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designing electrical systems due to their large dimensions and complexity.
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KEYWORDS algorithm reduces higher-order object models while retaining key dynamics
of the original system by balancing energy across all modes. Using the

H-Infinity HBT algorithm can simplify the analysis and design process and improve
H-Infinity balanced truncation computational efficiency, leading to more accurate results and more
algorithm efficient designs. To demonstrate the effectiveness of the HBT method, in

this study, the algorithm was applied to a model of an unstable electrical
i system with a degree of 66 and reduced to degrees 8 and 15. Simulation
Model order reduction results using Matlab showed that the HBT method was successful in
Large power system reducing the order of the system and improved simulation time. The
reduced-order system of degrees 8 or 15 can be used in place of the original
system in applications in the time or frequency domain during analysis,
design, simulation or implementation of electrical networks.

High-order unstable systems

NGHIEN CUU VA TRIEN KHAI THUAT TOAN CHAT CAN BANG
H-INFINITY CHO HE THONG KHONG ON PINH BAC CAO

Tran Pic Hoang', Nguyén Thanh Ting, Poan Manh Cudng
Truong Pai hoc Cong nghé Thong tin va Truyén thong — PH Théi Nguyén

THONG TINBAIBAO TOM TAT
Ngay nhan bai:  24/4/2023 Cac md hinh doi tugng bac cao khong on dinh gy khé khan trong viéc
o phén tich va thiét ké hé thong dién do kich thudc 16n va phac tap cta
Ngay hoan thign:  13/6/2023 ohing Mot giai phap dé don gian héa cac md hinh ny 1a giam bic caa
Ngay ding:  13/6/2023 chiing bang cach loai bo dong luc bac cao. Thuat toan cat ngan can bang H-
Infinity (HBT) la mét cong cu hitu ich dé giai quyét cac thach thuc nay.

TU KHOA Thuat todn HBT giam béc cac md hinh qéi tuong bac cao trong khi van gitr

lai cac dong luc chinh cua hé thong goc bang cach can bang nang lugng
H-Infinity trén tat ca cac ché do. Sur dung thuat toan HBT c6 thé don gian héa qua
Thuat toan chat can bang trinh phan tich va thiét ké va cai thign higu suat tinh toan, dan dén két qua
H-Infinity chinh x4c hon va thiét ké hiéu qua hon. Bé chitng minh tinh hiéu qua cua

phuong phap HBT, trong bai bao nay, thuat toan dugc ap dung vao md hinh
U ctia mot hé théng dién khong 6n dinh véi bac 1a 66 va giam xudng cac bac 8
Giam bac md hinh va 15. Két qua md phong bang Matlab cho thiy ring phwong phap HBT da
Hé thong dién ¢ I6n thanh cong trong viéc giam bac cia hé thong va cai thién thoi gian mo
phong. Hé théng giam bac 8 hodc 15 c6 thé dugc sir dung thay cho hé thong
gdc trong céc (ng dung trong mién thoi gian hozc tan s trong qua trinh
phan tich, thiét k& mo6 phong hoic trién khai cac mang dién.

Hé thdng khdng 6n dinh bac cao
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1. Introduction

Higher-order systems are commonly used in various engineering fields. However, the
complexity of such systems makes it difficult to analyze and control them effectively. Thus, it is
necessary to reduce the model order to a lower order without losing essential system properties.
Model order reduction (MOR) has become a crucial technique to achieve this goal. Many MOR
algorithms have been developed, such as Balanced Truncation [1] and Modal Reduction [2], etc.
However, these algorithms are limited to stable systems.

