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This paper develops the Ritz method to analyze the natural vibrations of
laminated composite beams reinforced with Nano Carbon tubes. Beams
placed on elastic foundation with Winkler elastic foundation model and
beam calculation theory according to high-order shear strain theory. The
central system of equations of the problem is established by the energy
method combined with the Largrang - Il equation. The results calculated
by the proposed method are compared with those calculated by the finite
element method to check suitability and accuracy. The investigation
results show that: The elastic foundation coefficient affects almost
linearly to the natural vibration frequency of the beam. The beam's
natural frequency increases as the volume ratio of the Nano Carbon fiber
increases. At the same time, in all distribution forms of Nano Carbon
fiber, the X-shaped distribution or the beam with the greatest stiffness
and the double-ended connection type is the mount with the highest
vibration frequency in the investigated connection cases. In addition,
when the angle of inclination of the Nano Carbon fiber increases or the
ratio of span length and section height increases, the vibration frequency
of the beam decreases.
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Bai bdo phat trién phuong phdp Ritz dé phan tich dao dong tu do cua
dam composite nhiéu 16p gia cuong 5ng Nano Carbon. Dam dit trén nén
dan hdi véi mé hinh nén dan hdi Winkler va 1y thuyét tinh toan dam theo
1y thuyét bién dang cét bac cao. Hé phuong trinh chi dao cua bai toan
dugc thiét lap bang phuong phép néng lugng két hop véi phuong trinh
Largrang - I1. Két qua tinh toan bang phuong phap dé xuat duoc so sanh
v6i két qua tinh toan bang phuong phap phan tir hitu han dé kiém tra sy
phil hop va tinh chinh xac. Két qua khao sat anh huong cia cac yéu to
dén tan s6 dao dong tu do cho thay: Hé s6 nén dan hoi anh huong gan
nhu tuyén tinh dén tan s6 dao dong tu do cua dam. Tan s6 dao dong ty do
cta dam tiang khi ty 18 thé tich cua soi Nano Carbon ting. Ddng thoi kiéu
phan b6 cia Nano Carbon dang X hoic kiéu lién két hai dau 13 ngam thi
dam co tin s6 dao dong 16n nhat trong céac truedng hop khao sat. Khi goc
nghiéng cua sgi Nano Carbon ting hodc ty 1é giita chiéu dai nhip va
chidu cao mit cét ting dan dén tan sb dao dong ty do cua dam giam.
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1. Pit vén dé

Hién nay vat liéu composite dugc sir dung rong rai trong cac nganh nhu: Giao thong vén tai,
x@y dung, hang khong. Dya trén y tuong ve vat liéu c6 tinh chat co 1y bién thién (FGM )va nhiing
tinh chat cua vat liéu Nano Carbon (CNT) ndm 2010 Shen H.-S va Zhang [1] da dé xuat vat liéu
composite gia cudng dng CNT. Trong d6 vt liéu CNT dugc phan bd theo cac quy luat khac nhau
trén vat liéu nén 1a nhua polyme hozc kim loai. Vat liéu composite don 16p gia cudng CNT duoc
phéan chia thanh 4 dang chinh nhu Hinh 1: Dang FG-UD, dang FG-X, dang FG-V va dang FG-O.

(@) (b) (© (d)
Hinh 1. Cdc kiéu phdn b6 CNT: (a) Dang FG-UD, (b) Dang FG-X, (c) Dang FG -V, (d) Dang FG - O

