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The torsional stiffness of corrugated core board is an important mechanical
property that represents the ability to resist torsional deformation when
subjected to the twisting force of the packaging during use. However,
accurately calculating torsional stiffness still faces many challenges. This
paper analyzes the torsional stiffness calculation process to identify existing
difficulties, thereby proposing a method for determining the torsional
stiffness of corrugated core board using analysis and numerical simulations.
The analytical expression for calculating torsional stiffness is developed to
allow fast and flexible calculations during the design process. A 3D
numerical model is created in Abaqus software, accurately reproducing the
geometry of the corrugated core layer to simulate the torsional behavior
under torque effects. Comparison of the results between the two methods
shows small deviations, confirming their accuracy. The research results
provide a useful basis for the design, evaluation, and optimization of
corrugated board structures in applications requiring torsional resistance.
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D6 cirng xoin cua tam carton 161 lwon song 1a mét dic tinh co hoc quan
trong, thé hién kha nang chdng lai sy bién dang xoén khi chiu tac dong luc
gay xo0én cua bao bi trong qua trinh st dung. Tuy nhién, viéc tinh toan chinh
xac duoc do cng xoén con gap phai nhiéu thach thirc. Bai béo nay tap trung
vao viéc phén tich quy trinh tinh toan d¢ cung xoin dé xac dinh Vén dé kho
khan dang ton tai, tir 46 dé xuét phuong phap xac dinh d6 cing XOan cua tim
carton ¢6 ciu tric 13i luon song bang giai tich va md phong sb. Biéu thiic
giai tich tinh toan do cing xodn duoc xay dung cho phép tinh toan nhanh
chéng va linh hoat trong qué trinh thiét ké. M6 hinh sé 3D duoc xay dung
trong phan mém Abaqus, tai hién chinh xac hinh hoc cua l6p 16i lwon séng
dé mo phong hanh vi chiu xoin dudi tic dung caa md men xoin. So sanh
giita hai phuong phap cho thay sy sai léch nho, khang dinh tinh chinh xac
cua hai phuong phap. Két qua nghién ctru 1a co s¢ hitu ich cho viéc thiét ké,
danh gia va toi uu hoa két cau tam carton trong cac ung dung doi hoi kha
nang chiu X04n.
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1. Gigi thiéu

Do cimg xoan 1a mot dai lugng co hoc biéu thi kha nang cua vat liéu hoac céu kién chiu duoc su
bién dang do m6 men xoén tac dong. Trong thuc té, y nghia cua do clng x0an rat quan trong trong
nhiéu linh vyc k¥ thuat va thlet ke nhu trong thiét ké co khi: d6 climg xoan dam bao rang cac truc co
thé chiu dugc mé men xoén tmyen qua ma khong bi bién dang 16n, gy rnat 6n dinh hogc hu hong.
Cac bd phan nhu truc, kh6p noi can c6 do cing Xoan du 16n d@é hoat dong 6 6n dinh, tranh rung lic va
dam bao tudi tho. Trong nganh 6 t0, khung gdm can c6 do cimg xodn cao dé dam bao an toan, giam
bién dang trong khi xe chiu Iyc van xoan khi vao cua hodc trén dia hinh g0 ghé. Hé thong lai va treo:
Céc thanh phan phai du cimg dé dam bao phan hdi nhanh va chinh xéc. Trong xy dung, dim ciu
phai ¢6 d6 cimg xoan phu hop dé chiu duoc cac luc khong dbi ximg, vi du khi xe tai ning di qua. Do
cling xodn gitip dam bao tinh 6n dinh cua cong trinh trude cac tac dong ngoai, nhu gio hay dong dat.
Tém lai, do cliing x0an 1a mot yeu td quan trong trong viéc dam bao do bén, hiéu suat va tinh an toan
ctia céc ciu kién hodc hé théng co hoc trong thuc té.