In contrast, the H-infinity balanced truncation (HBT) algorithm [3] reduce the order of
unstable higher order systems directly. Therefore, the H-Infinity balancing algorithm has gained
significant attention in recent years. Paper [4] discusses the HBT and Optimal Projection methods
for reduced-order robust control. The fourth Optimal Projection equation is found to have a
crucial role in guaranteeing a minimized auxiliary cost and removing nonminimal controller
states when applied to the full-order case. Although the discussion is focused on the normalized
H., problem, the arguments can be applied to more general H,, control problems. The Optimal
Projection method can also be extended to cover control problems with different H,, and LQG
objectives. The article [5] discusses the use of HBT for gaining reduced-order plants or
controllers. The method involves compensating an unstable plant using a specific robust
stabilizing controller and then using the two Riccati equations to define a set of closed-loop
input-output invariants called H..-characteristic values. These values are then used to discard the
corresponding part of the plant or controller to obtain a reduced-order system. The article
describes an easily testable criterion for determining the ability of the reduced-order controller to
stabilize the full-order plant. Additionally, an upper bound on the H.-norm of the closed-loop is
derived based on the prespecified H.-norm bound and the discarded H..-characteristic values.
The method is computationally simple and can be applied to symmetric passive systems. The
article suggests the possibility of using loop-shaping ideas to apply the normalized approach to
shaped plants, which could be an interesting area for future research. The authors in [6] give an
H,, error bound for the difference of a positive real transfer function and its positive real real real
balanced truncation. The author provides a correct error bound for the difference of a proper
positive real transfer function and its positive real real balanced truncation, as well as an error
bound in the gap metric. The paper [7] proposes a new method of H controller order reduction
based on minimal loss of information theory and a balanced truncation algorithm. The method
calculates a new controllability grammian matrix and obtains a reduced H controller. Simulation
results demonstrate the effectiveness of the proposed method in enhancing the performance of the
closed-loop system with low system error bonds. Comparative analysis with two other methods
supports the feasibility of the proposed approach. Research work [8] propose the design of a
centralized interaction-independent controller for a two-input fourth-order integrated (TIFOI) dc-
dc converter using an H-infinity Loop-shaping design procedure. The converter Regulates dc-bus
voltage and low voltage source current with two switching devices and four energy storage
elements. Interactions between the output variables of the system must be measured for proper
controller structure selection. To overcome ambiguity in selecting suitable controller
architectures, the H-infinity Loop-shaping design procedure was used to design a centralized
controller that robustifies loop characteristics of the converter system by minimizing the infinity
norm associated with the set of four cost functions. The higher order controllers were reduced to
lower order using balanced truncation model reduction. The load division and bus-voltage
regulation features of the TIFOI dc-dc converter were demonstrated through simulation on a
prototype, 36 V/12 V to 24 V, 100 Watt, dc power distribution system. The analytical design
studies were verified in simulation in the PSIM environment. The paper [9] explores closed-loop
order reduction techniques for model-based control designs like H2 and Heo optimal control. The
paper proposes two algorithms to reduce the loss of performance resulting from truncation, which
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can be applied to a large class of controller designs and order reduction techniques. The
algorithms minimize the performance loss as a result of truncation over all subsets of a given
cardinality but do not guarantee that the performance loss is minimized. The paper also shows
that the magnitude of LQG singular values does not determine the loss of performance as a result
of truncation, which has implications for a larger class of order reduction techniques. The paper
[10] proposes a new strategy for optimal frequency regulation in a power system consisting of
regional AC grids and an offshore wind farm linked by a multi-terminal high voltage direct-
current (MTDC) network. Decentralized H., controllers are developed to coordinate the
operations of AC synchronous generators and hybrid MTDC converters, ensuring optimal power
sharing and minimizing frequency deviations in each grid. Robust optimization problems are
formulated to develop the decentralized H,, controllers, considering parameter uncertainty and
decentralized control inputs and outputs. Model orders of the resulting controllers are reduced
using balanced truncation to eliminate unobservable and uncontrollable state variables while
preserving their dominant response characteristics. Sensitivity and eigenvalue analyses are
conducted to investigate the effects of various factors, such as parameter uncertainty,
communication delays, and measurement errors. Comparative case studies demonstrate that the
proposed strategy is more effective, stable, and robust in reducing frequency deviations in
MTDC-linked grids than conventional strategies, even under various challenging conditions such
as communication failures and different weighting functions.

Thus, researchers still focus on using HBT for MOR, with recent studies focusing on
improving and adjusting algorithms or directly applying methods to specific problems, objects, or
systems requiring specific order reduction. In order to verify and evaluate HBT methods, the
authors applied them to an object model, an unstable power system in [11], with an order of 66,
to reduce it to order 10 and 25. They simulated responses in the time and frequency domains and
calculated errors between the original and reduced order systems to make observations on the
effectiveness of these algorithms for the considered object in terms of order reduction ability.

2. H-Infinity balancing algorithm

The algorithm H-infinity balanced truncation (HBT) [3] is presented as follows:
Input: The dynamical system G(s) is described by 4 state matrices (A, B, C, D) of order n.

Where: AcR™, BeR"™,CeR",DeR"™

- Step 1: Solve two Riccati equations to determine the control Gramian P and the observation
Gramian Q: (P>0; Q > 0).

AP+ PA" + BB' =(1-87)(PC" + BD")( | + DD’ )’1(PCT + BD' )T (1)
A'Q + QA+C'C =(1-4?)(B'Q + D'C) (1 + D'D) (B'Q + D'C) )
where f (0< £ <1) is the optimal cost computed during the construction of the H-Infinity

controller.
- Step 2: Cholesky decomposition of P and Q as follows:

P=J)" ®)
Q=KK' (4)
- Step 3: SVD analysis:

K'J=Usv’ ®)

- Step 4: Calculate the transformation matrix:

1
Tevi=JVS 2; (6)
1

Tov'=5 UK’ (7)
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- Step 5: Calculate Balance transformation:

L " A, A || B
Tev AT, Tev'B,CTev, D | = | *1[c, c].p 8
[T - il HAM Azj {Bj [ ] } ©)

- Step 6: Choose the order r to reduce r (r <n)
Output: The reduced-order system of order r: (A, B, C,D,) =(A,B,C,D), where
A eR™ B eR™,C eR",D, e R"™.