DAm composite gia cudng 6ng Nano Carbon (FGM-CNT) thu hit duoc Sy quan tim cua cac
nha khoa hoc. Reddy va cac cong su [2] da dé xuat mé hinh tinh todn dam composite 16p theo cac
ly thuyét bién dang cét khac nhau. Kamarian S. va cac cong su [3] phan tich dao dong tu do cua
dam Sandwich st dung 16p vat liéu FGM-CNT twa trén nén dan hdi Pasternak véi mé hinh dam
Timoshenko. Shen H. S. va Xiang Y. [4] phan tich phi tuyén dam FGM-CNT trén nén dan hoi sir
dung theo mé hinh nén Pasternak chiu anh huong cua nhiét do. Wattanasakulpong va cdc cong su
[5] str dung ly thuyet bién dang cat bac ba dé phan tich dam FGM-CNT don 16p Vi md hinh dam
duoc tya trén nén dan hoi theo mé hinh nén cua Pasternak véi hudng tiép can giai tich va 1oi giai
Navier cho két ciu dam twa don. Yang J. va cac cong su [6] phan tich phi tuyén dam FGM- CNT
trén nén dan hoi, dlem MGi clia nhom tac gia 1a xét dén bién dang cua nén Pasternak khong tuyén
tinh thong qua hé sb Poission 4m. Rafiee M. va cac cong su [7] sir dung 1y thuyét dam Euler-
Bernoulli va Iy thuyét trudng bién dang phi tuyén hinh hoc Von-Karmén phén tich 6n dinh dam
FGM-CNT c6 16p dién ap. Asadi H. va Amin Rabiei B. [8] sir dung 1y thuyét bién dang cat bac
nhat phan tich dam FGM-CNT tiép xuc véi ludng khong khi siéu am doc truc trong diéu kién
nhiét ciia méi truong. Lin F. va Xiang Y. [9] phén tich dao dong tu do cia ddm FGM - CNT don
I6p theo 1y thuyét bién dang cit bac nhat va Iy thuyét bién dang cit bac ba. Voduy T. va cac cong
su [10] nghién ctru dao dong tu do cua dam FGM-CNT nhiéu 16p bang cach st dung 1y thuyét
bién dang cat bac nhit va phuong phéap phan tir httu han (FEM) dé phan tich.

Trong thyc tién vat liéu composite gia cudng dng Nano Carbon dugc su dung de tang cuong
kha ning chiu lyc cta cac ciu kién cii bang cach dan nén bé mat cau kién. Khi céc tam gia cudng
ndy lam viéc mot phuong c6 the Iy twong hoa 1a cac dam tya trén nén dan hol Vi d6 cing caa
nén dan hdi 1a d6 cing cua ciu kién cii. Cac nghién ctru di cong bd chu yéu tap trung vao dbi
tugng dam composite don 16p véi hudng tiép can giai tich theo 10i giai ciia Navier ap dung duoc
cho két cau tua don, khong giai duoc cac két cdu cé dang lién két khac. Hoac dam nhiéu 16p theo
huéng FEM khi xét dén 1y thuyét bién dang cét bac cao doi hoi chuyén vi phai kha vi bac 2 dan
dén bac ty do ciia mot nit tang va khdi lugng tinh toan 16n. Vi vay bai bdo nay nghién ciru dao
dong ty do ciia ddm FGM-CNT nhiéu 16p tua trén nén dan hoi bang phuong phép Ritz ¢ thé ap
dung cho cac cau kién c6 cac dang lién két khac nhau khic phuc dugce nhuoc diém cua 1o giai
Navier. Ngoai ra truong chuyén vi dugc gia sir 1a chudi hitu han cta cac ham xac dinh nén khéi
luong tinh toan it va két qua hoi tu nhanh. Bién dang cit bac cao pht hop hon véi thuc té bai toan
vi dang cit thay d6i trén toan bd mat cat. Khic phuc dugce nhuge diém cua 1y thuyét bién dang cat
bac nhat coi bién dang cét 1a hang s trén toan bd mit cit hodc 1y thuyét dam cé dién bo qua bién
dang cuia luc cit. Bng thoi bai bao ciing khao sat anh huong ciia cac yéu té nhu: Hé s6 nén, cac
tinh chét cua vat liéu CNT va diéu kién bién dén tan sb dao dong ty do cua dam.

http://jst.tnu.edu.vn 83 Email: jst@tnu.edu.vn



TNU Journal of Science and Technology 228(14): 82 -89

2. Thiét 1ap cac phwong trinh co ban ciia bai toan

Xét dam composite gom n 16p, dugc dit trén nén dan hoi theo mé hinh nén Winkler c6 hé sb
nén K. Cac hang so tinh chat vat li¢u composite gia cuong ong CNT [10] dugc xac dinh:

Ey =mVonr Eonr +VaEn, 1)
V, \Y
st @
E, Ex E.
V, \Y
R e @
G, Gp G,
Vi =Vour Vi |+ 4)
P =Ner PN +V, 0, ®)

