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In the process of designing and calculating the internal gear pumps, the
lubricant film is modeled by a spring-damper system. Previous studies
have been based on the assumption that the force generated by the
lubricant film is a linear function of displacement and velocity. This
paper proposes a new model using fractional-order derivatives, in
which the lubricant film force depends nonlinearly on the velocity. The
paper also establishes a method for calculating the stiffness and
damping coefficients in the model, as well as determining the trajectory
of the shaft motion. Numerical simulations are performed with the
fractional derivative order a ranging from 0.7 to 1.0. The results show
that the stiffness coefficients converge rapidly and are less dependent
on the value of a, while the damping coefficients decrease quickly to
zero as a decreases. When the order a approaches 1, the computational
results converge to the linear case. The study demonstrates the potential
of applying fractional calculus to solve practical engineering problems.
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Pong luc hoc chét luu
Phuong trinh Reynolds
Mang dau bdi tron
Giai tich phan thir

Pao ham Caputo

Trong qua trinh thiét ké va tinh toan bom banh rang an khép trong, 16p
mang dau dugc md hinh hoéa bai mot hé 10 xo giam xoc. Cac nghién
ctru trude day dua trén gia thiét raing luc tac dung cua mang dau boi
tron 12 ham tuyén tinh ddi v6i do dich chuyén va van téc chuyén dong.
Bai bao nay dé xuit mot mo hinh mai véi sy giap d& ctia dao ham phan
thir, trong d6 lyc mang dau phy thugc phi tuyén vao van téc chuyén
dong. Bai bao ciing xay dung cach tinh toan cac hé sb dan hoi va giam
chan trong mé hinh, cach xac dinh quy dao chuyén dong cua truc. Cac
md phong sé dugc thuc hién véi bac dao ham phan thir a tir 0,7 d&én 1,0.
Két qua cho thay cac hé sé dan hoi hoi tu nhanh, it phu thudc vao bac a,
va cac hé s6 giam chan giam nhanh vé 0 khi @ nho. Khi bac a tién dan
dén 1, két qua tinh toan hoi tu V& trudng hop tuyén tinh. Nghién ctru
chimg t6 kha niang ap dung giai tich phan thir trong viéc giai quyét cac
bai toan thyc té.
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1. Gigi thiéu
Hoat dong ctia may moc thuong cd quan hé mat thiét dén k¥ thuat boi tron. V& nguyén 1y,
mang dau boi tron c6 vai trd ngdn cach, lam tron céac bé mat tiép xuc, va truyén tai cac luc tac
dong thong qua ap suét sinh ra trong 16p mang dau. Do d6, tinh chét hoat dong cua may moc co
thé phan tich duoc dua vao cac quy ludt thuy dong luc hoc. Nhiéu nghién ciru vé tinh chat thay
dong luc hoc cua chuyén dong 6 truc trong dong co nhan dugc sy quan tdm cua nhiéu nha khoa
hoc trong nudc va trén thé gioi [1] — [10 Mot trong cac phuong phap mo hinh hoa va tinh toadn
tac dong cua 16p mang dau duoc dé xut boi J. W. Lund [2], 6 d6 16p mang dau duoc xem nhu
mot hé théng 10 xo giam xé6c (Hinh 1 mé ta cdu tao clia mot bom banh ring an khop trong, va
Hinh 2 biéu dién tic dung cua 16p mang dau nhu mot hé 16 xo — giam xéc). Do d6, luc tac dong
ciia mang dau dugc biéu dién boi mot ham tuyén tinh ctia chuyén vi va van tdc truc quay:
Fx (F )0 Ax bxx  bxy][A% 1
[k ] )+ a5 W
trong do k;; la cac he sb dan hol, b;; 1a cac he; 56 giam chan, Ax, Ay 1a d6 dich chuyén va Ax, Ay
1a van toc cua truc quay theo cac truc x va y tuong ng.
Két qud tinh todn céc thong sb dong luc hoc nhu ap suét mang diu, hé sb6 dan hdi va hé sb
giam chan duoc thuc hién trong [2], [4], 1am co s¢ dé phan tich cac tinh chit dong hoc ciia may

moéce va hoat dong boi tron.
Than bom l—» x(t)

byx byy

Vanh ring

T N
-~ Dau béi tron

m—eF

I

Hinh 1. Mat cat bom banh ring Hinh 2. M6 hinh [6 xo va Hinh 3. Hé théng 16 xo
an khop trong giam xoc giam xoc

Gan day, giai tich phan thir (s dung dao ham v61 bac khong nguyén) duge phat trién manh
mé va dd c6 nhiéu ung dung thuc té duoc tim thay nhu phwong trinh truyén nhiét [11], phuong
trinh khuyéch tan [12], phuong trinh Navier-Stokes [13], xtr Iy anh [14]. Trong céc bai bao [12] -
[19], dao ham phan thir dugc sir dung dé md hinh héa dao dong tat dan cua hé théng 16 xo giam
x0c, tao co s& dé giai cac bai toan phi tuyén trong thuc té. Chang han, mé hinh 16 xo giam x6c
nhu mo ta trong Hinh 3 dugc st dung dé minh hoa khai niém nay, trong do lyc tac dong F(t) co
thé duoc biéu dién dudi dang:

d*x(t)

dt«

F(t) =kx(t)+b (2)

L. d%x(t)
Vol at® 7 7 Y 7 7

Trong vat 1y, luc can chat luu (chat 16ng hoac khi) phu thudc vao nhiéu yéu t6 va khong co
bicu dien thong nhat trong moi truong hgp. Doi voi vat theé chuyén dong trong chat luu, nguoi ta
su dung luc can véi cong thic:

la dao ham phéan thir c6 bac a thyc.