3. Results and Discussion

The literature [11] presents a higher-order power system model known as the New England
Actual Electrical System (CEPEL, Brazil). This benchmark can be accessed through the data file
ww_36_pmec_36.mat, and it is a single-input, single-output system with an order of 66,
consisting of 4 matrices A, B, C, D. It should be noted that this system is unstable due to the
presence of a pole with a positive real part.

The HBT method is applied to reduce the complexity of this unstable 66th-order electric
system using lower-order equivalent systems. The reduced orders are 8th and 15th. The
algorithms are implemented and simulated on Matlab, resulting in the time-domain and
frequency-domain responses shown in Figure 1 and Figure 2, respectively.

Figure 1 shows the step response of the original system (66th order: G(s)) and the reduced-
order systems (8th order: Gri(s), 15th order: Gr2(s) using HBT algorithms, within the simulation
time range, it can be seen that: Both step responses of the reduced-order systems with orders 8
and 15 closely match with the original system. Therefore the reduced-order systems with orders 8

and 15 can be used as replacements for the original system when working with responses in the
time domain.
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Figure 1. Pulse responses of the original system and the reduced-order system of 8th and 15th orders

Figure 2 shows the Bode plot of the original system (66th order: G(s)) and the reduced-order
systems (8th order: Gri(s), 15th order: Gr2(s) using HBT algorithms, within the simulation
frequency range, it can be seen that:, it can be seen that: The frequency response of the reduced-
order system with order 8 approximates the original system and only matches with the original
system within the range of 2.5x10®° + 0.5 (rad/s). The phase angle (deg) and magnitude (dB)
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responses of the reduced-order system with order 15 match with the original system. Therefore
the reduced-order system with order 15 can be used as a replacement for the original system
when working with responses in the frequency range of 10 + 10 (rad/s).

Bode Diagram
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Figure 2. Bode plot of the original system and the reduced systems of 8th and 15th orders

Absolute error and relative error according to H,, norm, between the original system (66th
order) and the reduced-order systems (8th and 15th orders) using the HBT method are shown in
Table 1.

Table 1. The error in H,, norm between the original system and the reduced-order systems
ORDER IG(s) — Gr(s)lln- 1G(s) = Gr(s)lln-|l/G(s)In--
8 0.001158424388902 0.087626959215432
15 3.581280971890707x10°%" 0.002708996501364

As shown in Table 1, the error of the reduced-order system decreases as the order of the
system approaches the order of the original system. Conversely, the simulation time becomes
faster as the order of the system decreases. Specifically, the simulation time of the original
system, the system reduced to the 15th and the 8th order, respectively, is 0.0074 (seconds);
0.0060 (seconds) and 0.0033 (seconds).

4. Conclusion

Unstable higher-order object models can present significant challenges in the analysis and
design of electrical systems. These models may have large dimensions and can be difficult to
manipulate and process. One approach to addressing this issue is to reduce the order of the
model, which involves simplifying the model by removing the higher-order dynamics and can
directly reduce the order of the unstable system. To overcome these challenges, the H-Infinity
balanced truncation algorithm has been developed. This algorithm allows for the reduction of
higher-order object models unstable while ensuring that the reduced model retains the key
dynamics of the original system. The algorithm achieves this by balancing the energy of the
system across all modes, ensuring that the energy is conserved during the truncation process.

The use of the HBT algorithm has significant implications for the analysis and design of
electrical systems. By reducing the order of higher-order object models, the algorithm can
simplify the analysis and design process while still retaining the key dynamics of the system.
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This can lead to more accurate results and more efficient designs. Additionally, the algorithm can
improve the computational efficiency of the analysis process, reducing the time and resources
required to perform simulations and analysis. The HBT algorithm is a powerful tool for the
descaling of unstable higher-order object models. By addressing the challenges associated with
higher-order models, the algorithm can improve the accuracy and efficiency of the analysis and
design process, leading to better designs and more efficient systems.

To verify the ability of the HBT method to reduce the order of a system, the authors applied
this algorithm to the model of an unstable electrical system with a degree of 66, to reduce it to
degrees 8 and 15. From the simulation results on Matlab between the original system and the
reduced-order system, it can be seen that the HBT method is effective and simulation time is
faster when the system order is reduced. During the analysis, design, simulation or
implementation of electrical networks, one can use the reduced-order system of degrees 8 or 15
instead of the original system in applications in the time or frequency domain. The next
development direction of the authors is to find the optimal order to be reduced based on one or
more criteria to be preserved in the original system, or to evaluate and compare other order
reduction algorithms with the HBT method. In addition, the authors also study new methods to
better meet the requirements of model order reduction.
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