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Quadcopters are increasingly being applied in various fields such as
surveillance, transportation, and search and rescue, etc. This reality
necessitates the study and development of dynamic models for quadcopters
to accurately simulate flight trajectories. This study focuses on developing a
quadcopter dynamic model based on the Newton-Euler equations and
applying the Beeman method to compute flight trajectories. Beeman is a
numerical algorithm with high accuracy, particularly effective in nonlinear
dynamic problems. The effectiveness of this method is verified by comparing
it with the fourth-order Runge-Kutta method. The results show that the
Beeman method achieves a processing time of only 61.54% to 73.75%
compared to the processing time of the fourth-order Runge-Kutta method,
while maintaining an error margin of less than 1%. This confirms that
Beeman is an optimal choice for nonlinear dynamic simulations of
quadcopters, helping to reduce computation time, enhance efficiency, and
maintain high accuracy. Accurate trajectory simulation can support the
improvement of control algorithms, assess quadcopter stability under
external environmental influences, and predict flight trajectories based on
experimental data.
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Quadcopter ngay cang dugc tmg dung rong rii trong nhiéu linh vuc nhu giam
sét, van chuyén va tim kiém ctru nan, v.v. Thuc té nay doi hoi can thiét phai
nghién ctru xay dung cac mo hinh dong luc hoc quadcopter @& mé phong chinh
xac quy dao bay. Nghién ctru ndy tap trung vao viéc phat trién mé hinh dong
lIuc hoc quadcopter dya trén phuong trinh Newton-Euler va ap dung phuong
phap Beeman dé tinh toan quy dao bay. Day 1a mot thuat toan s6 co do chinh
xac cao, dac biét hiéu qua trong cac bai toan dong luc hoc phi tuyén, dac biét
dugc g dung trong cac bai toan dong luc hoc phi tuyén. Hiéu qua cta phuong
phép dugc kiém chimg bang so sanh véi phuong phap Runge-Kutta bac 4. Két
qué cho thay phuong phap Beeman cho thoi gian xir 1y nhanh hon chi bing
61,54% 61 73,75% so véi thoi gian xir 1y ciia phuong phap Runge-Kutta bac
4, trong khi do sai s6 van duy tri dudi 1%. Didu nay khang dinh Beeman 1a mot
lwa chon tdi wu trong md phong dong luc hoc phi tuyén ctia quadcopter, gitip
1t ngén thoi gian tinh toan, ting hiéu suét tinh toan ma van dam bao d6 chinh
xéc cao. Viéc md phong quy dao bay chinh xac ¢6 thé h trg cai tién thudt toan
diéu khién, danh gi4 mirc d6 6n dinh cia quadcopter khi chiu tac dong tir moi
truong bén ngoai hodac du doan quy dao bay dua trén dir liéu thuc nghiém.
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1. Gi6i thiéu

Ngay nay, Quadcopter 1a mot loai may bay khong nguoi 14i v6i bdn canh quat bd tri tai bon
goc, thuong duoc tmg dung rong rii trong cac linh vuc giam sat, van chuyén hang hoa, tim kiém
ctru hd, v.v. Nho kha ning bay linh hoat va dé diéu khién, chting c6 thé thyc hién cac nhiém vy &
khu vuc kho tiép can hodc nguy hiém. Xay dyng mé hinh dong luc hoc Quadcopter khong chi 1a
yéu ciu can thiét cho viéc nghién ctru 1y thuyét ma con ¢ ¥ nghia thuc tién to 16n trong viée thiét
ké, toi wu va van hanh cac hé thong bay an toan, hiéu qua.

Céc nghién ctru trudc day da xay dung mo hinh dong lyc hoc Quadcopter dya trén phuong trinh
Newton-Euler hoic mé hinh khong gian trang thai [1] —[3]. Tuy nhién, hiu hét cic nghién ciru nay
chi tap trung vao mo6 phong dua trén cidc phuong phap nhu phuong phép Euler, phuong phap
Runge-Kutta bac 4 (RK4) va phuong phap ODE45. Cac nghién ctru trude day [4] — [6] st dung
thuat toan t6i uu hoa dé didu khién quy dao nhung chi kiém tra trong méi truong mo6 phong. Tuong
tu, Smith va Brown [7] sir dung md phong phan mém trong vong (SITL), song van dimng & mc 1y
thuyét va doi hoi nhidu tai nguyén tinh toan. Mic du nhitng phuong phap nay cho két qua chinh
xac cao nhung lai rat ton thoi gian dé xir 1y giai hé phuong trinh vi phan khi dua cac di liéu thir
nghiém lién tuc vao dé giai. Nhimg han ché nay lam giam tinh kha thi trong viéc danh gia chinh
xéc hiéu suét thuc té cia Quadcopter.

