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1. Introduction

The base of the system, in some applications, is subjected to an unwanted vibration. For
example, the foundation of a machine is subjected to earthquake; a delicate instrument is
experienced vibration transmitted from the excessive base motion. A suitably designed isolation
system is required to prevent the damage, failure and improve the performance. The conventional
vibration isolation dissipates energy as waste heat in the damper. Vibration energy harvesting is
the field studying the conversion of vibration energy into useful electrical energy. Piezoelectric is
a well-known transducer mechanism in vibration energy harvesting. The recent review [1]
showed the significant interest of researchers and engineers in the dual function of vibration
control and energy harvesting simultaneously.

Energy harvesting by piezoelectric vibration harvester has attracted a lot of attentions in recent
years [2] — [6]. In the conventional vibration isolation with viscous damping, there is a fixed point
in the frequency response plot, which is important to the isolation design. Above the frequency of
fixed point, the addition of damping increases the vibration transmissibility and conversely [7].
Therefore, the adaptive damping may be considered to achieve the best performance.

When the piezoelectric transducer is added, there is no study to reveal if the fixed point
exists. In this paper, we show the position of the fixed point and how to use this point to design
the isolation.

2. Modeling and analysis

The base excited piezoelectric harvester is modeled in Figure 1, which consists of a spring-
mass oscillator, a piezoelectric transducer, and a load resistor.
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Figure 1. Model of piezoelectric harvester (A) the oscillator (B) the energy harvesting circuit

The mechanical motion equation is given by:

MZ +cz+ Kz =—My—aV (1)
while the electrical equation is governed by:
\Y , ;
R az—-CV 2

where M is the mass, ¢ and K are the short circuit mechanical damping and stiffness,
respectively, y is the displacement of the base, z is the relative displacement of the mass with
respect to the base, a is the force factor, R is the circuit resistance, V is the voltage across R, and
C, is the piezoelectric capacitance.

Assume the harmonic base excitation as:

y =Ye' ©)

where i is the imaginary unit and o is circular frequency. As the system is linear, the output

voltage V and the relative displacement z are harmonic too:
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z=2e" @
V =V,
Substituting (3) and (4) into (1) and (2) gives:
(—ma)2 +icw+ k)Z =ma’Y —aV,
Vv, . : ()
EO =iawZ —iC,aV,
Solving (5) we have the displacement transmissibility expressed by [11]:
T_ZY (a2+kCO)ia)R+cia)+k—a)choR ©)
Y (az -ma’°C, + kCo)ia)R +Ciw—me’® +k —»*cC,R
The amplitude of T is determined by:
7 ((az+kCo)R+C)2a)2+(k—a)choR)2 @
T|= 7
((az —me’C, +kC, ) R+ 0)2 o+ (k -me’ - a)ZCCOR)2
Denote the following non-dimensional terms:
[0 [ (24 c
o, =—=——=;R, =RC,@,;, = &= 8
N a)o \/I(/_M N 0~-0 N \/K_C:O é’ 2M a)o ( )

where oy is the normalized forcing frequency, m, is the natural frequency, { is the damping
ratio, ay iS the non-dimensional force factor and Ry is the non-dimensional resistance.
The amplitude of the displacement transmissibility (7) is written in the dimensionless form:

((az +D)Ry +2¢) @} +(1-0f 2R, )

Tl= ; ; (9)
((f — @k +1)Ry +2¢) @f +(1- 0} — 0 2¢Ry)
To find the position of the fixed point, let { be zero in (9) we have:
(a2 +1) R2wf +1
|T|FP - 2 5 2 5, 2 \2 (10)
(aN N +1) Ry oy +(1—a)N)
The condition of fixed point:
o[T|:
—| |2FP =0 (112)
oR?

will result in the frequency of fixed point. The position of the fixed point is a good result to
design the isolator. Based on the very well-known idea of Den Hartog [8], the optimal strategy is
to make the response curve as flat as possible at fixed points [7]. This can be explained as
follows. If the curve has a positive slope at the fixed point, a higher peak will appear on the right
of the fixed point. Conversely, a negative slope at the fixed point creates a higher peak on the
left. Therefore the good frequency response should be the one in which the fixed point coincides
with the peak point.

The peak point of (10) is found by the condition:

2
a|T|FF‘ _ O
— =
owy,
Combining (11) and (12) we obtain a relation between Ry and ay in design

(12)
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3. Results and Discussion

In Figures 2, 3, 4, and 5, the frequency response (9) is plotted versus wy for various values of
C, N and Rn.

Figure 3. Frequency response for (=0, ay=1

As seen in Figure 2, when Ry=0 (short circuit, no harvesting), there is a fixed point regardless
of the value of damping ratio {. This is the conventional behavior of vibration isolation with
viscous damping. In Figures 3 and 4, when (=0 (no mechanical damping), there is a fixed point
regardless of the value of dimensionless resistance Ry. When ay changes, this fixed point moves
and the peak of the frequency response also moves. In Figure 5, when both { and Ry are non-
zeros, the fixed point does not exist. However, for small mechanical damping ration , the nearly
fixed point can be observed.
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Figure 4. Frequency response for (=0, ay=2
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Figure 5. Frequency response for {=0.5, ay=1

Next, we find the position of the fixed point by (11). Some manipulations from (11) yields the
frequency of fixed point:

2 _
O =

2( e, +1)
al +2
where wys is the normalized frequency of the fixed point. The displacement transmissibility at
the fixed point is also found by substituting (13) into (10):
2
|_|_|f 1 ay+2

= i 7
|1 - a)Nf | aN

(13)

(14)
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Some conclusions can be drawn from (13) and (14). First, if the force factor is large (ay tends
to infinity), the normalized frequency of fixed point (13) tends to /2 , which is the conventional
result [7], [11]. Second, the displacement transmissibility at the fixed point (14) is larger than 1.
This implies the performance of the isolation with energy harvesting is worse than the
conventional one. This may be the price paid to harvest energy.

The condition (12) of the peak point leads to the following equation of wy:

2R! (o2 +1) @ +(—2R§, (@ +1) +af +4+2 )ngg
(15)
+2(1-2R} (o, +1))f —2=0

Substituting the frequency of fixed point (13) into (15) we obtain a relation between Ry and
ay. After some manipulations we have:

1 |a?+2
R = |2\ 16
N _opt a,i +1 2 ( )
where Ry o is the optimal of the dimensionless resistance.

4. Conclusion

This paper found the fixed point in the frequency response plot of the displacement
transmissibility of a SDOF base excited isolation with piezoelectric energy harvesting. The
position of the fixed point does not move with the dimensionless resistance. The displacement
transmissibility at the fixed point is larger than unity and this may be the price paid for the energy
harvesting. To design the isolator, the idea of Den Hartog is used to match the fixed point with
the peak. The result is a formula to calculate the dimensionless resistance based on the
dimensionless force factor.
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