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1. Introduction 

 Let H1 and H2 be two real Hilbert spaces with inner product ⟨., .⟩ and norm ∥.∥. Let C be a closed 
convex subset of H1, Q be a closed convex subset of H2, and let F : H1 → H2 be a bounded linear operator, 
and given single-valued operators A : C → H1 and B : Q → H2. The split variational inequality problem 
introduced first by Censor et al. [1] is to

find u∗ ∈ ΩVIP := S(A,C)

⋂
F−1(S(B,Q)), (SVIP)

where S(C,A) denotes as the set of all solutions of the following variational inequality problem, for short 
VIP(A,C) [2], [3], 

 ⟨Au∗, u − u∗⟩ ≥ 0 ∀u ∈ C. 

 To solve the (SVIP), Censor et al. [1] proposed the following algorithm{
x1 ∈ H1, any element,
xn+1 = xn + γ((PC(IH1 −λA)− IH1)xn +F∗(PQ(IH2 −λB)− IH2)Fxn), n ≥ 1.

They presented a weak convergence result when A and B are α-inverse strongly monotone operators, the
parameters γ and λ satisfy the following conditions

γ ∈
(

0,
1

1+∥F∥2

)
; (F1)

λ ∈ (0,2α]. (L1)

Another special case of the (SVIP) is the split feasibility problem

find u∗ ∈ ΩSFP :=C
⋂

F−1Q (SFP)

which had already been studied and used in practice as a model in intensitymodulated radiation therapy
(IMRT) treatment planning; see [4]. To solve the (SVIP), Censor et al. [1] proposed a weakly convergent
projection method{

x1 ∈ H1, any element,
xn+1 = PC(IH1 −λA)

(
xn + γF∗(PQ(IH2 −λB)− IH2)(Fxn)

)
, n ≥ 1,

involving α1, α2-inverse strongly monotone mappings A and B, the parameter λ satisfies the condition (L1)
with α := min{α1,α2}, and the parameter γ satisfies

γ ∈
(

0,
1
L

)
, (F2)

where L is the spectral radius of the operator F∗F .

In the present paper, inspired by the above mentioned works, we suggest and analyze an iterative method
for solving the following bilevel split variational inequality problem

find x∗ ∈ ΩSVIP such that ⟨(IH1 −G)x∗,x− x∗⟩ ≥ 0 ∀x ∈ ΩSVIP, (BVIP)

where G : H1 → H1 is a contraction mapping. Our algorithms are designed by using cyclic iterative methods
[5, 6] and overcome the disadvantages of the CQ–algorithm [7, 8]. Namely, our algorithms give strong
convergence. In each iteration of the new algorithms, we do not need to compute norm of operator F . Also,
the new algorithms do not require to know the Lipschitz constant lA of the involving mapping. Morever, our
algorithm uses dynamic step-sizes, chosen based on information of the previous step. All these features help
to reduce the computational cost and speed up our algorithms.

The remaining part of this paper is organized as follows: the next section displays some lemmas that
will be used for the validity and convergence of the algorithm. The third section is devoted to the description
of our proposed algorithm and its strong convergence result. Finally, we illustrate the proposed method by
considering some numerical experiments.
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2. Preliminaries 

 In this section, we introduce some mathematical symbols, definitions, and lemmas which can be used in 
the proof of our main result. 

 Let H , H1, and H2 be a real Hilbert space with inner product ⟨., .⟩ and norm ∥.∥. In what follows, we 
write xk ⇀ x to indicate that the sequence {xk} converges weakly to x while xk → x indicate that the sequence
{xk} converges strongly to x. 

 It is well known that for all x, y ∈ H ,

2⟨x,y⟩= ∥x+ y∥2 −∥x∥2 −∥y∥2 = ∥x∥2 +∥y∥2 −∥x− y∥2. (1)

Let G : C →C be mapping. G is said to be l-Lipschitz continuous if

∥Gx−Gy∥ ≤ l∥x− y∥ ∀x,y ∈C,

where l is a positive constant. G is said to be contraction operator, if l ∈ [0,1), and nonexpansive, if l = 1. We
denote the set of fixed points of G by Fix(G), that is, Fix(G) = {x ∈C | Gx = x}.