Tuy thudc vao dang phan bd CNT [1] ma ty Ié thé tich cia CNT tai vi tri z thudc 16p k duoc
xac dinh nhu (6) — (9)

+ Dang FG - UD: V., =Vr (6)
‘Z _ Zk+1 + Zk
+Dang FG — X: V,; =4 Vo (7)
L — L
+DangFG-V: V. =2 2% v~ (8)
: CNT Zk+1 + Zk CNT

_ ZiatZ,

+Dang FG - O: Vg, =| 2-4 2| Vi 9)
Ly — &

Trong do: ) 7 )

+1,,7,,7; - Cac h¢ so phu thudce vao ty I¢ the tich cia ong Nano Carbon;

+E_,G. 0., p, : Mo dun dan hoi, mé dun dan héi cat, hé s6 Poission, mat d¢ khéi lugng cta
vat liéu nén;

+ ENT G 0N o™ M6 dun dan hoi, mo dun dan hoi cat, hé sb Poission, mat do khdi
Iwong cua CNT;

+Vyp iy - Ty 1€ thé tich ctia CNT tai vi tri z trong 16p thir k va trong toan bo 16p;

+V_ @ Ty I¢ thé tich cuia vat liéu nén;

+ E,,E,,G,,,0;,, 0 : M6 dun dan hoéi doc, M6 dun dan hoi ngang, mé dun dan hoi cat, hé sb
Poission, mat do khéi luong cua vat liéu Composite gia cuong CNT. .

Quan hé¢ gitra tng suat va bien dang trong trueong hop I6p k dong phuong dong truc:

Oy :_Qll(z) 0 {‘9&} 10
{sz}k L O QSS(Z) K 7/xz Kk ( )

Quan hé gitra (ng suit va bién dang trong truong hop 16p k déng phuong 1éch truc:

o _[Qu( o {g} 11
{TXZ}k | 0 GSS(Z)k Tk )

Qu(2)=Qy (2)cos* G, +2[ Q,(2)+2Q4(2) Jsin? 6, cos? 6, +Qy, (2)sin* 6, (12)
Qss(2) =Qus (2)s5in* 6, +Qs5 () coS’ G, (13)
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Trong do:
+ Q1 (2),Q12(2),Q (2),Qus (2),Qs5 (2),Qg6 () : Céc hiing s6 dd cting cua vat liéu Composite
gia cuong CNT dong phuong dong truc.
+ (511(2),655 (Z) : Céac hang sé do cing cua vat liéu Composite gia cuong CNT ddng phuong
léch truc.
+ 6, : Goc nghiéng ctia CNT 16p thir k so voi truc chinh cta vat liéu.
Trudng chuyén vi ciia dam composite I6p gia cudong CNT theo 1y thuyét bién dang cat bac cao [2]:
U (X zt)=uy(xt) - z% + f(2)dy (X,1);W(X,t) = Wo(X,t) (14)
Trong do:
+ U (x, z,t) : Chuyén vi doc truc X tai vi tri cach truc trung hoa 1 khoang z;
+ W(x,t): Chuyén vi ciia mt cét theo chiéu truc z;
+ Uy (X,t) : Chuyén vi doc truc X tai vi tri truc trung hoa;
+ ¢y (X,t) : Chuyén vi géc xoay quanh truc y caa mat cat;

47
+f(2)=2 T : Ham bién dang cat.

2
bit: &) =w;xb __8WO—(X,t)_K P, t) = ¢, (1), trudng bién dang ctia dam:

X X axz 1 ey 6x
&= & + 2 + F (K570 = 9(D)7 (15)
Ning lwong bién dang cia ddm duoc xac dinh nhu (16):
—_I{bz j [Qn (Uox = ZWo o + f(z)¢0vx)2 +Qs5(2)0° (z)%]dz]dx (16)
o| k=l g
bjt: (AB,D,B%,D° H® ) =bY_ J' Qu|Lz,2% f(2),2 (2),1(2) |dz; A° =Dy J' (Qss), 9 (2)ez
k=L 7., S