Nghién ctru ndy phét trién mo hinh dong lyc hoc cua Quadcopter bang phuong phap Newton-
Euler va ap dung phuong phap Beeman dé giai hé phuong trinh phi tuyén, nhdm mé phong quy dao
bay. Dya trén phuong phap tinh toan s0 Beeman, nghién ctru nay giai mo hinh dong Iyc hoc Quadcopter
duogc dé xuat trong tai liéu tham khao [8] —[10]. Pay 1a mot phuong phép tich phéan s6 thuong duoc su
dung trong co hoc tinh toan, dic biét phil hop véi cac hé cb gia tbe phu thudc manh vao vi tri va van
toc. Phuong phap nay co uu diém cai thién d6 6n dinh va bao toan ning luong 5t hon trong céc bai
toan dong luc hoc. Két qua mo phong bang phuong phap Beeman s& duoc so sanh v6i phuong phap
RK4, mdt phuong phép tinh toan s6 c6 dg chinh xdc cao va dugc sur dung phd bién.

Trong phén tiép theo, bai bao s& trinh bay cach thirc xdy dung mé hinh déng luc hoc Quadcopter
dua trén phuong phap Newton-Euler va ap dung phuong phap Beeman giup danh gia chinh xac
céc chuyén dong tinh tién va quay ciia quadcopter trong cac kich ban bay khac nhau. Két qua thu
dugc chimg t6 phuong phap nay giam tai tinh toan, v6i phuong phap Beeman cho thoi gian xu ly
nhanh hon chi bang 61,54% téi 73,75% so voi thoi gian xir ly cia phuong phap RK4, trong khi
d0 sai s6 van duy tri dudi 1%. Diéu nay rat quan trong ddi voi cac tmg dung mo phong thoi gian
thuc hodc trén cac hé thong c6 tai nguyén tinh toan han ché.

2. Co s& ly thuyét
2.1. H¢ quy chiéu

Chuyén dong ctia Quadcopter dugc xac dinh trén hé truc toa do quan tinh Ox;yiz; va hé truc toa
do6 gan vai vat O 'Xpybzy nhu trén Hinh 1.

( \nh qudl

Xj Xp

\ ¥b
Chuyén doi hé toa do

0 vi o’ Hé toa do

gan voi vit \

Zj Hé toa df) Zp B6 diéu

quan tinh o khlen bz \y i

E)ong co
Hinh 1. Hé quy chiéu Hinh 2. Quadcopter dang chir X

Trong hé toa d6 quan tinh Oxiyizi, toa d0 vi tri tuyét dbi cua Quadcopter dugc ky hi€ula x, y va
z. Van toc theo ba phuong lan luot 1a vy, vy, va v,. Goc tu the, hay con goi 1a goc vi tri, duge xac
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dinh bang ba goc Euler, goc pitch 6 1a goc quay ciia quadcopter quanh truc Y, goc roll ¢ 1a goc
quay cia Quadcopter quay quanh truc X, goc yaw 1 la goc quay cia Quadcopter quay quanh tryc
Z. Trong hé toa do gan vai vat O’ XbYbZb, VAN toc goc dugc xac dinh boip, g var.
Ma tran xoay R mo ta sy thay doi goc quay giira hai hé toa do c6 dang sau:
cOCW) —C@SW+C@)SO)S@) SH)S(P)+CH)C(P)S(O)
R=|COSH) CWC@)+SO)S(P)SEW) —S@CW)+C(@SOSH)| (1)
—-5(6) C(6)S(¢) €(6)C(¢)

M&i quan hé gitra vén tdc goc trong hé toa do quan tinh va hé toa do gan voi Quadcopter duge
biéu dién qua biéu thuc sau:

o [t S@TO C(@)T®)
6[=|0 () —S(¢) H 2
Yl 10 S(@)/C®) C(P)/C(O)
trong do S, = sin(x),C, = cos(x) va T, = tan(x).
2.2. H¢ phwong trinh vi phdn mé phong dong lwc hoc Quadcopter