Let C be a nonempty, closed and convex subset of H . We know that, for each x ∈ H , there is a unique
PCx ∈C such that

∥x−PCx∥= inf
u∈C

∥x−u∥, (2)

and the mapping PC : H →C defined by (2) is called the metric projection from H onto C.

Lemma 2.1 (see [9]). Let PC is the metric projection from H onto C. Then, we have

(i) PC is a nonexpansive operator of H onto C.
(ii) PCx ∈C for all x ∈ H and if x ∈C, then PCx = x.
(iii) For given x ∈ H , and y ∈C, y = PCx if and only if ⟨x− y,z− y⟩ ≤ 0 ∀z ∈C.

Mapping A : H1 → H1 is said to be ηA-strongly monotone on H1 if there exists ηA > 0 such that

⟨Ax−Ay,x− y⟩ ≥ ηA∥x− y∥2 ∀x,y ∈ H1.

It is easy to see that if G is a contraction mapping with the contraction coefficient τ ∈ [0,1), IH1 −G is
l-Lipschitz continuous and η-strongly monotone operator on H1 with l = (1+ τ) and η = (1− τ). So, if Ω

is a nonempty closed convex subset of H1, then the VIP(IH1 −G,Ω) has a unique solution. Morever, from
Lemma 2.1(iii), we have that the point x∗ ∈ H1 is a solution of the VIP(IH1 −G,Ω) if and only if x∗ = PΩGx∗.

Lemma 2.2 (see [1]). Let A : C →H be η-inverse strongly monotone on C and λ > 0 be a constant satisfying
0 < λ ≤ 2η . Define the mapping V : C →C by taking

V x = PC(IH −λA)x ∀x ∈C. (3)

Then V is nonexpansive on C, furthermore, Fix(V ) = S(A,C).

Let F : H1 → H2 be a bounded linear operator. An operator F∗ : H2 → H1 with the property ⟨Fx,y⟩=
⟨x,F∗y⟩ for all x ∈ H1 and y ∈ H2, is called an adjoint operator. The adjoint operator of a bounded linear
operator F on a Hilbert space always exists and is uniquely determined. Furthermore, F∗ is a bounded linear
operator.

The following lemmas are used in the sequel in the proofs of the main results of our paper.

Lemma 2.3 (Opial’ Lemma, [10]). Let C be a nonempty closed convex subset of a real Hilbert space H and
T : C →C be a nonexpansive operator with Fix(T ) ̸=∅. If {xn} is a sequence in C converging weakly to x∗

and if the sequence {(IH −T )xn} converges strongly to y, then (IH −T )x∗ = y; in particular, if y = 0, then
x ∈ Fix(T ).

Lemma 2.4 (see [11]). Let {sn} be a sequence of nonnegative numbers satisfying the condition sn+1 ≤
(1−bn)sn +bncn, n ≥ 0, where {bn} and {cn} are sequences of real numbers such that
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(i) {bn} ⊂ (0,1) for all n ≥ 0 and ∑
∞
n=1 bn = ∞,

(ii) limsupn→∞ cn ≤ 0.

Then, limn→∞ sn = 0.

Lemma 2.5 (Maingé, [12]). Let {sn} be a real sequence of real numbers. Assume {sn} does not decrease
at infinity, that is, there exists at least a subsequence {snk} of {sn} such that snk ≤ snk+1 forallk ≥ 0. For any
n ≥ n0, define an integer sequence {ν(n)} as ν(n) := max

{
n0 ≤ k ≤ n | sk < sk+1

}
, k ≥ k0. Then ν(n)→ ∞

as k → ∞ and for all n ≥ n0, we have max{sν(n),sn} ≤ sν(n)+1.

3. Results and Discussion 

 We consider the (SVIP) under the following conditions. 