U= %HA(UOVX )"+ D(Wo ) +H® () —2BWo U —2D°Wo ety +2B%Up b + A3¢02}dx (17)
Vé6i K tl)a hé s6 nén va b 1a bé rong cua dam.Thé néng bién dang cua nén dugc xac dinh nhu (18):

= —b j K (w, ) dx (18)
Pong ning cua hé:

T= % J’V“' p(z){[uoj2 22 [V, [+ 12(2) [ || — 220V, + 2 (2)logh — 228 (2D, + (v ) }dv (19)

N | T

bat (1, 1,15, 1,15, 15) = p(Z)[l,Z,ZZ, f(z).zf (2), fz(z)]bdz , thay vao (19):

N

L
1 .12 S ;2 - s L R
T =§j{|1[uo] 15[ Wo, | +16] §] = 2150w, +21,Ug— 21\, + 1, (Wo) }dx (20)
0
Téng ning lwong cua dam duoc xé4c dinh theo phwong trinh (21):
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=_J|: x 0xx)2+Hs(¢0,x) ZBWOXX 0,x 2D WOxx¢0x+ZB u0x¢0x+As¢0 :|dX
(21)

+= ij )dx+= j{ U I+ 1, [V, | 1 [qﬁo]z — 21Uy, , +21,lgd, — 21\, + |1(w0)2}dx

Sir dung phuong phap Ritz, truong chuyén vi duoc gia sir nhu (22) v6i cac chuyén vi xac dinh
Up;, Wy, ¢, VA cac ham phu thudc vao lién két hai dau thanh 6, (x), 6, ,(x)1a dao ham theo bién x
cua ham 6, (x), @ tan sb dao dong ty do cua dam:

Uy () = 6, (X)€W, (x,8) = 26, (X)W £y (x,) = 6., (X) £ (22)

Str dung phuong trinh Lagrang — 11 (23) thay biéu thire (22) vao phuong trinh (23) thu dugc
hé phuong trinh chu dao cta bai toan nhu (24).

ar_dat_, (23)
op; dtop;
K1 K12 K ML M 2 VES 0
uO
S S e 11V IV E R O S (24)
[K13:| [Kzs:IT K3 [M13:|T [M23:|T M3 Wo 0

Trong do:

Kt = je 0, (O KiZ = —Bje 0, O Ki* = Bje 0, O K2 = j,xxjxxdx+Kjaejdx;

i, %, xx T,xx 7 j,xx ,xx 7 j,xx

K2 =-D* je 0, ,dx K2 = H je 0, dx+ASj9 0, dxM;" = je 0, A M2 =1 je,xajxdx
0

,Xx 7 j,xx ¢ j,xx i,x7j,x i,x7j,x
L L L
13 22 33
Mi* =1,[6,,6,,06M7 =1,[6,,6, dx+1, jeedx MZ = je,xajxdx M =15[6,,6, dx
0 0 0

3. Két qua tinh toan va thao luan
Bai todn 1: Khdo sdt sy héi tu Ciia phwong phdp

Xét dam composite gia cuong 6ng Nano Carbon trén nén dan hoi co cac thong s6 dau vao: L/h
= 15, cac thong so ve vat ligu nén va vét ligu CNT dugc lay theo [10].qué kiém tra d6 hoi tu cua
101 giai, chudi xap xi chuyén vi duoc gia sir c6 tong ham dugc thay doi tr 2 dén 10, ket qua the
hién nhu Bang 1. Nhan thay rang khi n = 10 két qua tan so dao dong tu do hoi tu cho tat ca cac
loai lién ket. Vi vay trong cac phan phan tich sau chon chudi xap xi véi n = 10.

Bang 1. Khdo sdt sy héi tu cua loi gidi theo phirong phdp Ritz

Diéu kién bién n=2 n=4 n="6 n=8 n=10
H — H( Tua don — Tya don) 1,2135 1,2013 1,1978 1,1977 1,1977
C — H (Ngam — Tya don) 1,6754 1,6359 1,6332 1,6328 1,6328
C — F (Ngam — Ty do) 0,4649 0,4583 0,4576 0,4575 0,4575
C — C (Ngam — Ngam) 2,0656 2,0031 1,9849 1,9784 1,9784

Bii todn 2: Kiém chiing két qud tinh todn

Xét dam FGM-CNT 4 16p [0/ -01-60—160] c6 thong sb dau vao: L/h = 15. Két qua tinh
toan tan so6 dao dong ty do cua bai bao dugc doi chiéu so sanh vai cac két qua dugc cong bo
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trong tai liéu [10] thé hién trong Bang 2. Nhan thy tat ca cac sai s déu dudi 4% day 1 sai s6
chap nhan dugc.