Dé xdy dung mé hinh dong luc hoc cho Quadcopter, nghién cru ndy st dung phuong phap
Newton-Euler nham thiét 1ap cac phuong trinh mo ta chuyen dong tinh tlen va quay dudi tac dong
cta luc ddy va mo-men xoan. Cac phuong trinh dugc thiét 1ap dwa trén cdu tric cu thé cia mau
Quadcopter trong Hinh 2 va thong so k¥ thuat trong Bang 1 [11].

Bang 1. Théng sé ky thudt ciia quadcopter dang chiv X

Théng sb Ky hiéu Gi4 tri (Pon vi)

Hé s6 luc day k 2,98 x107° (N/rad?/s?)

Mb-men cén b 1,14 x 107% (N.m/rad?/s?)

Khdi luong m 0,468 (kg)

Gia tbc trong trudng g 9,81 (m/s?)

Céanh tay don / 0,225 (m)

Momen quan tinh Lo Ly Ly 4,856 x 1073; 4,856x1073; 8,801x10~3 (kg. m?)
Heé s6 can hinh hoc Ay Ay A, 0,25 (kg/s)

Theo dinh luat Newton, phuong trinh chuyén dong tuyén tinh Quadcopter [8] — [10] dugc mo
ta nhu sau:

5& FX 0 Ax vx
m-|j|=R-|F|-m-|0[—|4y]|vy 3)
7 F, gl |4, lv

Trong do, vector luc F 1a thanh phén luc day sinh ra b1 dong co canh quat ciia quadcopter theo
cac truc toa do [8], tuy nhi€n vi hudng cua lyc day ludn cung hudng véi truc Z nhu trong Hinh 3
cua h¢ toa do gan voivatdo do F, = F, =0, va F, = kwiz.

Roll, ¢

Hinh 3. So do biéu dién quadcopter dang chit X
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Khai trién (3) thanh h¢ phuong trinh vi phén cho chuyén dong tinh tién nhu sau:
m-¥=[S¥)S(P)+C(Y)C(p)SO)].F,— A vx
m-y=[- S(¢)C(¢)+C(¢)5(6)5(l/))] vy “4)
m-Z=[C(0)C(Pp)].F, —m.g — A,
Phuong trinh Euler cho chuyén déng quay cua Quadcopter [8], [10], [12] dugc mo ta nhu sau:
r‘=l.1'1+11><(l.11) ’ ’ %)
Trong d6, vector T va vector i lan lugt 1a mo6-men xodn va vén toc goc theo céac truc cia
Quadcopter, I 14 ma trdn 3x3 biéu dién cho mé-men quan tinh ctia Quadcopter. Trong nghién ctru
nay, Quadcopter c6 hinh dang ddi ximg, do dé chi ton tai cac gia tri I, lyy, I,;. HE phuong trinh
(5) dugc viét chi tiét nhu sau:

To Iyy_lzz qr
A IXX Ixx
Z.) ‘L'_g Izz_lxx
[q] Tl | T T T ©)
r Ty Lex—1
I I B
O day, mo-men xoén T theo céc truc duoc xac dinh nhu sau:
¢,—lk—( — w3+ w?) @)
Te=l'k'7-(w1+w2—w§—w4) (8)
Ty = b (wf — wi + wi — w}) 9)

Trong d6, w; 13 tbc d6 quay cua tirng motor.
2.3. Ap dung phwong phdp so6 Beeman gidi mé hinh dpng luc hoc Quadcopter

Hé phuong trinh mé ta dong luc hoc Quadcopter dugc giai bang phuong phap tinh toan sb
Beeman [13], 14]. Pay 1a phuong phap duoc p dung chil yéu cho cac bai toan xac dinh quy dao
ctia hé co hoc c6 quan tinh 16n. Két qua tinh toan dugc kiém ching vé6i két qua thu duge tir phuong
phap Runge-Kutta bac 4 (RK4) [15], [17] nhdm danh gia hiéu suat va d6 chinh xéc.