Assumption 3.1.
(A1) A : H1 → H1 is ηA-inverse strongly monotone on H1.
(A2) B : H2 → H2 is ηB-inverse strongly monotone on H2.
(A3) F : H1 → H2 be a bounded linear operator.
(A4) G : H1 → H1 is a contraction operator with the contraction coefficient τ ∈ [0, 1).
(A5) The solution set ΩSVIP of (SVIP) is not empty. 

 Our algorithm can be expressed as follows. 

 Algorithm 1 

 Step 0. Select the initial point x1 ∈ H1 and the sequences {ρn} ⊂ [a, b] ⊂ (0, 1), {en} ⊂ [c, d] ⊂ (0, +∞), 
 and the sequences {αn} and λ such that the conditions 

 ∞

 {αn} ⊂ (0, 1), αn → 0 as n → ∞, and ∑ αn = ∞; (C1)
 n=1 

 and (L1) with α := min{ηAi , ηB j | i = 1, . . . , M, j = 1, . . . , N}. 
 Set k := 1. 
 Step 1. Compute yn = PC(IH1 − λ A)xn and let κn

1 = ∥yn − xn∥. 
 Step 2. Compute zn = PQ(IH2 − λ B)Fxn and let κn

2 = ∥zn − Fxn∥. 
 Step 3. Let Dn := max{κn

1, κn
2}. If Dn = κn

1 then put vn := yn and T := IH1 . Else, put vn := zn and T := F . 
 Step 4. Compute un = xn − γnT ∗(T xn − vn), where the step size γn is defined by

γn = ρn
∥T xn − vn∥2

∥T ∗(T xn − vn)∥2 + en
. (F)

Step 5. Compute xn+1 = αnGxn +(1−αn)un.
Step 6. Set n := n+1 and go to Step 1.

The following theorem shows the validity and convergence of the algorithm.

Theorem 3.1. Suppose that all conditions in Assumption 3.1 are satisfied. Then the sequence {xn} generated 
by Algorithm 1 converges strongly to the unique solution of the VIP(IH1 − G, ΩSVIP). 

 Proof. Since G is a contraction mapping, PΩSVIP G is a contraction too. By Banach contraction operator 
principle, there exists a unique point u∗ ∈ ΩSVIP such that PΩSVIP Gu∗ = u∗. By Lemma 1(iii), we obtain u∗ is 
the unique solution to the VIP(IH1 − G, ΩSVIP). 

1. First, we prove that the sequence {xn} in Algorithm 1 is bounded. 

Let u ∈ ΩSVIP. Hence, u ∈ S(A,C) and Fu ∈ S(B,Q). We consider the following two cases. 

Case 1a. D := κ2. 

Since Fu ∈ S(B,Q) it follows from Lemma 2.2 that Fu = PQ
(
IH2 − λ B

)
Fu. Another, since B is an ηB-inverse 

strongly monotone operator, IH2 − λ B is a nonexpansive mapping for λ ∈ [0; 2ηB). So PQ
(
IH2 − λ B

) 
is a 
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nonexpansive mapping. Now, from Step 2, 3, and 4 in Algorithm 1, the property of adjoint operator F∗, and
(1), we have that

∥un −u∥2 = ∥xn − γnF∗[IH2 −PQ(IH2 −λB)]Fxn −u∥2

= ∥xn −u∥2 + γ
2
n∥F∗[IH2 −PQ(IH2 −λB)]Fxn∥2 −2γn⟨FxnFu, [IH2 −PQ(IH2 −λB)]Fxn⟩

= ∥xn −u∥2 + γ
2
n∥F∗[IH2 −PQ(IH2 −λB)]Fxn∥2

− γn

(
∥Fxn −Fu∥2 +∥[IH2 −PQ(IH2 −λB)]Fxn∥2 −∥PQ(IH2 −λB)Fxn −Fu∥2

)
= ∥xn −u∥2 + γ

2
n∥F∗[IH2 −PQ(IH2 −λB)]Fxn∥2 + γn

(
∥PQ(IH2 −λB)Fxn −PQ(IH2 −λB)Fu∥2

−∥[IH2 −PQ(IH2 −λB)]Fxn∥2 −∥Fxn −Fu∥2
)

