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algorithm based on Split Bregman to accelerate convergence and ensure
the stability of the solution. The research method employs a splitting
technique to separate non-smooth components, combined with a
Bregman update step to solve the optimization problem for each
component independently, thereby reducing computational complexity.
The research results demonstrate that the improved algorithm achieves
high performance in image reconstruction from noisy data, with
significantly enhanced peak signal to noise ratio values and reduced
mean squared error through iterations. Experimental computations
illustrate that the improved Split Bregman method not only has high
applicability but also opens new directions for research in optimizing
parameters and processing more complex data in the future.
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Thuat toan Split Bregman
Khoi phuc anh

Téng bién phan

Bai toan nguogc

Céc phuong phép tdi uu

Thuét toan Split Bregman 14 mot bién thé cua thuat toan Bregman, day
12 mot thudt toan tdi wu duogc ap dung cho cac bai toan ngugc khong tron
trong tai tao va khoi phuc hinh anh, dac biét 1a cac bai toan téng bién
phan. Hién nay, cac phuwong phap truyén thng thuong gip kho khin
trong viéc xur 1y cac bai toan ma ham muc ti€u khong kha vi trén toan
mién va yéu cau tinh toan 16n, do d6, nghién ctru nay nhdm phat trién
mot thudt toan cai tién dua trén Split Bregman giup tang tbc do hoi tu va
dam bao tinh én dinh cta nghiém. Phuong phap nghién ctru sir dung k¥
thuét phan tach dé tach roi cac thanh phan khong tron, két hop vai budce
cap nhat Bregman dé giai quyét bai toan t6i wu hoa theo timg thanh phan
riéng biét, tir d6 giam d¢ phtrc tap tinh toan. Két qua nghién ciru cho thiy
thuat toan cai tién dat hiéu suét cao trong viéc tai tao hinh anh tr dir liéu
bi nhiéu, véi ty 1& giita tin hiéu véi do nhifu dugc cai thién va sai s6
trung binh binh phurong giam qua cac budce ldp. Cac tinh toan thir nghiém
minh hoa cho thiy phwong phap Split Bregman céi tién khong chi c6 tinh
tmg dung cao ma con mé ra huéng nghién ctru trong viée tdi wu hoa cic
tham s6 va xir Iy dit liéu phirc tap hon trong tuong lai.
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1. Giéi thiéu
Thuét toan Split Bregman 1a mot phuong phap t6i wu duge thiét ké dé giai cac bai toan téi uu
hoa khong tron, thuong xuat hién trong cac bai toan xir ly anh va tai tao tin hiéu, dy la nhimng bai
toan thudc 16p céac bai toan ngugc. Thudt toan nay dugc xay dung dua trén phuong phap lap
Bregman va kha niang phan tach bai toan t6i wru thanh cac bai toan nho hon, d& giai hon [1].
Mot trong nhitng bai toan thudc 10p cac bai toan ngugc 1a bai toan chup cit 16p vi tinh (CT) [2],
bai toan quy vé viéc tim nghiém cuia phwong trinh toan tir
Ax=f €))
Trong d6, A 1a toan tir Radon chim tia hinh nén, mé hinh hoa cach tia X di chuyén va bi hap
thy khi di qua vat thé, f 1a anh dau ra thu dwoc tir cic phép chiéu khi tia X di qua vat thé va x 1a
hinh anh mong mudn can tim. Tuy nhién, do dit liéu f thuong bi nhidu hodc khong diy du (do
han ché s6 lugng goc. chleu) bai toan (1) tr¢ thanh bai toan dat khong chinh, viéc tim 101 giai cua
bai toan CT c6 thé din dén ‘nghiém khong 6 6n dinh hodc khong duy nhat. Dé tim 101 giai cho bai
toan dat khong chinh, ta cin phai sir dung cac thuét toan hiéu chinh nhdm tim nghiém xap xi
hoi tu vé& mot nghiém téi thiéu duy nhit [3], [4]. Trong truong hop cac bai toan khoi phuc anh
khi dwge mé hinh héa vé bai toan (1) 1a bai toan d4t khong chinh s& duge xap xi boi bai toan tdi
wu L, [5]. Dang tong quat ciia bai toan hiéu chinh L, dugc xac dinh la:
min_ HX‘L + F(x) (2)
Trong d6, F(x) l1a phiém ham 161, nghiém tim dugc boi day lap

x(k+1) —

_ BVF(X H k=01,2,.. 3)