Pé phan tich mé hinh dong luc hoc Quadcopter, cic hé phuong trinh vi phan (2), (4) va (6)
duoc bién ddi vé dang sau:

dx
%) (10)
Trong do, vector trang thai X cua Quadcopter dugc dinh nghia nhu sau:
=[xyzv vy v, 009par] (11)

Khi giai cac bai toan dong luc hoc bang phuong phap sd, viée roi rac hoa theo thoi gian 14 can
thiét dé c6 thé mo phong hé thdng theo mién thoi gian. Phuong phap ro1 rac hoa sur dung cac bude
thoi gian hiru han dr dé cap nhat trang thai cua hé thong tir thoi diém n sang n+1. Phuong phap
Beeman cép nhét trang thai X tai budc n +1 dua theo gia tdc hién tai va qué khtr nhu sau:

X1 = Xy + Vpdt + = (4 — @y_y)dt? (12)
. 1

Vn41 = Vp + _(Ban — ap_q)dt (13)

Vnt1 = Vp + 7 (Zan+1 + 5a, — ap_1)dt (14)

Trong d6, x,, , v, vaa, 1an luot 12 vi tri, van toc va gia tdc tai thoi diém n, Vpeq lavan tde trung
gian du doan trang thai hé théng tai n+ 1, 1a trang thai trung gian, gia tri nay dugc sir dung dé tinh
@p4q VA Vpyq theo bicu thuc (14).

Phuong phap Beeman c6 d6 chinh xac bac O(dt3) d6i véi vi tri va O(dt?) d6i Vol van toe. Sir
dung céc biéu thirc (12-14) dé giai hé ' phuong trinh vi phén (4) véi a,, 1a vector gia tdc tai thoi diém
n twong Ung voi (X, y, 7). v, va x,, 1an luot 1 vector van tdc (vy, vy, V,) va vector toa do (x,y,z)
dugc md ta trong biéu thirc (4) tai thoi diém n. Dé giai hai hé phuong trinh vi phan bac mét (2) va
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(6), ta sir dung biéu thirc (13) va (14). Trong hé phuong trinh vi phan (6), a, 1a (p, q, r) va v, la
(p, q,7) tai thoi diém n. Twong ty trong hé phuong trinh vi phan (2), a,, chinh 1a (¢, 8, ¥) va v,
13 (¢, 6,) tai thoi diém n.
Hé phuong trinh vi phan dugc giai sd bang cac ham code MATLAB do nhom nghién ciru viét.
Quy trinh giai hé phuong trinh vi phan lan luot nhu sau:
- Giai phuong trinh (6) dé xac dinh (p, q, 7).
- Giai phuong trinh (2) dé xac dinh (¢, 8, Y).
- Giai phuong trinh (4) dé xac dinh toa do (x, y, z).

3. Két qua va thao ludn

Dé danh gia kha ning ap dung phuong phap Beeman trong khao sat dap tmg dong luc hoc
Quadcopter, cac kich ban bay don gian dugc tinh toan véi dit liéu dau vao duoc liét ké nhu trong
Bang 2. Téc d6 quay dong co duoc gia thiét da biét. Két qua thu dugc bang phuong phap Beeman
dugc so sanh véi két qua cta phuong phap Runge-Kutta bac 4. Cac ham tinh thoi gian trong code
MATLAB dugc st dung dé thuc hién do thoi gian tir luc bat dau thuc hién ham tinh toan cho dén
khi két thic, gitip so sanh hidu qua xir 1y cua phuong phap RK4 va Beeman.

Bang 2. Toc dé quay motor ciia Quadcopter sit dung trong mé phong

Kich bén bay w1 (RPM) w, (RPM) w3 (RPM) w4 (RPM)
Cét canh thang dimg 6207,18 6207,18 6207,18 6207,18
Bay tién 6350,28 6350,28 6350,38 6350,38
Bang 3. So sdnh két qud hai kich ban bay don gidan
. X Sai s0 Téc dd xir ly
K!Ch ban bay (_ ZN Beeman—RK4 100%) (TBeemanxloo%)
i i RK4 TRK4
Cat canh thang dimg 0,5 73,75
Bay tién 0,93 61,54
Quy dao X Quy dao Y Quy dao Z

1 1 35

X (m)
Y (m)

0 10 20 0 10 20 0 10 20
Thai gian (s) Thai gian (s) Thai gian (s)