≤ ∥xn −u∥2 + γ
2
n∥F∗[IH2 −PQ(IH2 −λB)]Fxn∥2 + γn

(
∥Fxn −Fu∥2 −∥Fxn −Fu∥2

−∥[IH2 −PQ(IH2 −λB)]Fxn∥2
)

= ∥xn −u∥2 + γ
2
n∥F∗[IH2 −PQ(IH2 −λB)]Fxn∥2 − γn∥[IH2 −PQ(IH2 −λB)]Fxn∥2.

From the last inequality and (F) we obtain

∥un −u∥2 ≤ ∥xn −u∥2 +ρ
2
n

∥[IH2 −PQ(IH2 −λB)]Fxn∥4(
∥F∗[IH2 −PQ(IH2 −λB)]Fxn∥2 + en

)2 ×∥F∗[IH2 −PQ(IH2 −λB)]Fxn∥2

−ρn
∥[IH2 −PQ(IH2 −λB)]Fxn∥4

∥F∗[IH2 −PQ(IH2 −λB)]Fxn∥2 + en

≤ ∥xn −u∥2 +ρ
2
n

∥[IH2 −PQ(IH2 −λB)]Fxn∥4

∥F∗[IH2 −PQ(IH2 −λB)]Fxn∥2 + en
−ρn

∥[IH2 −PQ(IH2 −λB)]Fxn∥4

∥F∗[IH2 −PQ(IH2 −λB)]Fxn∥2 + en

= ∥xn −u∥2 −ρn(1−ρn)
∥[IH2 −PQ(IH2 −λB)]Fxn∥4

∥F∗[IH2 −PQ(IH2 −λB)]Fxn∥2 + en
. (4)

Case 1b. D := κ1.

It follows from Steps 1, 3, and 4 in Algorithm 1 that

∥un −u∥2 = ∥xn − γn[IH1 −PC(IH1 −λA)]xn −u∥2,

and we also get

∥un −u∥2 ≤ ∥xn −u∥2 −ρn(1−ρn)
∥[IH1 −PC(IH1 −λA)]xn∥4

∥[IH1 −PC(IH1 −λA)]xn∥2 + en
. (5)

It follows from the convexity of the norm function on H1, the contraction property of G with the contraction
coefficient τ ∈ [0,1), (4), (5), and Step 5 in Algorithm 1 that

∥xn1 −u∥= ∥αn(Gxn −u∗)+(1−αn)(un −u)∥

≤ αn

(
∥Gxn −Gu∥+∥Gu−u∥

)
+(1−αn)∥un −u∥

≤ αn

(
∥Gxn −Gu∥+∥Gu−u∥

)
+(1−αn)∥xn −u∥

≤ ταn∥xn −u∥+αn∥Gu−u∥+(1−αn)∥un −u∥

= [1− (1− τ)αn]∥xn −u∥+(1− τ)αn
∥Gu−u∥

1− τ

≤ max
{
∥xn −u∥, ∥Gu−u∥

1− τ

}
...
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≤ max
{
∥x1 −u∥, ∥Gu−u∥

1− τ

}
.

This implies that the sequence {xn} is bounded. Since PC
(
IH1 −λA

)
and PQ

(
IH2 −λB

)
are nonexpansive

mappings and F is the bounded linear operator, we also have the sequences {yn} and {zn} are bounded. This
combines with the boundedness of the sequence {en}, we get that

M̂ := max
{

sup
n
∥(IH1 −PC(IH1 −λA))xn∥2 + en,sup

n
∥F∗(IH2 −PQ(IH2 −λB))Fxn∥2 + en

}
< ∞.