Ly thuyét xodn dan héi dau tién duoc Saint-Venant phat trién vao nam 1855 1a mot trong nhing
nén tang cua co hoc vat rn bién dang. bBay la ly thuyet phan tich img xir cua cac thanh c6 mét cét
ngang bét ky khi chiu mé-men xoén [1]. Nghién ciru v& do cling xodn cua cac tiét dién khong tron
thuong tap trung vao viéc phan tich kha nang chdng lai bién dang xodn cia céc tiét dién co hinh
dang phi tron, nhu tiét dién chit nhat, hinh elip, chir I, chir H, chir T, hodc cac dang phure tap khac
[2]. Cho dén nay da c6 nhiéu nghién ctru de xuit cac phuong phap tinh toan d6 cimg xodn cua cac
chi tiét, két cAu khac nhau. Phan tich xodn thanh composite voi cac 1op vat liéu khac nhau dugc
thuc hién nho giai phap phan tir bién (B.E.) cho bai toan xoan Saint-Venant véi thanh tru composite
c6 tiét dién bat ky. Thanh composite gém vat liéu ma tran hinh try bao quanh cac tap chét v&i mo
dun cat khac nhau, lién két chit ché. Bai toan dugc thiét 1ap theo ham xoan qua bai toan gia tri bién
kiéu Neumann, dong thoi danh gia do cimg xodn va tng suét cat. Cac vi du sd duogc so sanh véi
két qua phan tich hoic s6 khac, trong d6 trudng hop tiét dién dong nhét c6 hodc khong co 15 la dac
biét. Hiéu qua cua phuong phéap B.E. duge chimng minh 16 rang [3]. DPbi 'vGi nhimg két cAu phirc
tap, phuong phap phan tir hitu han dugc st dung de tinh toan d¢ cung xodn nhu trong danh gia do
cung khung gam xe 6 t6 [4]; md phong céc chi tiét co két ciu vach mong [5]; tang cuong do cimg
xoan cua khung xe 6 t6 nhe bang cach t&i wu hoa vat liéu va hinh dang [6]; danh gia tinh chat xodn
cua vat liéu in 3D cho cdc cau tric méi [7] - [9]. Mot Iy thuyét méi dé tinh d6 cing xoan duoc dé
xudt trong nghién ciru ciia Wenjuan Lou va cong su [10], tuy nhién chi 4p dung cho b6 day dén.
Trong nghién ctru cua Tomasz Garbowski va cong sur [11], mot phuong trinh phén tich mé ta do
clig xodn ctia tim c6 tinh den do cung cit ngang trong cac tim sandwich. Do cit ngang trd thanh
mot thanh phan quan trong néu tdm hodc vo dugc phén tich theo Chleu day. Bén canh d6, mot s6
nghién ctru vé tm carton 15i séng ciing dé cip dén van de d6 cung xoan [12] - [14].

Trong nhitng nghién ctru lién quan dén d6 cing xodn da cong bd chua c6 nghién clru ndo vé
viéc tinh d cting xodn cho két ciu tim sandwich 15i song. Pic biét 1a tém carton 16i lugn séng.
Nghién ciu nay nham xay dyng mo hinh ly thuyét dé tinh toan do cimg xodn dya trén dic tinh hinh
hoc va tinh chat co hoc cua két tim carton. Nghién clru nay phat trién mo hinh m6 phong s6 dé
phan tich img xr cua tam carton khi chiu mé men xodn, xac dinh do clng Xoan twong Umg; tir d6
hd tro thiét ké va tdi uu hoa ciu tric carton trong thiét ké bao bi va cac két cau tim sandwich.

2. Phwong phap nghién ciru

Do cimg X04n (GJ) 1a mét dai lugng co hoc lién quan dén mo-men xodn va goc xodn trén mot
don vi chieu dai. Biéu thirc tinh d§ ciing xoan nhu sau:
T
Gl=—- 1
a/L @)
Trong do:
G- M6-dun truot cta vt liéu (Pa hodc N/m?)
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J- Md-men quén tinh cyc ctia dién tich tiét dién ngang (m*)
T- Mé-men xo4n tac dung 1én vt liéu (N.m)

0- Goc xoan (radian)

L-Chiéu dai mau thir (m)

D6i véi tAm carton 161 lugn song, do 16i ¢6 dang hinh hoc kha phirc tap (Hinh 1) nén viéc tinh
mO-men quan tinh J trg nén kho khan, doi hoi hiéu biét vé tinh chat vat 1iéu, hinh hoc cua 161 lugn
song va phuong phdp tinh toan. Co s& tinh toan dugc trinh bay trong phan sau.

ZD (z)

Hinh 1. Két cdu tam carton 16i lwon séng
2.1. Co sé tinh todn dé cieng xoin

Xét mot tém phing chiu tai trong phan b theo phuong thang ding q. Noi lyc va mé men ndi
luc trén mat phang trung binh biéu dién nhu Hinh 2. Phuong trinh can bang cho tam:
M. x +Myx,xy +M -M

yryy "My oy =0 (2)

My +dM,,
M +dM, I
r\ +dT\
_ B +dM,
i % M, +dM,,

T,+dT,

Hinh 2. Néi luc va mé men ni luc trén mat trung binh cia tam

Trong tim phang tryc hudng mg suat phing, mé men udn va mé men xoan duoc tinh theo cac
biéu thire (3):
oy =& +E &, =—2(E W, +E W)

oy = E'ygy +E ¢ =—1( E'yWyy +Ew,)