Bang 2. So sdnh két qua tinh todn ciia bai bdo véi két qud tinh todn trong [10]

biéu Tan s6 dao dong
t:zg Phuong phap 0° 15° 30° 45° 60° 75° 90°
FEM, [10] 12426 12021  1,0690 0,8250 05185 0,3305  0,3098

CH Ritz, Bai bao 1,2699 1,2226 1,0723 08118 05026  0,3185 0,2976
Sai s0 (%) -2,20 -1,71 -0,31 1,60 3,07 3,63 3,94

Bii todn 3: Khdo sdt anh hwéng ciia hé sé nén dén tan sé dao dgng tu do ciia dém FGM-CNT

Xét dam FGM-CNT 4 16p [0° /0° /0° /0°]. Bé khao sat anh huong cia d6 cing nén (K) dén
tan s6 dao dong ty do cua dam hé sé nén duoc thay doi tir 0,1 — 0,9, ty Ié thé tich ciia CNT 1a
0,12 va kiéu phan b FG-UD, két qua thé hién trong Hinh 2. Théy ring tin s dao dong tu do
tang khi hé s nén ting & tit ca cac kiéu lién két H-H va C-F. Quan hé giita tin sé dao dong ty do
ciia dam FGM-CNT vai hé s6 nén gan nhu 14 tuyén tinh.

0.990 0.46
0.985 0.45 4 /
0.980 ./I 0444 ./
0.9754 ./ 043

0.970 ./ 0.42
0.965 ./ 0414

0.960- ./ 0.40-|

0.955 -I/./ 0.39
0.950
0.38 1

0.9454

Tan so
Tanso

0.374
0.540 T T T T T T T T T T T T T T
01 02 03 04 05 06 07 08 089 01 02 03 04 05 06 07 08 09

K K
(@) (b)

Hinh 2. Anh hiong cia hé s6 nén d@én tan sé dao dgng tu do cua dam FGM-CNT:
(a) Dam co kiéu lién ket H-H, (b) Dam c6 kiéu lién ket C-F

Bii todn 4: Khdo sdt dnh hwéng cia ty 18 thé tich cia sei CNT va géc nghiéng ciia soi CNT
dén tan sé dao d@éng tw do ciia dam Composite ldp gia cwong CNT trén nén dan héi

Dé khao sat anh huong cua ty 1é thé tich cua vat liéu CNT dén tan sé dao dong tu do cia dam
FGM-CNT nhom tac gia khao sét ty I¢ thé tich cia CNT twong tng véi 3 truong hop: 0,12, 0,17
va 0,28 cho kiéu phan b FG-UD tuong (ng véi 2 kiéu lién két H-H va C-H, két qua thé hién
trong Hinh 3. Anh huong cia goc nghiéng CNT dén tan sb dao dong tu do cua dam dugc khao
sat bang cach cho goc nghiéng cua CNT thay d6i tir 0° - 90° cho kiéu phan bd FG-X tuwong ting
VGi 2 kiéu lién két C-F va C-C, két qua_ thé hién trong Hinh 4.

