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The invariant measure is one of the important properties of stochastic
differential equations (SDEs). This problem has been well studied for
SDEs with regular coefficients. However, there are many open
questions in the case of low regular coefficients or irregular
coefficients. One of the important questions is that the conditions of the
coefficients lead to the existence and uniqueness of the invariant
measure. In this paper, we consider SDEs with low regular coefficients.
More precisely, this paper considers SDEs with the super-linear, locally
Lipschitz continuous coefficients, and coefficients satisfy the
contractive condition. The paper shows the existence and uniqueness of
the solution of this equation. The author also studies the moment
stability of the solution. The main result of the paper shows the
existence and uniqueness of the invariant measure of the solution.
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Phuong trinh vi phan ngau
nhién

Lién tyc Lipschitz dia phuong
Tang trudéng da thac

Phan phdi dimng

On dinh theo phan phdi

Phan phoi dung la mét trong nhirng tinh chat quan trong ctia phuong
trinh vi phan ngdu nhién. Van dé nay da dwoc nghién ctru cho phuong
trinh v&i hé s6 chinh quy. Tuy nhién con rat nhiéu cau hoi mo trong
truong hop hé sé chinh quy yéu hoic khong chinh quy. Mot trong
nhitng c4u hoi quan trong 1a diéu kién cua hé sé dan dén sy ton tai duy
nhat ctia phan phdi dimng. Bai bao nay xét phuong trinh vi phan ngiu
nhién v6i hé sé chinh quy yéu. Cu thé hon, bai bao nay xét phuong
trinh vi phan ngdu nhién véi hé sb ting trén tuyén tinh, lién tuc
Lipschitz dia phuong va thoa man diéu kién co rat. Bai bao chi ra sy ton
tai va duy nhat nghiém cua phuong trinh. Tac gia ciing xét sy 6n dinh
theo moment cua nghiém. Két qua chinh cua bai bao chi ra su ton tai
duy nhét cua phan phdi dirng cua nghiém.
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1. Introduction

Stochastic differential equations arise in many areas of science and engineering: bio-
logical, physical, economical,....(see [1]-[3]). So it has attracted much attention recently.
Invariant measure is one of essential properties of stochastic differential equations (SDEs),
when long time behaviours of SDEs are investigated, such as the persistence for biology
and epidemic SDE models (see [1], [2]). Moreover, in many approximation schemes, besides
considering the strong order convergence in LP norm, we also study the order of convergence
of the invariant measure of the appoximation solution to the invariant measure of the exact
solution. It is known that, SDEs with regular coefficient have been well studied (see [4],
[5]). But in the case the coefficients satisfy low regular conditions or irregular conditions,
there are many open questions. One of the interesting questions is that: what conditions
ensure the existence and uniqueness of the invariant measure of a SDEs. There are some
works which deal with this problem (see [6] -[8]). In [6], authors release the global Lipschitz
condition on the drift coefficient by assuming the one-sided Lipschitz condition instead, but
they still require the global Lipschitz condition on the diffusion coefficient. In [7], the paper
considers the existence and uniqueness of the invariant measure for a stochastic differential
equation with Markovian switching in the case coefficients satisfy the local Lipschitz con-
dition and the linear growth condition. The open questions is that about the the existence
and uniqueness of the invariant measure in the case super- linear growth coefficients.
From this motivation, in this paper, we consider on a complete probability space (2, F,P) a

one-dimensional process Y = (¥;):>0 solution to the following stochastic differential equa-
tion

Yi = yo + /0 F(Yo)ds + /0 g(Ya)dIV,, (1)

for ¢ > 0, where the initial condition yo € R and W = (W});>0 is a one-dimensional standard

Brownian motion. The coefficient f and g satisfy the following conditions

C1. There exist positives constant C7,m such that

[f(@) = fly) < L@+ (2™ + [y[™)|2 -y,
for all z,y € R.

C2. There exist positive constants Cy and [ such that

l9(z) — g(y)| < Co(1 + |z|' + [y|)]x — y],
for all =,y € R.

C3. There exist constants v < 0,7 € [0,4+00) and pg € [2, +00) such that

po—1 o

vf(2) + = 9 (z) < v+,

for any = € R.
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C4. There exists a negative constant A such that

(z —y)(f(z) — fly) + %!g(w) —g(y)|* < Mz —y[%,
for all z,y € R.

The rest of this paper is organized as follows. In Section 2, we consider the moment
stability of the exact solution. The main result shows the existence and uniqueness of the

invariant measure of the exact solution in Section 3.

2. Moment estimates

Firstly, note that Conditions C2 is the special case of Condition A4 in [9] with o = 1/2,
and Conditions C3 is the special case of Condition A1 in [9]. The conditions C1, C2 imply

that both coefficients f and g are locally Lipschitz continuous and polynomial growth
F@)] < CO+ 2™, Jg(@)] < C1 + [2+) for all 7 € R.

Then, following [9], the Equation (El) has a unique strong solution. More specifically, we can

state as following

Proposition 2.1. Assume that Conditions C1, C2 hold. Moreover, Conditions C3 holds
for any pg > 4m + 4. Then Equation (El) has a unique strong solution.