Trong ciac cbng thirc (2) va (3), ta dinh nghia cic chuin nhu sau:
_ _ 2 (k) 1x ‘A 2 1A 1x , \ A1 on ,
HX‘L = Z‘XI‘,HXHZ = IZ X, X la nghiém thu duoc & lan lap tha k£ va £ tham so hi¢u chinh

l3p. Vi x c6 thé phén tach theo nhiéu thanh phan, nén ta c6 thé sir dung ham shrink hoic ngudng
mém dé tim 101 giai cho bai toan t6i uu (3).

x = shrink(( - BVF(x¥)) , ) i=12,. )
Ham Shrink theo y, # € R dugc dinh nghia nhu sau [6]:

shrink(y, §) :ﬁmax(‘ y-5.0). )

Trong cac bai toan xap xi cho bai toan (1), viéc xdy dung ham F sao cho bai toan trd thanh
bai toan dat chinh 1a mét trong cac yéu cu dat ra d6i véi mdi thuat toan hiéu chinh. Trong do,
hiéu chinh téng bién phan 1a mot phuong phap duoc nhiéu tac gia quan tim. Phuong phap nay
lan dau tién dugc gidi thidu bdi Rudin, Osher va Fatemi khi giai quyét bai toan khtr nhidu hinh
anh [6], [7] va dugc phat trién dé tim 151 giai cho céc bai toan ngugc [8], [9]. Trong bai bao
nay, gradient roi rac dugc dinh nghia 1a sai phan hitu han tién nén chuan tong bién phén 1a chuan

L, cua gradient roi rac V trén anh, tic la HXHTV ~ HVX‘L [10]. Thu tuc 13p (3) co thé duoc biéu
dién boi tong bién phan 1a [5]:

ot F(x). 6)

Trong 46, F(X)= %HAx-ng . Vay bai toan hiéu chinh c6 thé viét la
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Y7,
+EHAx—fH§ 7
Bai toan ti uru khong rang budc (7) ciing ¢6 thé biéu dién trong duong nhu bai toan tdi wru rang
budc [11]
min, HxH thoa min AX =f (8)
v

Vi s6 hang HXHTV trong (7) khong kha vi ciing nhu khong thé tach roi nén khong thé sir dung

truc tiép cac thuat toan nhu Gradient Descent truyén théng dé giai quyét bai toan. Dé khic phuc
nhirng khé khan nay, chung t6i s dung thuét toan Split Bregman phén tach toan tir [12] dé tim
161 giai cho bai toan t6i wru 16i khong tron va cai tién thudt toan nham ting toc do hoi tu cia
nghiém l3p vé nghiém ding cua bai toan. . . i .

Noi dung bai bao duge t6 chie thanh 4 phan: Phan 1 1a phan gidi thi¢u; Phan 2 trinh bay
phuong phap khoi phuc anh duge d€ xuat; Phan 3 thao ludn vé két qua thyc nghiém va Phén 4
la két luan.

2. Phwong phap

Theo céac két qua trong [6], ta xét bai toan (7), phwong phap Split Bregman thay thé phiém

ham khong tron HVx\L, boi thanh phin ¢6 thé phan tach, khi d6 bai toan (7) duoc din vé tim

nghiém cua bai toan:

argmin_

%HAx—fug, d=Vx. 9)
Trong d6, V 1a toan tir gradient. D& tim 15i giai cho bai toan (9), ta xét bai toan
(k1) (k1)) : (k) ﬁ” (k) _ H 2 i” k) _ (k)Hz
(x ,d ) argmlnx‘de H1+2 Ax" —f 25 d” - vx|? (10)
Bing cach ap dung thuat toan 1ap Bregman [13], ta c6 qua trinh lap:

(x(k+1) , d(k+1)) — argmin, , ‘d(k)‘L +§HAX(") _ fH ;_,_%Hd(k) _vx® _ b(k)H2 (11)

2

b+ — p*) +(Vx(k+1) _ d(k”)). (12)

Trong d6, b 1 bién Bregman va A 1 hang s6 duong, Hd(k)H1 1a thanh phan higu chinh thuong
dugc sir dung dé thuc day nghiém thua (sparse solution) hodc trong téng bi’é'n phan (TV), day la
dai lugng khong tron, theo ky thuat Split Bregman ta tach bién d ra khdi bién x, gitp bai toan toi

vu hoa dé giai hon bang cach giai luan phién cac bai toan con. Thanh phan ﬁ”Ax(k) - f“; la ham
2

) ‘ L
khop véi dit liu do luong f, EHd‘“ —vx® —p® H§ 14 thanh phan Bregman dé didu chinh va dam

bao su hoi ty. Xét thu tuc 1ap (11), khi Ly va L2 13 phén tach duoc, ta tim nghiém (11) la x va d.
Theo cac két qua trong [6], viéc tim 101 giai dugc thyc hién qua hai budc nhu sau:

=argmin, —HAX f”§+%ud“‘) —vx¥ —b"‘)H2 (13)

(k+1) _
X 2

(k+1) _ H
d™’ =argmin,_,

O], + e - vxen - (14)
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Tir d6 dé thdy, ham muc tiéu trong (13) 1a kha vi, vi vy ta hoan toan c6 thé giai dwoc bang ky
thuét tron, nhu phuong phap gradient lién hop, Gauss-Seidel,.... Trong bai bao nay, chiing t6i ap
dung phuong phap gradient descent nhu sau:

Xk y(k) —a(yAT(AX(k) —f)+/1V(Vx(k) +p* _d(k))) (15)

Trong cong thirc (14), ta c6 thé tinh toan gia tri tbivu d bé‘mg cach st dung toan tir shrink theo
(5). Nhu vay cac budc tim 101 giai xap xi cho bai toan (1) c¢é thé dan vé thuat toan sau:

Thuét toan 1: Split Bregman Algorithm
Input: A f,a,4,¢
1: Initialize: x,b,d , k=1

2 while |[Ax—f E > &% do
3 x:x—a(ﬂAT(Ax—f)+/1V(Vx+b—d))
5 d= shrink(Vx+ b%j
7: b=b+(Vx-d)
9: k++;
10: End
Output: x

Dé cai tién thuat toan 1ap nay nhim dat dugc hoi tu tdt hon, chung toi cai tién (15) béng cach
thém mdt budc cap nhat trude khi 1dp lai d€ tinh nghiém & budce tiép theo, cu thé nhu sau:

y(k) = x¥ +ﬂk(x(k) _x(k—1)) (16)

ﬂk goi lahé s6 momentum thich nghi theo s6 budce 1ap va trong truong hop nay, chiing t6i chon

k
ﬁk_k+C

theo cong thirc:

, trong 46 C 1a mot hing sé dwong, sau d6 nghiém cua bai toan (13) s& dugc cép nhat

XKD Z 0 _ o7 F(y R (17
VF(y") = uAT(Ay® —f)+ 2V (Vy® + b* —d™¥ ) (18)
Deé khang dinh day lap (17) hoi tu vé nghiém dung ctia bai toan (1), ta 1an lugt xét cac dinh 1y sau:
Pinh Iy 1: F(y)= %HAy | §+%Hd —Vy—b|} ta phiém ham 16i manh va lién tuc Lipschitz
voi hang sé Lipschitz L = ,uHATAHz +A HVTV‘E.
Chirng minh

Pit Iﬁ(y):%HAy—ng. Vi A la todn tir tuyén tinh, nén F(y) la ham 15i manh véi

VE(Y)=uA'A>puc_ |, o >0 la gid ti rieng nho nhit cia ATA. Dit

min~ mi

A .
F,(y) ZEHd—Vy— b”g, ta co VF,(y)= AV'V xéc dinh duong véi gi4 tri riéng nho nhat 1a
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p,... >0. Do do, F(y)=F/(y)+F,(y) :guAy“‘) —fH §+%Hd—Vy—b“§ la ham 156i manh

v6i hang s6 16i manh 1a 4, =min(uo,, ,Ap,..).
VF(y)=uAT(Ay—f),vi ATA xdc dinh va lién tuc Lipschitz, nén F,(y) lién tuc Lipschitz

. 2
voi hang s6 Lipschitz 1a g “ATAH2 . VF,(y)= AV (Vy+b-d), toan tit Laplacian V'V xac dinh
. . 2 5 .
va lién tuc voi hang so Lipschitz HVTVHZ, nén F,(y) lién tuc Lipschitz voi hang so Lipschitz
2
;
2L
v g 2 2
Vay F(y)= F,(y)+F,(y) lién tuc véi hang so Lipschitz L = #HATA‘L + AHVTVHZ.
. . .. _ Tl Tol? ns E (k)_*z_
DPinhly2: Cho L = u|A"A 2+/1 V'V , Veu O<a< 7 thi lim, __iIx™ —x , =0, trong

dé X la nghiém ciia (1).
Chirng minh

N * * B m M
Vi F(x) 18i manh, nén F(x*)> F(X )+ VF(X ) (x* —x )+5Hx(")—x H; voi m la

tham s6 16i manh. Mit khac, VF(X )=0, suy ra

F(x¥)— F(x')> %"me ~x2. (19)
Theo dinh ly 1, F(x) lién tuc Lipschitz nén
[VEx ) - V(@) < Lx" -y (20)