2. Next, we prove that

∥xn+1 −u∥2 ≤ [1− (1− τ)αn]∥xn −u∥2 +2αn⟨Gu−u,xn+1 −u⟩. (6)

Indeed, it follows from Steps 1–3 in Algorithm 1, (4), (5), and {en} ⊂ [c,d]⊂ (0,∞), that

D4 ≤ M̂
ρn(1−ρn)

(
∥xn −u∥2 −∥un −u∥2

)
. (7)

at nth step iteration. It follows from the convexity of the function ∥.∥2, Step 5 in Algorithm 1, the condition
(C1), and (7) that

∥xn+1 −u∥2 = ∥αn(Gxn −u)+(1−αn)(un −u)∥n

≤ αn∥Gxn −u∥n +(1−αn)∥un −u∥2

≤ αn∥Gxn −u∥n +∥un −u∥2

≤ αn∥Gxn −u∥n +∥xn −u∥2 − ρn(1−ρn)

M̂
D4,

which implies that

D4 ≤ M̂
ρn(1−ρn)

(
∥xn −u∥2 −∥xn+1 −u∥2 +αn∥Gxn −u∥2

)
. (8)

From Step 5 in Algorithm 1 and the contraction property of G with the contraction coefficient τ ∈ [0,1), we
have that

∥xn+1 −u∥2 = ⟨αn(Gxn −u)+(1−αn)(un −u),xn+1 −u⟩
= (1−αn)⟨un −u,xn+1 −u⟩+αn⟨Gxn −u,xn+1 −u⟩

≤ 1−αn

2

(
∥un −n∥2 +∥xn+1 −u∥2

)
+αn⟨Gxn −Gu,xn+1 −u⟩+αn⟨Gu−u,xn+1 −u⟩

≤ 1−αn

2

(
∥un −n∥2 +∥xn+1 −u∥2

)
+

αn

2

(
τ∥xn −u∥2 +∥xn+1 −u∥2

)
+αn⟨Gu−u,xn+1 −u⟩.

This implies that

∥xn+1 −u∥2 ≤ (1−αn)∥un −u∥+αnτ∥xn −u∥2 +2αn⟨Gu−u,xn+1 −u⟩.

From (4), (5), and the last inequality, we obtain (6). 

3. Now we claim that limn→∞∥xn − u∗∥ = 0, where u∗ is the unique solution of the VIP(IH1 − G, Ω), that is, 
u∗ = PΩGu∗. 

Indeed, it follows from (6) with u replaced by u∗ that 

 ∥xn+1 − u∗∥2 ≤ [1 − (1 − τ)αn]∥xn − u∗∥2 + (1 − τ)αn

[ 
1 −

2 
τ 
⟨Gu∗ − u∗, xn+1 − u∗⟩

]
, ∀n ≥ 1. (9)
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We consider two cases.

Case 3a. There exists an integer n0 ≥ 0 such that ∥xn+1 −u∗∥ ≤ ∥xn −u∗∥ for all n ≥ n0.

Then, limn→∞∥xn − u∗∥ exists. From the boundedness of the sequence {Gxn}, the conditions (C1) and
{ρn} ⊂ [a,b]⊂ (0,1), it follows from (8) with u replaced by u∗ that Dn → 0. Since the definition of D, the
sequences {κ1} and {κ2} in Algorithm 1 also converge to 0. This implies that

lim
n→∞

∥(IH1 −PC(IH1 −λA)xn∥= 0 (10)

and
lim
n→∞

∥(IH2 −PQ(IH2 −λB)Fxn∥= 0. (11)

From Step 4 in Algorithm 1, (10), and (11), we obtain

∥xn −un∥= γn∥T ∗(T xn − vn)∥→ 0 as n → ∞. (12)

From the boundedness of the sequences {xn},{yn},{zn}, Steps 4 and 5 in Algorithm 1, and the condition
(C1), we also have

∥xn+1 −un∥= αn∥Gxn −un∥→ 0 as n → ∞,

combining (12), we have
∥xn+1 − xn∥→ 0 as n → ∞. (13)

