TNU Journal of Science and Technology 228(15): 136 - 141

BALANCED POSITIVE-REAL TRUNCATION FOR UNSTABLE SYSTEMS:
A NOVEL ALGORITHM FOR MODEL REDUCTION IN
HIGH-ORDER ELECTRICAL AND ELECTRONIC CIRCUITS

Nguyen Thuy Dung', Nguyen Thanh Tung®’, Dao Huy Du?, Vu Ngoc Kien?
TNU - University of Information and Communication Technology, 2TNU - University of Technology

ARTICLE INFO ABSTRACT

Received:  07/10/2023 This article presents a novel algorithm, named BPRU, designed to reduce the
) complexity of high-order systems while preserving passive (real-positive)
Revised:  06/11/2023 ronerties and stability. Additionally, this technique can also reduce the order
Published: 06/11/2023 of unstable systems. The approach is grounded in solving real-positive
Riccati equations, and Riccati H-Infinity equations, combined with matrix

KEYWORDS analysis techniques like Cholesky decomposition and Singular Value

Decomposition (SVD). These methods transform the system into an energy-
Model Order Reduction balanced state from the control and observation Gramians. MATLAB
Passivity Preservation simulations demonstrate that BPRU maintains the crucial physical properties

of electrical and electronic circuits and provides effective model order
] reduction for systems containing both stable and unstable components.
Balanced Truncation Compared to foundational methods such as Positive Real Balanced
Electrical Circuits truncation (PRR) and H-Infinity Balanced truncation (HBR), BPRU yields
significantly lower errors, closely matching the original system's transient and
frequency responses. This underscores the efficiency and potential of BPRU
in reducing model order for electrical and electronic systems, opening up
avenues for research in related applications in this field.

Unstable Systems

CAT NGAN CAN BANG THU'C-DUONG CHO HE THONG KHONG ON PINH:
MOQT THUAT TOAN MOI BPE RUT GON MO HINH CHO MACH DPIEN,
PIEN TU BAC CAO

Nguy&n Thuy Dung®, Nguyé&n Thanh Tung®’, Pao Huy Du?, Vii Ngoc Kién®
YTrieong Pai hoc Cong nghé Thong tin va Truyén théng — DH Thdi Nguyén
2Trirong Pai hoc Ky thugt Cong nghiép — PH Thadi Nguyén

THONG TIN BAI BAO TOM TAT

Ngay nhdn bai: 07/10/2023 Bai béo gidi thiéu mot thuét toan méi, mang tén BPRU c6 kha nang giam
o sw phuc tap cho hé bac cao, bdo toan tinh chat thy dong (thue duong) va
Ngay hoan thign: 06/11/2023 5, dinh, dong thoi ky thuat nay c6 thé giam bac truc tiép cho cac hé
Ngay ding: 06/11/2023 khong 6 on dinh. Ky thuat nay dua trén viéc giai phuong trinh Riccati thyuc
dwong, Riccati H-Infinity, két hop véi cac phép phan tich ma trén

TU KHOA Cholesky, SVD dé dua h¢ Vé trang thai can bang ning luong tir Gramians

: diéu khién va quan sat cua hé. Két qua mod phong trén Matlab cho thay
Gidam bac mo hinh BPRU khoéng chi duy tri tinh chat vat 1y quan trong ctia mach dién, dién
Bao toan su thu dong tr, ma con cung cap su giam bac hiéu qua cho hé Chua ca thanh phan on
Hé théng khong én dinh dinh va khong on dinh. So sanh véi cac phuong phap nén tang 1a Cat ngan

can bang thyc duong (PRR) va Chit can bang H-inf (HBR), BPRU cho
két qua rat gon mo hinh véi Sal s6 thap hon dang ké, co6 dap ung Xung va
Mach di¢n dap ung tin s6 bam sat hé gdc. Piéu nay cho thiy tinh hiéu qua va tiém
nang cua BPRU trong viéc giam bac mé hinh cho cac hé théng dién, dién
tir, Mo ra co hdi nghién ciru V& cac (ng dung lién quan dén linh vuc nay.

DOI: https://doi.org/10.34238/tnu-{st.8930

Cit ngén can bang

" Corresponding author. Email: nttung@ictu.edu.vn

http://jst.tnu.edu.vn 136 Email: jst@tnu.edu.vn


https://doi.org/10.34238/tnu-jst.8930

TNU Journal of Science and Technology 228(15): 136 - 141

1. Introduction

Modern electrical systems have grown remarkably complex and interconnected across vast
regions. With thousands of devices and numerous state variables, utilizing detailed models for
dynamic analysis becomes impractical. Model Order Reduction (MOR) aims to create low-
dimensional systems with similar responses to high-order counterparts, simplifying computation
and deployment. Preserving system characteristics like passivity and stability is crucial.