Mat khac, ta c6
1

FO*) = F(y™) + [ VE(Y™ + () —y®)) () -yt
0
hay c6 thé viét
FOX) = Fy) + VE(y™ ) () - y)
! . 21
[ (VR + "~y ) = VF(y®)) (" -yt o
0
Str dung tinh chit Lipschitz, ta ¢6
[VE(y™® + e - y)) - VE(y )] <t [0 -y 22)

Tir (21), (22), ta co

1
2
F(x*) < F(y®)+ VF(y®)T (x* —y®)) 4 I LHx(k+1) _y<k>H2 tot
0

+ + L + 2
F(X(k 1)) < F(y(k)) VF(y(k))T(x(k 1) y(k)) Hx(k 1) y(k)H2 (23)
Tu (17), (23), ta c6
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2
F(x*) < Fy®)—a |[VE(y™)[ + —LZ‘ [VE™); (24)
. 2 2
bé day 1ap giam thi —a<0,tcla O<a< T v6i cach chon nay thi
F(x"") < F(y"). (25)
Vi y® =x® 1 g (x* —x*) va F la phiém ham 18i, nén ta c6
F(y™) < F(x') (26)
Tir (25), (26), ta co F(x*) < F(x*¥)), két hop véi (19), ta co
. 2 .
Hx‘k) -X H ;s—(F(x(k))—F(x )). (27)
m

Vay lim,_,, [ -x'[= 0.

Trén co sé Dinh 1y 1 va Dinh 1y 2, thuat toan 1 dugc cai tién nhu sau:

Thuit toan 2: Modified Split Bregman Algorithm
Input: A,f,a,/l,é‘, C
1: Initialize: x,b,d , k=1

2: z=x—a(yAT(Ax—f)+/W(Vx+b—d))

2
3: while HAx—fH2 > &% do

k
4: =
P k+C
: y=2z+p,(z-X)

6: Z=X

7: x:y—a(yAT(Ay—f)+/1V(Vy+b—d))
8: d= shrink[Vx+ b%)
9: b=b+(Vx-d)

10: k++;

11: End
Output: X

Trong muyc 3, chiing t6i trinh bay mot s6 két qua tinh toan cho bai toan khéi phuc anh sir dung
thudt toan 2, minh hoa cho 1y thuyét dugc trinh bay.
3. Két qua thye nghiém

Thyc hién thuat toan 2, ching t6i giai bai toan khoi phuc anh véi dit li€u d4u vao 1a anh 13 nét,
dugc st dyng lam ti€u chuan so sanh, anh dau vao co6 kich thudc 1a 2048 x1511 pixel va co nho lai
véi kich thude 50 x 38 pixel. Anh bi lam mo thong qua convolution voi nhan Gaussian va thém
nhiéu Gaussian, phan anh sy suy giam chat lugng pho bién trong thyc té. Chiing t6i két hop gitta
kernel Gaussian (lam mo) va nhiéu Gaussian tao ra mdt anh bi suy giam chat lugng, giup mo phong
chinh xac cac tinh hudng thyc t€. Nhicu lam giam d¢ sac nét, trong khi Gaussian blur 1am giam chi
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tiét cuc bo trong anh. Cac thong s6 vé nhiéu duge cho nhu sau:

Dbi véi nhan 1am mo: Kich thude nhan 1a 7; d6 1éch chudn (sigma): 1,5; nhan Kernel dugc st
dung 12 mot ma tran Gaussian, dugc chuan hoa dé tong cac phan tir trong nhan bang 1 va mé phong
hiéu (g 1am m& anh thyc té.

Péi voi nhidu Gaussian: D 1éch chuén cta nhidu: 0,000005; nhidu Gaussian duoc thém truc
tiép vao anh da lam mo. Nhidu c6 gia tri trung binh 14 0 va d6 1éch chuan nho, nhim mo phong cac
diéu kién nhidu nhe thuong gip trong thuc t& nhu cam bién anh hodc nhiéu truyén dan. Nhiing
thong s0 nay duoc lya chon nham kiém tra tinh hiéu qua cua thuat toan trong viéc khoi phuc anh
tir mot phién ban bi lam mo va nhidu. Didu nay gitip dam bao ring thuat toan co thé xt 1y t6t cac
tinh hudng suy giam chét luong phé bién trong thyc té.

bé danh gia tinh dung dén cta thuat toan, chung t6i lya chon cac thang d6 1a 46 do MSE (Mean
Squared Error) va PSNR (Peak Signal-to-Noise Ratio). Két qua khoi phuc tir thuat toan 2. Ching
t6i thu duoc két qua duoc thé hién trong Hinh 1 va Biéu d6 PSNR trong Hinh 2 cho thdy gia tri

PSNR ting dan qua céc lan lap.
i

E
k.