Now we show that limsupn→∞⟨Gu∗−u∗,xn+1 −u∗⟩ ≤ 0. Indeed, suppose that {xnk} is a subsequence of {xn}
such that

limsup
n→∞

⟨Gu∗−u∗,xn −u∗⟩= lim
n→∞

⟨Gu∗−u∗,xnk −u∗⟩. (14)

Since {xnk} is bounded, there exists a subsequence {xnkl } of {xnk} which converges weakly to some point u†.
Without loss of generality, we may assume that xnk ⇀ u†. We shall prove that u† ∈ Ω. Indeed, from Lemma
2.3 and (10) we obtain u† ∈ Fix(PC(IH1 −λA)), that is u† ∈ S(A,C). Moreover, since each F is a bounded linear
operator, Fxnk ⇀ Fu†. Using Lemma 2.3 and (11), we also obtain Fu† ∈ S(B,Q). Hence,u† ∈ F−1(S(B,Q)).
Consequently, u† ∈ Ω. So, from u∗ = PΩGu∗, (14), and Lemma 1(iii) we deduce that

limsup
n→∞

⟨Gu∗−u∗,xn −u∗⟩= ⟨Gu∗−u∗,u† −u∗⟩ ≤ 0,

which combined with (13) gives
limsup

n→∞

⟨Gu∗−u∗,xn+1 −u∗⟩ ≤ 0. (15)

Now, the inequality (9) can be rewritten in the form

∥xn+1 −u∗∥2 ≤ (1− b̂n)∥xn −u∗∥2 + b̂nĉn, n ≥ 1,

where
b̂n = (1− τ)αn and ĉn =

2
1− τ

⟨Gu∗−u∗,xn+1 −u∗⟩.

Since τ ∈ (0,1), {αn} ⊂ (0,1), and ∑
∞
n=1 αn = ∞, {b̂n} ⊂ (0,1) and ∑

∞
n=1 b̂n = ∞. Consequently, from

τ ∈ (0,1) and (15), we have that limsupn→∞ ĉn ≤ 0. Finally, by Lemma 2.4, limn→∞∥xn −u∗∥= 0.

Case 3b. There exists a subsequence {nk} of {n} such that ∥xnk −u∗∥ ≤ ∥xnk+1 −u∗∥ for all k ≥ 0.

Hence, by Lemma 2.5, there exists an integer, nondecreasing sequence {ν(n)} for n ≥ n0 (for some n0 large
enough) sch that ν(n)→ ∞ as n → ∞,

∥xν(n)−u∗∥ ≤ ∥xν(n)+1 −u∗∥ and ∥xn −u∗∥ ≤ ∥xν(n)+1 −u∗∥ (16)

for each n ≥ 1. From (9) with n replaced by ν(n), we have

0 < ∥xν(n)+1 −u∗∥2 −∥xvν(n)−u∗∥2 ≤ 2αν(n)⟨Gu∗−u∗,xν(n)+1 −u∗⟩.
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Since αν(n) → 0 and the boundedness of {xν(n)}, we conclude that

lim
n→∞

(
∥xν(n)+1 −u∗∥2 −∥xν(n)−u∗∥2)= 0. (17)

By a similar argument to Case 3a, we obtain

lim
n→∞

∥(IH 1 −PC(IH 1 −λA))xν(n)∥= 0

and
lim
n→∞

∥(IH 2 −PQ(IH 2 −λB))Fxν(n)∥= 0.

Also we get

∥xν(n)+1 −u∗∥2 ≤ [1− (1− τ)αν(n)]∥xν(n)−u∗∥2 +2αν(n)⟨Gu∗−u∗,xν(n)+1 −u∗⟩,

where, limsupn→∞⟨Gu∗−u∗,xν(n)+1 −u∗⟩ ≤ 0. Since the first inequality in (16) and αν(n) > 0, we have that

(1− τ)∥xν(n)−u∗∥2 ≤ 2⟨Gu∗−u∗,xν(n)+1 −u∗⟩.