©)
Ty =Gy =—2GZW,,
T Ex . Ey —— Exvyx .
Vo1 EX=1_— ; Ey=1_— ; E =1- ; Exvx =Eyvy
nyvyx nyvyx nyvyx
hi2
M, = J. o202z = -D,W,, — Dy,
~h/2
hi2
M, = j oy2dz =-Dyw, — D, 4)
~h/2
hi2
My, =-— I 7,y 20z = 2D, W,
~h/2
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. En’ En° E'h Gh®
voi D=y i By= P D= Dy=
Trong d6, Ex va Ey la cac m6 dun dan hdi, G 1a mo6 dun trugt, vyy la hé s6 Poisson va h 1a chiéu
day tAm. Thay biéu thirc (4) vao (2), ta duoc:
DxW,xxxx + 2(D1 + ny)W

gy +DyW =0 (5)

Trong d6: D1 14 anh hudng ciia hé sb Poisson mo men udn dén do cong xoan, Dyy 1 d6 cling
X04n cuia tam.

Dbi v6i tam carton 15i song do ¢o ciu tric r6ng voi cac khoang xen k&, phan bd g suat va
blen dang theo phuong vuong géc véi mat phang tAm 1a phi tuyen Vi vay, khong thé p dung truc
tiép phép tich phan trong cong thirc (4) nhu d6i voi tAm nhiéu 16p thong thuong dé xac dinh do
clmg. De giai quyét van d& nay, mot mo hinh tuong duong nhim xac dinh do clmg xoan da duge
dé xuét [8]. M6 hinh nay dugc xdy dung dudi dang ludi thanh, cho phép xét dén su khac biét vé
d6 cimg xoan theo hai phuong chinh x va y (Hinh 3). Trén co s& ly thuyét dam c6 dién, d6 cing
xodn cua timg thanh dugc tinh theo chiéu dai don vi twong Gng:

WZ%HX‘X :%W.yx ¥ :%%.y :_%
bl bl a1 al

Trong d6, Gix 1a d9 cling xoan theo phuong x, Gjy 1a d6 clmg xoan ciia dim theo phuong y, Oxx Va
0y, biéu thi ty 18 xodn quanh X Va'y, -2w’xy 1a d6 cong xo0an, My, Va Myx 1a cic md men xoén tinh trén
mot don vi chidu dai, by va ay 1a cac khoang chia gitta hai dAm theo phuong x va y twong ting.

M ;M Wy 0 Wy =Wy (6)

L
& ) 9
L)
' by Myy
7=f-
b
(]
0y Myx
o 2
"IOI L’“

i Hinh 3. M6 phong xodn cho két cau dang liwi
Thay biéu thic (6) vao (2), ta co:
E,i Gi, Gi E,i
t;(lx IXXXX +( blx +a_1yJ Wisxyy +%W:yyyy =q (7)
Trong d6, Exix, Eyiy 1a d6 cimg ubn cua dé‘xm theo phuong x, va phuong y tuong rng.
T biéu thic (5) va (7), d6 cling xoan cua tam tuong duong thu dugc:

i, Gi GJ
nyzl %_,_ﬂ :E %+7y (8)
40b, 3 ) 4l b a

Trong d6, GJx va GJy 14 tdng cac d6 climg xoén cua tat ca cac dam theo phuwong x va theo phuong

y.

Tur su két hop cua hai thanh chiu xodn, ta ¢6 h¢ s6 1/4. Néu goc xoan 6x quanh truc x trong tam,
ta thu dugc mot ty 1€ xoan Oxx= W,yx = 0x/L quanh truc x va mdt ty 1¢ xoan ngang bang Oy, = -W,xy =
-0y quanh truc y. Céng ciia md men ngoai luc duoc tinh bang ndi nang cia bién dang [15]:

. B .. GJ, GJ
M6, = [ Gl (0,,)" dx [ Gjy(ay,y)zdy=IA( . +T] (w,y )" dA ©)
V6i Gj, =D (Gi.), Giy = ) (Gi ),

i i
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Trong tim dong nhat twong duong, phuong trinh ning lugng c6 thé dugc viét nhu sau:
2
M6, = J‘ Dyh A= j Dy (2w, )" da (10)