1
F =5 pCaAv® ®3)

trong do, p 1a khéi lugng riéng chét lwu, C; 1a hé s6 can, A 1a dién tich cit ngang cua vat thé
vudng goc voi dong chay, v 1a van tc cua vat thé chuyén dong trong chat lwu. Néu van téc v 16n,
s6 mii @ duoc chon bang 2; néu v nho, sé mil a duge chon bang 1. Két qua nay c6 duoc dua trén
phan tich dir liéu thuc nghiém.
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Trong nghién ciru nay, dya trén dao ham phan tht, chung t6i m6 hinh héa lyc can cia mang
dau dbi véi truc banh ring bai ham phu thude vao van téc v véi sé mii a thuc. Trude tién, bac a
dugc xem x¢ét trong truong hop 0 < @ < 1. Phuong phap moé hinh hoa nay ctng phu hop voi cac
nghién ctru gan day nhu trong céc bai bdo [16] — [17] ca trén khia canh ly thuyet 14n thuc nghiém.
Cac mo hinh boi tron truyen thong thuong xem xét du b01 tron nhu 13 chat long Newtonian.
Thuc té ¢6 nhiéu loai dau bdi tron, dugce bd sung thém mot s6 chét phu gia dé kiém soat do nhét,
¢6 thé biéu hién tinh chit nhét dan hdi (viscoelastic) [20], [21]. Do d6, viéc sir dung dao ham
phan thtr @ mo hinh héa 16p mang dau 1 phu hop.

Su két hop ciia giai tich phan thir va phuong phap md hinh héa mang dau boi hé thong 16 xo
giam xoc ¢o thé gitp md ra hudng nghién clru mai vé cac dic tinh thuy luc cta 16p mang dau
trong 1y thuyét boi tron. Bai bio nay dé xuat viéc mo hinh héa luyc tac dong cua 10p mang dau
béng dao ham phan thir va thyc nghi€m tinh toan véi mot ) gia tri cua bac dao ham phan thu.
Muc 2 trinh bay vé mdt mé hinh toan véi dao ham phan thtr Caputo, phuong trinh Reynolds, luc
tac dung cua mang dau va phuong trinh chuyén dong cua truc. Trong muc 3, cac két qua tinh todn
bang s0 dugc thyc hién v6i mdt sO gid tri cua bac dao ham phan thir. Muc 4 trinh bay nhan xét va
két luan vé phuong phap mé hinh héa bang dao ham phén thu.

2. M6 hinh toan
2.1. Dao ham phan thir Caputo
Dao ham phén thtr m¢ rong khai niém dao ham theo nghia thong thuong cho bac a khong
phai 1a so ty nhién.
Pinh nghia 1 [22]: Choa € R, va n = [a]. Toan tir J§ xac dinh trén L, [a, b] c6 dang sau:
£100 = 1 || -0 e @

Véi a < x < b, duoc goi la toan tir tich phan phan thir Riemann-Liouville bac a.
Dinh nghia 2 [22]: Choa € R, van = [a] Toan tr DS, xac dinh bai

DEFG) = 3D () = = f (x — e F O (6t )

duoc goi 1a toan tir dao ham (phan thu) Caputo bac a.
Vi du 1: Xét ham da thae f(x) = (x —a)? voi f = 0. Choa > 0 van = [a], ta co:

0 . néuBe{012,..,n—1},
D¢[(x — a)f] = rg+1) f-a néupf e Nvapg =n, (6)
TG+ P hodcpeNvag>n—1

Nhan xét 1: Trong [23], nguoi ta ching minh dwgc rang mot ham tron f(x) co6 thé khai trién
Taylor theo dao ham phan thir Caputo véi bac @ € (0,1) nhu sau:
(Dgf)(a)
FO =@+ 17 gy (= D+ Relx =) @
& d6 R, (x — a) 1a phan du, rat nho so véi cac s6 hang con lai.

2.2. Phwong trinh Reynolds

Xét hé truc banh ring va thin bom dugc mé ta trong Hinh 4. Gia thiét rang khoang trong gitta
truc banh riang va than bom duoc le”ip dﬁy dau boi tron. Hé tryc toa do Oxy c6 géc toa do la tam
ctia than bom. Gia thiét rang dong chat luu c6 d6 nhét dong nhat va khong chiu nén. Khi do,
phan bd ap sudt p trong 16p mang du duoc xac dinh boi phuong trinh Reynolds cho dong chay

tang dudi day (xem [2]):
L9 (W op\ 0 (h'dp\_woh ®
290\122090) Y 3z\12092) = 25 T XSInO Y cos
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trong d6 r 12 ban kinh vanh ring, u 1a do nhot cua chat luu, w 14 van toc quay, va h 1a bé day cua
I6p mang dau. Theo [2], bé day 16p mang dau dwoc xap xi bai cong thirc:

h=c+ecos(0 —6,) =c+xsinf + ycosh 9
0 d9, c 1a khe hd xuyén tam gilra vanh banh rang va than bom, va e la d¢ l1éch tam.

A
\A\ Phin bé p suét

mang dau
\
..\, -

Hinh 4. Phdn bé dp sudt mang dau Hinh 5. