10°°,
Vi du: Giai gan dang hé phuong trinh bang phuong phap Newton-Krylov- Nedzhibov.

3 3
T T, + T, = 14

Chung minh tuong tu ta co ||x2 -X'| < %”x1 -X

, do d6 X,

Bing quy nap ta chimg minh duoc X, €S (x%) va [x.,—x

hoi tu dén x".

xfxs + x§x4 =5 (5)
T, + 1,2, = 2

T+, =1
Chon gid tri ban dau z” = 1,0,2,0 , sau khi thuc hién 3 budc l3p véi thoi gian chay 0.159

(s) chung t6i thu dwoc nghiém gan dung cta hé phuong trinh (5) 1a
3.000001,0.999999, 0.500001, 0.500001 .

Ma code :
% Khdi tao gia tri ban dau
x=1[1;0; 2; 0];
maxlter = 1000;
tol = 1e-6;
iter = 0;
tic % bdt dau do thoi gian chay cua todn bg chwong trinh
while iter < maxiter
F = [X(1)"3*x(3) + x(4)*x(2)"2*x(2)"2 - 14;
X(1)"2*x(3) + x(2)"2*x(4) - 5;
X(1)*x(3) + x(2)*x(4) - 2;
x(1) +x(4) - 1];
normF = norm(F);
if normF < tol
fprintf('Converged after %d iterations\n’, iter);
break;
end
J = jacobian(x);
delta = krylovNedzhibov(-F,J);
X = X + delta;
iter = iter + 1;
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end
toc % két thiic do thoi gian chay cua toan bé chicong trinh
fprintf('Solution: x1=%f, x2=%f, x3=%f, x4=%f\n", x(1), x(2), X(3), x(4)).

4. Két luan

Bai bdo da trinh bay phuong phap Newton-Krylov- Nedzhibov Véi’t(”')c‘ do hoi tu bac bon. Day
la mot cai tien cua phuong phap Newton-Krylov va la mét ket qua rat can thiet dé chung t6i co
thé giai quyét cac bai todn quan trong trong cac nghién cau vé ly thuyét mach ctia ching toi.
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