Trong d6, (-2W,xy) = K xy 12 d6 cong x0dn cuia tim, né duoc chia thanh hai ty 1é bang nhau ciia
xoan dam (W,yx = Oxx V& W,xy = -0y,). Tt biéu thic (9) va (10), thu dugc cong thuc dé tinh toan do

cung xoan cua tam tuong duong:
1(G6J, G
D, ==| —2*+—2

2.2. Tinh todn d¢ cirng xodn cho tim carton 16i lwgn séng

Cac nghién ctru [12] va [13] da de xut phuwong phap tinh gan ding d6 cimg xodn cta tim carton
3D. Trén mit cit CD, mo-men xodn quanh truc y c6 thé dugc mo hinh hoa twong duong voi mot
thanh thanh mong ¢ nhiéu 6 kin (Hinh 4). Dya trén ly thuyét Bredt, cic phuong trinh sau dugc
thiét 1ap cho mot phan bao g(k)m‘n 0 don vi.

—— —— | —— “+— —— | —— ~—

| J
G 42 | it i Qi+l Un-1 Un

\ A T O) qi "q: @j\ |7 ® v@“ o) MK O o ‘T

A qi A A
41 42 1\ Yi- i i1 ‘l Un-1 Un
> —>— | —>— > > —>— >
/ /
Hinh 4. Luéng ig sudt cdt trén tiét dién thanh mong cia n 6 don vi

q ds _q ds _2M, S
1 2]”2 e J 1
ds ds ds 2M,
~q, J ol o= (12)
ds ds 2M,
—0ns j ?—i_qn[ﬂ‘? 3 S

n,n-1
Trong d6, J 14 mémen quan tinh xoan cua tiét dién 6 don vi; q; dai dién cho ludng ting suat cat
chua xéc dinh trong thanh phén tir 6; M 1a mémen xoén tac dung 1én tiét dién; e 1a d6 day thanh 6;
s 1a chidu dai ctia duong cong trung binh trong thanh 6; va S; 1a dién tich mit phing duoc gi6i han
boi dudng cong trung binh s ctia 6 don vi.
Giai cac phuong trinh (12) (str dung 2My/J = 1), thu dugc ludng Gmg suat cit J; . Tir d6 md men
xoan quan tinh J va ludng tig sut cat q; dugc tinh theo cong thirc sau:

J= 4ZqI g =0 'ZT (13)

St dung hé phuong trinh tuyen tlnh (12), ¢6 thé giai dugc bai toan xodn dbi véi mot tam carton
¢6 10 6 don vi. Tur d6, phuong trinh (13) dugc ap dung dé tinh toan gi tri J va g Cac luong ung
suét cit xuit hién trong cdc thanh bén trong rat nho so v6i & cac thanh bén ngoai. Khi 0 lugng 6
don vi tang lén, cac luong ing suét ct trong vach bén trong tré nén gan nhu khong dang ké (xem
Hinh 5). Trén thyc té, mot tam carton 161 song thuong bao gom hon 50 6, voi ing suat phan bd gan
nhu bang khong trén da s cac vach cia 18i. Do d6, khi tinh d6 ctng xodn bang cong thic Bredt
cho tiét dién ctia mot 6 c6 thé boé qua nhitng vach nay:
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45’
J= 482 412h? 4Lh°GYe G
14 B ~ _ eG%,
% (14) GJ = ds L L oL G(l)el+G(3)e3 (I < L) (15)
— + +
¢ le, G GO, G,

trong d6 h 1a chi€u cao cta tam carton, L 1a chi€u dai ciia tam va | 1a m&t nura chiéu dai hinh sin
cua 10i.
1.32 1.46 1.47

0.\ 001/ 0.034\0.105

o VeV o\/o

1.0 1.43 147 1.46

Hinh 5. Phdn bé iing sudt tiép trén mét mdt cdt c6 10 khoang rong

Theo huong MD, vi€e tim 161 giai cho bai toan X04n gap nhiéu kh6 khan. Cac phan tich bang
phuong phap phan tir hiru han cho thay mit cit MD 1a mit cit ho, c6 do cung xoan dam nho dang
ké so v6i d6 cling xodn trén mit cat CD. Vi vay, dé don gian hoa bai toan xodn vén rat phirc tap,
¢6 thé xem nhu bo qua do cimg xoan theo phuwong MD:

1(Glyp Glep ) Glep
< + ~
4\ B L 4L

(16)

3. Két qua va thao luan

AN

Hinh 6. Kich thude va hinh dang hinh hoc ciia tam carton 16i lwon séng

1%
I
/

| ) 6. '[’0.18”

Xét mot tAm carton 13i song co chiéu dai L = 400 mm va chiéu rong B =200 mm. Tiét dién mat
cit ngang nhu Hinh 6. Thong s6 vat liéu cta cac 10p gidy nhu trong Bang 1. Piéu kién bién cia
tam carton 15i song chiu xoan nhu trong Hinh 7. M hinh duoc xay dung trong phdn mém Abaqus
gdm 97250 phan tir S4R véi 95324 nt.