Proposition 2.2. [[9], Proposition 2.3] Assume that Y = (Y)¢>0 is a solution to equation
(El) with the initial value yo. Assume further that the coefficients f, g satisfy condition C8,
and that g is bounded on every compact subset of R. Then, for any p € (0,pp] and t > 0,

n p/2
E[|Yi[?] < |yge®" + —(e* — 1)
Y
Moreover, with the condition v < 0, there ezists a positive constant C' = C, which does not
depend on the time t such that

supE [|[Y;[P] < Cp.
t>0

We denote Y™ is the unique global solution of SDE () with the initial value 2. The
following Proposition considers the moment of two solutions of Equation (E]) with the initial

value xg, yg, respectively.

Proposition 2.3. Assume that Y;*°,Y,”° are two solutions of Equation (E'l) with the initial

value xg, Yo, respectively. Suppose that Condition C4 holds. Then
lim E [|Y{”° - Yty°|2] = 0, uniformly in xg,yo € K,
t—00

for any compact subset K € R.
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Proof: From Equation , we have
AV = Y) = (F(Y7°) = FOY0)dt + (9(Y™) — g(V))dWr.
Using Ito’s formula
e—2>\t|tho VPP = |20 — yol*+

+ /O Lo [C2A[Y5 — YO 4 2(Y 70 — YIO)(F(YS) — F(Y20)) + lg(Yi©) — g(Y2)|?] dt
# [ 2 - v - g
By using Condition C4, we obtain
e MY — VP < w0 — wol* + /0 t 27V — Y I0) (g(Vi) — g(YV0)dWs.  (2)

By using Proposition 2.1, the stochastic integral in is a square integrable martingale.
Then the expectation of this stochastic integral is equal to zero. Therefore, from we get

E[672>\t|§§zo _ Yty0|2] < ’330 . yO‘Q‘
It leads to
E[|Y" = Y] < e*M|zo — yol*.

Let t — 0o, we obtain the desired result.

3. Main results

The main result of this paper shows the existence and uniqueness of the invariant measure

for the exact solution of the Equation (EI) which is stated as following

Theorem 3.1. Assum that Conditions C1- C4 hold. Then the unique solution of Equation

(EI) has a unique invariant measure.

Proof: By using Theorem 9.1 and Theorem 9.5 in [2], the unique solution of Equation
(EI) Y/® with an initial value = is a time-homogeneous Markov process. Let P(¢, z,) denote
the transition probability of the process . Let P(R) denote all probability measures on R.
For any P;, Py in P(R), we define a metric dg as following

do(P1,Py) = sup| [ ¢(x)Pidx — / o(x)Padx|,
¢pcO JR R

where

©={¢:R=R:|p(x) —o(y) <[z —yl}
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Given a compact set K C R, for any =,y € K, and for any ¢ € ©, we have
Elp(Y7)] - Elo(v)]| < E[Yy - Y2|| < (B[ — Y222
By using Proposition 2.3, we obtain that there exists a T' > 0 such that
Elo(¥)] — El6(V)]| < € for all ¢ > T.
Since ¢ is arbitrary, we have

sup [E[(Y;")] - E[p(¥")] < e for all ¢ > T.
P€O

It leads to
de(P(t,x,.),P(t,y,.)) <eforallt>T.

Let t — oo, we get that

tEIEO de(P(t, z,.),P(t,y,.)) =0, (3)

uniformly in z,y € K.

Moreover, for any ¢ € ©,yy € R,t, s > 0, we have

E[p(YE)] = Elo(Y )]l = [E[E[G(YVE)]|Ts] — Ele(Y,")]]
+oo
=[E[[  o(Y)P(s, 90, dy)] — E[6(Y,")]|

—00

+oo
< / E[6(YY)] — Elp(Y)][P(s, o, dy)

—0o0

N
< / B~ ELGO)]IP(s, o dy) + 2P(s. 30, ), (4)

where K§ = {y € R : |y| > N}. By using Proposition there exits a positive constant
N > |yo| sufficiently large such that

P(s,yo, Ky) < i for all s > 0. (5)

Using Proposition there exists T' > 0 such that

sup E[p(Y))] — E[p(Y")] < & ¥t > T,v]y| < N. (6)
$cO 2
Substituting and @ in to we get
[Elp(YE)] —E[p(Yy)l| <€ Vt>T,s>0. (7)

Since ¢ is arbitrary then,

sup [E[p(YY,)] — E[p(Y")]| <e Vt=T,5>0.
P€O
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It implies that
d@(P(t + S, Yo, )7P(ta Yo, ) <e vt > Ta s> ano eR.

It leads to that for any yo € R, {P(¢,yo,.) : t > 0} is a Cauchy sequence in the space P(R)
with metric dg.

Since R is complete and separable then any sequence {P(t,, yo,.)} (t, — 00 as n — o0) has
a weak convergent subsequence. Assume its weak limit is an invariant measure p(.). Then

there exists a positive integer N such that ¢ > T and
We have

de (P(t,y0,-); u(.)) < de(P(tn,yo,-); u(.)) + do(P(tn, vo, -); P(t, yo, )
<2 Vt>T.

Then,

li P D p() =
ti{&d@( (tay()v ),/,L( )) 0,
and the invariant measure p(.) is unique. For any xg € R,

lim de (P(t, o,.); () < lim de(P(t,z0,.); P(t, 9o, ) + lim de(P(t,y0,.); () = 0

t—o00

It leads to that p(.) is the unique invariant measure of the solution of Equation . There-

fore, the proof is complete.

4. Conclusion

The main result of this paper is to consider the existence and uniqueness of the invariant
measure for the exact solution of SDEs (EI) with both super- linear growth coefficients.
Another interesting future work is to investigate the convergence rates of the distributions

of some numerical methods for SDEs (EI)
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