(a) (b) (c)
Hinh 1. Ké:t qud khéiphuf anh sau khi bi lam mo va nhiéu:
(a) anh goc, (b) anh nhieu hodc mo, (c) anh khoi phuc

19,72 1

=
18,70 -
g

19.68 4

0 2000 4000 8000 8000 10000
S lan lap
Hinh 2. D6 thi PSNR qua cdc lan lip

Gi4 tri PSNR cubi cung dat x4p xi 19,73 sau 10000 1an lip, phan 4nh mot mirc do cai thién chét
luong anh so véi anh bi nhidu/lam mo ban dau. Sai s6 binh phuong trung binh (MSE) giam dan
qua cac 1an lap, gia tri PSNR ting tir 19,67 (1dn lap dau tién) 1én 19,73 (1an lip cudi cing). Cac két
qua cuy thé duoc minh hoa trong Bang 1.

Anh khoi phuc c6 xu hudng rd nét hon so vdi anh nhiéu ban dﬁu, tuy nhién van ton tai mot $6
hién tuong nhiéu va khong dat dugc do sdc nét nhu anh géc. biéu nay la do s6 lan lap chua du 16n,
hodc cac gia tri cac tham s6 (a, A, M), hodc su phu thudc cia thuat toan vao do chinh xac cua
gradient va toan tir A, diéu nay mé ra mot hudng tiép theo cho sw phat trién ciia thuat toan vé viéc
xéc dinh tham s6 t6i wu nhim nang cao hon chit lugng anh khéi phuc.

Béng 2 chi ra mot s6 két qua tinh toan dé thé hién tinh hiéu qua vé thoi gian tinh toan cua thuét
toan 2 tdt hon so v6i thuét toan 1. Chung t6i chon kich thudc nhén 1a 21; d6 1éch chuén (sigma) la
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5; d 1éch chuén ctia nhiéu: 0,3. Sau 500 lan lap, ta dugc Két qua nhu sau: Trong bang 2, cot MSE1,
MSE2 tuong rng 1a 6 do MSE cua thudt toan 1 va thuat toan 2.
Bang 1. Gid tri PSNR ting dan qua cdc lan Iap khi thuc hién thudt todn 2

Lin lip MSE PSNR Lan lip MSE PSNR
1 0,010782 19,67 5001 0,010712 19,70
501 0,010775 19,68 5501 0,010705 19,70
1001 0,010768 19,68 6001 0,010699 19,71
1501 0,010761 19,68 6501 0,010692 19,71
2001 0,010754 19,68 7001 0,010685 19,71
2501 0,010747 19,69 7501 0,010679 19,71
3001 0,010740 19,69 8001 0,010672 19,72
3501 0,010733 19,69 8501 0,010665 19,72
4001 0,010726 19,70 9001 0,010659 19,72
4501 0,010719 19,70 9501 0,010652 19,73
Bang 2. So sanh thudt toan 1 va thudt toan 2
Lan lip MSE1 MSE2

1 0,029346 0,029346

51 0,029301 0,029300

101 0,029257 0,029255

151 0,029215 0,029214

201 0,029177 0,029176

251 0,029144 0,029143

301 0,029116 0,029115

351 0,029095 0,029094

401 0,029083 0,029082

451 0,029078 0,029077

4. Két luan

Bai béo dd d& xuét thudt toan cai tién Split Bregman nham tim nghiém cho bai toan dit khong
chinh véi toan tir tuyén tinh gidi noi va chimg minh dwoc nghiém xap xi hoi tu va 6n dinh khi dat
ra cac gidi han vé tham sb hiéu chinh. Céac két qua thyc nghiém trén bai toan khoi phuc anh tir anh
nhiéu va bi mo cho thdy gia tri PSNR ting dan va sai s6 MSE giam qua céc 1an lip dé cho thiy
tinh hiéu qua cua thudt toan trong viéc tai tao hinh anh tir dit liéu suy giam chat luong. Tuy nhién,
van t6n tai nhitng han ché nhu hién tugng nhidu va sy phu thudc vao tham sé thuét toan, do chinh
xéac cua thut toan 2 chua vuot tr01 so voi thuat toan 1, didu ndy goi mé hudng nghién ctru tlep
theo nham t&i uu héa cic tham sb va cai thién chét lu’ong anh khoi phuc. Két qua nghién ctru nay
s€ gop phan vao viéc ing dung cac phuong phap hi€u chinh hién dai trong cac bai toan xwr 1y tin
hiéu va xtr 1y anh.
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