Thus, from limsupn→∞⟨Gu∗ − u∗,xν(n)+1 − u∗⟩ ≤ 0 and τ ∈ [0,1), we get limn→∞∥xν(n) − u∗∥2 = 0. This
together with (17) implies that limn→∞∥xν(n)+1 −u∗∥2 = 0. Which together with the second inequality in (16)
implies that limn→∞∥xn −u∗∥2 = 0. This completes the proof.

We give a numerical experiment to illustrate the performance of our algorithm. This result is performed in
Python running on a laptop Dell Inspiron 3593 Intel core i7, 1.30 GHz 8GB RAM.

Example 3.1. Let H1 = R3 and H2 = R4. Operators A : R3 → R3 and B : R4 → R4 are defined by

Ax =

[1 1 1
1 2 2
1 2 2

][x1
x2
x3

]
, x =

[x1
x2
x3

]
∈ R3 and Bx =

2 0 0 0
0 3 0 0
0 0 0 0
0 0 0 0


x1

x2
x3
x4

 , x =

x1
x2
x3
x4

 ∈ R4

that are inverse strongly monotone operator with constant ηA = 2√
5+17

and ηB = 1
3 . Bounded linear operator

F : R3 → R4, Fx =

2 1 1
1 0 0
0 0 1
0 1 −2

[x1
x2
x3

]
. And Gx : R3 → R3, Gx = τx is contractive operator with constant

τ ∈ [0,1). Let C and Q are defined by

C = {x ∈ R3,⟨a1,x⟩ ≤ b1}, with a1 = [2 −1 1]⊤ , b1 = 1;

Q = {x ∈ R4,∥x∥ ≤ b2}, with b2 = 2.

ΩSVIP =
{

x = [0 t −t]⊤
∣∣ t ∈ R : −0.5 ≤ t ≤ 1

}
. The unique solution of VIP

(
IR

3 −G,ΩSVIP

)
is

x∗ = [0 0 0]⊤ . Now, choose αn = n−0.5, ρn = 0.75, en = 0.25, λ = 0.4, and τ = 0.5, tolerance ε = 10−3

and initial point x1 = [1 −2 1]⊤, we get

x =
[
1.6354×10−4 8.4072×10−4 4.8984×10−10

]⊤
.

This result archived within 31.25×10−3 seconds and n = 56
Next, we used different choices of parameters. Table 1 shown below is the performance with different αn

parameter, ρn = 0.75, en = 0.25, λ = 0.4, and τ = 0.5.

Table 1. Result with different choices of αn

ε
αn = n−0.2 αn = n−0.5 αn = n−0.8

∥x− x∗∥ Iter. (n) ∥x− x∗∥ Iter. (n) ∥x− x∗∥ Iter. (n)

10−3 0.81×10−3 20 0.99×10−3 56 0.99×10−3 649

10−6 0.99×10−6 43 0.98×10−6 202 10−6 10841

10−9 0.82×10−9 71 10−9 441 10−9 65023
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Then we changed the contraction mapping G, with the same choice of parameters, as αn = n−0.5, λ = 0.4,
en = 0.75, ρn =− 1

4 sinπn+ 1
2 and initial point x1 = [1 −2 1]⊤. The results are recorded in Table 2.

Table 2. Result with different contraction mappings G

ε
τ = 0.8 τ = 0.4 τ = 0.2

∥x− x∗∥ Iter. (n) ∥x− x∗∥ Iter. (n) ∥x− x∗∥ Iter. (n)

10−3 0.99×10−3 333 0.91×10−3 39 0.96×10−3 20

10−6 0.99×10−6 1256 0.99×10−6 137 0.95×10−6 72

10−9 10−9 2773 0.97×10−9 301 0.97×10−9 159

4. Conclusion 

 In this paper, we introduced a self-adaptive iterative algorithm (Algorithm 1) and a strong convergence  
theorem (Theorem 3.1) for solving the (BVIP) in a real Hilbert spaces without prior knowledge of operator’s 
norms. We consider a numerical example to illustrate the effectiveness of the proposed algorithm.
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