Passivity, the ability to store and transmit energy without an external supply, is a key feature
in electrical circuits. Maintaining passivity during reduction is vital. The Frequency-Weighted
Positive Real Balanced Truncation technique [1] integrates frequency-weighted reduction with
Positive Real-Truncated Balanced Realization to generate passive reduced models. A method in
[2] focuses on reducing positive real and bounded real systems while retaining both properties.
Salehi et al. [3] propose a phase-enhanced technique using Balanced Truncation and passivity-
preserving Grampians via Riccati equations. Stability is preserved via Balanced Truncation in
various contexts. The article [3] suggests a phase-enhanced technique that utilizes Balanced
Truncation and passivity-preserving Gramians through Riccati equations. Stability is maintained
through Balanced Truncation in different situations. The document [4] employs a combination of
techniques to reduce the order in a DC-DC converter model while preserving essential properties
and stability. The authors in [5] achieve power system reduction with a focus on preserving
stability. The research [6] applies Balanced Truncation to improve fault feature extraction in
power grids. For unstable systems, direct reduction involves separating them into stable and
unstable components. For unstable systems, direct reduction involves decomposing into stable
and unstable components. Approaches like H-infinity Balanced Truncation [7] or Linear
Quadratic Gaussian Balanced Truncation [8] can directly reduce unstable subsystems.

In this study, we introduce a novel algorithm that effectively preserves passivity and stability
while directly reducing the order of unstable systems. We validate the algorithm through
simulations on a high-order unstable electrical system using Matlab, comparing its efficacy in
reducing both stable and unstable subsystems while maintaining desired characteristics.

2. Materials and Methods

This section introduces a novel algorithm applicable to systems that are both positive (passive)
and can be stable or unstable. This model reduction method can reduce the order of stable systems
similar to Gramians-based algorithms while also directly reducing the order of unstable systems, all
the while preserving the passive (positive) property of the original system. This technique employs
a positive-definite Riccati equation (1) and a Riccati equation (2). We refer to this as the Balanced
Positive-Real Truncated Realization for Unstable systems (BPRU) algorithm.

Algorithm. Balanced Positive-Real Truncated Realization for Stable and Unstable Systems
(BPRU) algorithm:

Input: The Linear Time-Invariant (LTI) system G(s) is potentially stable or unstable and is
characterized as minimal, positive real (passive), with an order of n. The objective is to reduce
the system order to r (r < n).

- Step 1: Solve (1) and (2):

(B-X,CT)(D+D")"(B-X,CT) = -X,AT-AX, 1)
ATY,, +Y,,A+C'C=(1-y?)(B"Y,, +D'C) (1+D'D)" (BY,, +D'C) @)
- Step 2: Cholesky decomposition:
X =RR 3
Yine = LingLing 4)
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- Step 3: Singular VValue Decomposition:

Linf. Rp = UPREPRVPR. (5)
- Step 4: Calculate the transformation matrix:
1
T =RV, X, 2 (6)
1
T B = 2‘Pr ZUPr. L inf (7)
- Step 5: Convert to a balanced system:
A, A
T—lAT — |: 11 12:| (8)
A21 A22
B
T'B= { } ©)
BZ
CT=[C, C,] (10)

WherEZ Au c Rrxr’Al2 c Rrx(n—r)’A21 c R(n—r)xr’A22 c R(n—r)x(n—r), B c Rrxm’ B2 c R(n—r)xm’C1 c Rpxr’C2 c Rpx(n—r)

1
- Step 6: Choose the order r to reduce r (r <n)
Output: Reduced-order system with order r preserves positive real properties:

(A, B,.C,,D,)=(A,,B,,C,,D), where A eR™,B €R"",C, eR”",D, eR""

3. Results and Discussion

Consider a dynamical system describing an electrical circuit, modeled by the following matrices.

0 00 6 -6 0 0 0
000 0 6 0 0 0
00 -6 0 0 -6 1 . |1

A= B =|_|[Cc =|_|,D=[0.01]
6 0 0 -10 0 6 0 0
6 6 0 0 -6 0 0 0
0 0 6 6 0 0] 0 0

We proceed to implement the PRR, HBR, and the proposed BPRU algorithms using
MATLAB. Subsequently, we apply each method to gradually reduce the order of the original
system from order 6 to order 1. This process yields a plot depicting the absolute errors between
the original and reduced-order systems as shown in Table 1.

Table 1. Comparison of Model Reduction Algorithms
Reduced Order (r) PRR Error HBR Error BPRU Error

1 0.12736 0.12861 0.12768
2 0.09617 0.11163 0.15010
3 0.07791 0.83380 0.02505
4 0.09741 0.05815 0.01453
5 6.69732 0.06217 0.00551

Table 1 clearly compares highlights the performance differences among the three model
reduction algorithms. The BPRU method stands out with consistently low errors, suggestive of its
reliability in accurately representing the original system. HBR performs reasonably well but
exhibits some fluctuations in error. PRR shows limitations, especially for higher-order
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reductions, where it yields notable high errors. Therefore, when accuracy is paramount, the
BPRU algorithm appears to be the most effective choice among these three algorithms for model
reduction in this context.