Hinh 3 va Hinh 4 cho thiy: Khi dim c6 ty I& thé tich CNT ting thi tin sé dao dong tu do
ctia dam ciing ting 1a do khdi luong riéng cia CNT nho hon rat nhiéu so voi khdi lugng riéng
cta vat ligu nén. Vi vay khi ty Ié thé tich CNT tang 1am cho khdi lugng riéng ciia dam giam
dan dén tan sé dao dong tu do ting. Pdng thoi ciing nhan thiy ring tan sé dao dong tu do cua
dam giam khi ty 1¢ gitra chiéu dai nhip va chiéu cao tang hoic goc nghiéng cua sgi CNT tang.
Diéu nay 1a do do cing cua dam ty 1é nghich véi ty 1€ gitra chiéu dai nhip va chiéu cao ting
hodc goc nghiéng cua sgi CNT. Khi cac yeu t5 nay tang thi d6 ciing cua hé giao dong lai giam
dan dén tan sé dao dong giam.
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L'h Lh
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Hinh 3. Anh huong cua ty 1¢ thé tich V*enr deén tan so dao dong tu do cua dam:
() Dam c6 kiéu lién két H-H, (b) dam co kiéu lién ket C-H
06 2.4
AR Sk V=028 22 TR “k- V=028
054 Tx —e- V', =017 20} mmq. T e Vi =017
N g e S .
4 - . 1.6 7] e
o ‘—‘I_____. \'\‘ * vol l‘-_..\ t\\ \*‘
@ T~ RS o l\ NN
034 l\.\ .. @ 421 ..\ ~
= W * & -\ Wk
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0.2 4 .Q*' 0.8 .-‘.\‘_\*
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.. s T b S SEN—
BN | 06 \l-___: ‘
0.1 0.4 7]
0.2 ]
0.0 T T T T T T T T 0.0 T T T T T T T T
0 10 20 30 40 50 60 70 80 20 0 10 20 30 40 50 60 70 80 %0

@ (b;

Hinh 4. Anh hiong ciia gbc nghiéng soi dén tan so dao dgng tur do ciia dam:
(@) Dam cé kiéu lién ket C-F, (b) dam co kiéu lién ket C-C

Bii todn 5: Khdo sdt anh hwéng ciia diéu Kign bién dén tan sé dao @éng tw do

Dé khao sat anh huong cua diéu kién bién dén tan sb dao dong tu do, nhom tac gia khao sat
cho 4 kiéu phan bé CNT: FG-X, FG-UD, FG-V, FG-O, twong tng véi 4 kiéu lién két H-H, C-H,
C-F, C-C, trong truong hop ty 1é thé tich CNT bang 0,12. Két qua dwoc thé hién nhu trong Hinh
5, dim 2 dau lién két ngam C-C c6 do cung 1on nhat twong tng véi dam c6 tan sé dao dong 16n
nhat, dim mot dau 1a lién két ngam 1 dau ty do c6 do ctring nho nhit twong tng dam c6 tan s6 dao
dong nho nhat. Bang thoi ciing nhan thiy dam c6 CNT phén bd dang FG-X ¢6 tan sé dao dong tu
do 16n nhat va dam c6 kiéu phan bb dang FG-O c6 tan sb dao dong tu do nho nhét.
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Hinh 5. Anh hiong ciia lién két va kiéu phan bé CNT dén tan s6 dao dgng tu do ciia dam FGM-CNT
trén nén dan hoi
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4. Két luan

Bai bao di phat trién thanh cong phuong phap Ritz dé phan tich dao dong tu do cua dim
FGM-CNT trén nén dan hoi sir dung 1y thuyét bién dang cat bac cao dé phan tich. Két qua tinh
toan bang phuong phap dé xuat duoc so sanh véi cong bd trude dé kiém tra sy phut hop va tinh
chinh x4c ctia phuong phap dé xuat. Anh huong cua hé s nén dan hoi dén tan sé dao dong tu do
ciia ddm FGM-CNT gan nhu tuyén tinh. Anh huéng cua cac tinh chit cua vat liéu CNT dén tan
s6 dao dong tu do ciia dam FGM-CNT la tuong d6i rd rang: Khi ty 1¢ thé tich cia CNT ting thi
tan sé dao dong cua ddm CNT ting, khi goc nghiéng ciia CNT ting thi tan sé dao dong cua dam
FGM-CNT giam. Trong tat ca cac kiéu phan bo ciia CNT thi dam Kiéu phan bd dang FG-X ¢ do
cting 16n nhat va trong tat ca cac kiéu lién két thi dam co lién két ngam & 2 dau ciing c6 d6 cang
I6n nhat. Piéu nay dan dén dam FGM-CNT c6 tan s dao dong tu do 16n nhat so voi cac trudng
hop kiéu phan bd CNT khac hodc cac dang lién két khac.
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