Goc Phi Goc Theta Goc Psi

Phi (rad)
Psi (rad)

Theta (rad)

0 10 20 0 10 20 0 10 20
Thoi gian (s) Théri gian (s) Thoi gian (s)

Hinh 4. Quy dao cdt canh thang dimg
Hinh 4 biéu dién qui dao bay thing dimg cua Quadcopter. Két qua chira rang Quadcopter cat
canh thang dimg 33 m trong thoi gian 20 gidy, khi toc do quay ctia bon canh quat bang nhau va luc
néng 16n hon trong lugng. Két qua tinh toan bang phuong phap Beeman dugc biéu dién bang duong

cong dut nét, cho thay tuong dong véi két qua tinh toan bang phuwong phap RK4, duge bicu dién
bang dudng cong lién nét.
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Quy dao X Quy dao Y Quy dao Z

P

0.5 N

X {m)
Y (m)
Z (m)

-0.5

RK4 RK4 05

= = = 'Beeman = = = 'Beeman

0 10 20 0 10 20 0 10 20
Thoi gian (5) Thoi gian (s) Thoi gian (s)

Gac Phi Goc Theta Gaoc Psi

0.5

0.006

Psi {rad)

Phi (rad)
Theta (rad)

0.004

-05
0.002

RK4

RK4

= = = Beeman = = = Beeman

0 10 20 0 10 20 0 10 20
Thei gian (5) Thoi gian (s) Thoi gian (s)

Hinh 5. Quy dao bay tién

Hinh 5 biéu dién quy dao bay theo truc X ctia Quadcopter. Két qua chi ra riang Quadcopter thay
doi tu thé trong 5 gidy dau tién va di chuyén theo truc X 2,55 m trong 15 gidy tiép theo. Két qua
tinh toan bang phuong phap Beeman dugce biéu dién bang dudng cong dit nét, cho thdy twong
ddng vai két qua tinh toan bang phuong phap RK4, dugc biéu dién bang dudng cong lién nét. Bang
3 cho thiy quy dao mo phong ciia hai phuong phap Beeman va RK4 sai 1éch khong nhiéu. Tuy
nhién, phuong phap Beeman c6 thoi gian xir 1y t6t hon chi bang 61,54% t6i 73,75% so véi phuong
phap RK4. P sai 1éch cua hai phuong phap 13 0,5% trong trudng hop cit canh thing ding, va
0,93% khi bay tién. Diéu nay ching to phuong phap Beeman cho két qua tinh toan dang tin cay
trong gidi bai toan dong lyc hoc Quadcopter.

) bé danh gia tinh linh hoat va Bang 4. Cdc kich ban bay ciia Quadcopter
hifu qud cta phuong phip Théi gian (s) Kich bén 1 Kich bén 2
Beeman, cac kich ban bay phire tap 055 E, > mg E, > mg
khi lyc nang thay doi trong qua 5510 E, = mg E, <mg
trinh bay dugc mo6 phong nhu moé 10+ E, = mg E, = mg
ta trong Bang 4.

Hinh 6 biéu dién quy dao bay ctia Quadcopter theo kich ban 1. Két qua cho thdy trong 10 gidy dau
tién, Quadcopter bay thﬁng dtng 6,3 m, sau do s€ 6n dinh do cao. Mic du, trong khoang thoi gian 5 toi
10 gidy, luc nang bang trong luc nhung Quadcopter van bay 1én, diéu nay do lyc quan tinh gy ra.
Tuong ty, trong kich ban 2, Hinh 7 cho thdy Quadcopter bay 1én 5 m trong khoang 8 gidy dau tién, sau
d6 ha thip do cao xudng 4,8 m trong 5 gidy tiép theo, sau do gitr 6n dinh d6 cao. Két qua tinh toan bang
phuong phap Beeman dugc biéu dién bang dudng cong dut net, cho thiy twong ddng véi két qua tinh
toan bang phuong phap RK4, dugc biéu dién bang duong cong lién nét.