Analyzing Table 1 reveals distinct patterns in the errors obtained using the different reduction
methods. For the PRR method, the most significant error, approximately 6.69732, occurs when
reducing the system to order 5. The most accurate reduction, with an error of 0.07791, is
achieved at order 3. Contrarily, for the HBR technique, the highest error of 0.83380 emerges at
order 3, while the most precise reduction, yielding an error of 0.05815, is realized at order 4.
When applying the BPRU algorithm, the error distribution presents unique characteristics. The
largest error, approx-imately 0.15010, is recorded at order 2, contrasting sharply with the most
optimal performance at order 5, which yields a minimum error of approximately 0.00551.

- The PRR algorithm exhibits varying errors across different reduced orders. The error spikes
significantly at r = 5, suggesting that PRR might struggle with maintaining accuracy for higher-
order reductions. The errors for other orders are reasonable but not consistently low.

- HBR displays relatively low errors for most of the reduced orders, except at r = 3 where the
error spikes significantly. This indicates that HBR is capable of providing accurate results but
may have limitations for certain reduced orders.

- The BPRU algorithm consistently produces low errors across all reduced orders. As the
reduced order increases, the error decreases, indicating its effectiveness in capturing system
dynamics accurately.

Figure 1 shows the step response comparison between the original system and the reduced-
order systems using the PRR, HBR, and the proposed BPRU methods. Figure 2 displays the Bode
frequency response (Phase, Magnitude) comparison between the original system and the reduced-
order systems using the PRR, HBR, and BPRU techniques.

Impulse Response Comparison
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Figure 1. Compare the impulse response of a first-order reduced system using PRR, HBR, BPRU,
and the Original System

From Figure 1, the following observations can be made:

- The reduced-order systems obtained using the PRR and HBR methods for order 1 exhibit
widely different step response behaviors compared to the original system. In contrast, the BPRU
technique yields a step response that closely matches the original system's response across the
entire time domain.
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- The effectiveness of reducing the original system to order 1 is evident. It demonstrates that
the reduced-order system of order 1 can be used as a replacement for the original system of order
6 within the time domain when employing the novel BPRU algorithm.

Bode Plot Comparison
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Figure 2. Bode plot comparing the 3rd order reduction system using PRR, SBR, BPRU,
and the Original System

From Figure 2, the following insights can be drawn:

- The reduced-order systems of order 3 using the PRR and HBR methods result in significant
Phase and Magnitude response discrepancies compared to the original system, particularly in the
frequency range below 10° rad/s. Beyond 10° rad/s, these responses converge closely to the
original system. Thus, the reduced-order system of order 3 could potentially replace the original
system for frequencies greater than 10° rad/s. If preserving passivity is the priority, the PRR
method is suitable. Conversely, if directly reducing an unstable system is desired, the HBR
technique is appropriate.

- Meanwhile, the BPRU algorithm produces frequency responses that match the original
system across the entire frequency range. Given the effective order reduction to order 3, the
reduced-order system could replace the original system for all frequency ranges. The BPRU
algorithm showcases the advantages of both passive and unstable system reduction techniques.

The reduced-order system obtained using the proposed BPRU algorithm provides smaller
errors compared to the foundational PRR and HBR methods. It exhibits accurate step and
frequency responses closely matching the original system. Moreover, BPRU offers the advantage
of effective model reduction while maintaining passivity and avoiding the need to separate the
system into stable and unstable subsystems before conducting the reduction.

4. Conclusion

In this study, we introduced a novel algorithm, the Balanced Positive-Real Truncated
Realization for Unstable Systems (BPRU), designed to effectively preserve passivity and stability
while directly reducing the order of unstable systems. Through simulations on a high-order
unstable electrical system and a comprehensive comparison with existing model reduction
techniques, we have demonstrated the efficacy of the BPRU algorithm in reducing both stable
and unstable subsystems while maintaining desired characteristics.

The results and discussions clearly highlight the strengths of the BPRU algorithm. It
consistently produces low errors across different reduced orders, making it a robust choice for

http://jst.tnu.edu.vn 140 Email: jst@tnu.edu.vn



TNU Journal of Science and Technology 228(15): 136 - 141

model reduction in contexts where accuracy is paramount. The step and frequency responses of
the reduced-order systems closely match those of the original system, across both the time and
frequency domains. This implies that the BPRU algorithm not only reduces model complexity
but also accurately represents the behavior of the original system. Furthermore, the BPRU
algorithm offers a distinct advantage in handling unstable systems without the need for separating
them into stable and unstable components before reduction, simplifying the reduction process.
This feature makes it a valuable tool in dealing with complex electrical systems with both passive
and unstable elements.

In conclusion, the BPRU algorithm presents a promising solution for model order reduction in
the realm of electrical systems, offering a powerful and efficient approach to preserve system
characteristics, such as passivity and stability, while reducing complexity. Its performance, as
demonstrated in this study, makes it a compelling choice for engineers and researchers seeking
accurate and efficient model reduction techniques for both stable and unstable systems in the
field of electrical engineering.
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