Bang 1. Cdc thuéc tinh dan hoi ciia gidy

Lép gidy Ex (MPa) Ey (MPa) Vxy Gxy (MPa) Eo
1,3 2350,2 879,91 0,0829 1047,2 91,45
2 11204 615,85 0,0717 301,05 80,31

M6 men xodn bén ngoai Miotal-x can thiét dé c6 dugc goc ap dat 0= 1/20, n6 cho mémen xoin
bén trong trén mot don vi chidu rong;
M
M. = total —x 17
w=g (17)
Mot tam khi xoan quanh x hodc xoan quanh y, dan dén toc do xoan giong hét nhau va mémen
xodn giong hét nhau theo ca hai hudng:
M
Oy =—Ox My =—M, = —“E"*X (18)
Nghién ctru da chirng minh réng d6 ctmg xoin GJwp nho hon nhiéu so v&i Glep va do d6 khong
dang ke. Trén thuc te, Glcp 1a vat liéu chong lai mémen xoan bén ngoai xung quanh x:
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G‘]CD —_ Mtotal—x
BO,

Ludng tng suét di trong cac 10p ciia tAm tinh toan duoc bang giai giai tich thé hién trong Hinh
8, bang mo6 phong s6 thé hién nhu trong Hinh 9. Cac két qua nhan dugc cho thiy ludng img suét
tinh toan bang mo phong sb va 1y thuyét ¢6 sy tuong déng rat tot. Tir d6 tinh toan duoc d cing
xoan nhu trong Bang 2. D01 voi truong hop ap dung goc xodn quanh tryc y, thu dugc két qua tuong
tu (Bang 3). B9 clng xo@n cua tim dudi cic momen bén ngoai Miotal-x (M) hodc Moty (cp) gan nhu
giong hét nhau. Didu nay dugc giai thich 1a do sy lién két xodn giita hai huéng va cung cip do
ctig xodn doc dao ctia tam.

(19)

Ngam

% bat luc
ZD

CDy 6=20
MD-x -

Hinh 7. Piéu kién bién ciia tam chiu xodn

Hinh 9. Ludng img sudt tiép trong cdc I6p thu dwoc bang mé phéng 3D Abaqus

Bang 2. Pé cimg xodn thu dugc bang 2 phwong phdp (6 = 1/20)

Bredt Dss (N.mm) Abaqus-3D (N.mm) Error (%)
G‘]MD :4D Mtotal—x
L ® Ba)(.)(
8192,35 8271,77 0,96

Bang 3. D¢ citng xodn thu dirge bang 2 phwong phdp (6, = 1/20)

Bredt Dss (N.mm) Abaqus-3D (N.mm) Error (%)
G‘]CD — 4D33 Mtotal—y
BO,,
8192,35 8320,43 1,56

4. Két luan

Do cing xo4n 12 mét dic tinh co hoc quan trong, dong vai tro thiét yéu trong viéc danh gia do
bén va tinh 6n dinh cua tam carton 151 lwon song, dic biét trong cac u’ng dung bao bi yéu cau kha
nang chiu luc t6t trong qua trinh vén chuyén va st dung. Tuy nhién, viéc tinh toan chinh xac do
cling xodn d6i véi tAm carton 15i lwon séng con gip nhiu thach thire do tinh chét phuc tap cua chu
trac vét liéu. Bai bao da phan tich cac khé khan trong qua trinh tinh toan, tir 46 dé xuat mot phuong
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phap giai tich dé xac dinh md men quan tinh, dong thoi sir dung phuong phap phan tir hiru han dé
kiém ching dd chinh xac cua phuong phap giai tich. Phuong phap dé xuat dua trén mé hinh dang
lu6i dé tinh xodn cho két cau khoang rong nhu tim carton 18i song. Dong thoi da ung dung su phén
b ludng tng suat trong cac thanh thanh mong vao tinh toan d6 ctmg xoan. Két qua nghién ctru
khong chi cung cap mot cach tiép can hi¢u qué hon trong viéc tinh toan d6 cimg xoan ma con mé
ra hudng cai tién thiét ké tim carton dép tmg t6t hon cac yéu cau thuc tién.

Lo1i cam on
Nghién ctru nay duoc tai trg boi Bo Gido duc va Pao tao Viét Nam (ma ) B2023-TNA-20).
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