Béng 5 cho thiy phuong phép Beeman va RK4 c6 két qua quy dao gan nhu tring khép vai sai
56 0,59% cho kich ban 1 va 0,63% cho kich ban 2. Tuy nhién, phuong phap Beeman c6 thoi gian
xtr Iy nhanh hon déng ké, bang 66,67% tdi 68,09% so voi phuong phap RK4 cho hai kich ban bay
phirc tap. Diéu nay cho thay phuong phap Beeman 14 Iya chon t6t khi can hiéu suét tinh toan cao
ma van dam bao d6 chinh xéc.
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| Quy dao X | Quy dao Y 4 Quy dao Z

6

0.5 0.5 5

z z g4
= 0 = 0 =

Ed - N3

2

-0.5 -0.5 -

0 10 20 0 10 20 0 10 20

Thoi gian (s) Thai gian (s) Thai gian (s)
. Goc Phi . Goc Theta | Gaoc Psi
0.5 0.5 0.5
- =) =
= 0 Z 0 Z 0
= I 7
e : e
-0.5 -0.5 -0.5
RK4 RK4 RK4
= = = +Beeman = +Beeman = = = +Beeman
-1 -1 -1
0 10 20 0 10 20 0 10 20
Thai gian (s) Thai gian (s) Thai gian (s)
2 . ” A , \ A N
Hinh 6. Kich ban 1 - Cat canh va can bang
1 Quy dao X ) Quy dao Y N Quy dao Z
5
4
0.5 0.5
— — 3
2 0 2 0 =
< - N >
-0.5 -0.5
RK4 ! RK4
= = = *Beeman = = = 'Beeman
1 -1 0
o 10 20 0 10 20 0 10 20
Thai gian (s) Thoi gian (s) Thi gian (s)
. Gaoc Phi ' Goc Theta . Gaoc Psi
0.5 0.5 0.5
=l
0 0 = 0
<
-0.5 -0.5 -0.5
RK4 RK4
= = = ‘Beeman = = = ‘Beeman
-1 -1 -1
) 10 20 0 10 20 0 10 20
Thai gian (s) Thoi gian (s) Thi gian (s)

Hinh 7. Kjch ban 2 - Cat canh, ha thap va cdn bang
Bang 5. So sdnh két qud hai kich ban bay phirc tap

Sai s6 Téc dd xir ly
Kich ban 1N Beeman—RK4 TBeeman o
(N Zi=1 —RK4 X 100%) (—TR](4 x100 A))
Kich ban 1 0,59 68,09
Kich bén 2 0,63 66,67

Duya trén két qua mo phong cho thay sai sb giita phuong phap Beeman va phuong phap RK4
luén nh6 hon 1%. Tuy nhién, phuong phap Beeman ludn ¢ thdi gian xtr Iy nhanh hon dang ké so
v6i phuong phap RK4, chi bang 61,54% t6i 73,75% so véi phuong phap RK4, dic biét rd rét trong
cac kich ban bay phirc tap. Diéu nay cho thiy phuong phap Beeman pht hop véi cac bai toan mo
phong quy dao Quadcopter, cho két qua c6 d6 chinh xac cao va thoi gian tinh toan thdp hon so véi
phwong phap RK4. Phuong phap nay gitp t6i vu hiéu suat khi xir Iy qu§ dao Quadcopter trong thoi
gian thyc hodc trén hé théng tai nguyén han ché.
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4. Két ludn

Nghién ctru da xay dung mo hinh dong lyc hoc Quadcopter dya trén phuong phap Newton-
Euler va giai hé phuong trinh bang thuat toan Beeman so sanh voi Runge-Kutta bac 4. Cac mo
phéng cho thay Beeman dat d6 chinh xdc cao voi sai s6 dudi 1% so v6i phuong phap RK4, dong
thot rat ngan thoi gian xu ly xudng con 61 ,54%-73,75%. Phuong phap nay xtr Iy hiéu qua trong
cac tinh hubng dong luc hoc phirc tap, dam bao 6 6n dinh quy dao bay va phu hop cho cac ing dung
thoi gian thuc hodc hé thong han ché tai nguyén tinh toan. Trong ‘tuong lai, nhdm nghién ctru s&
tiép tuc t6i wu thuat toan va trién khai thir nghiém trén mo hinh phan cimg thuc té.

Loi cam on

Nghi’én ctru nay duogc tai tro boi Truong Pai hoc Cong nghé, Dai hoc Quéc gia Ha N&i theo dé
tai ma s6 CN24.17.
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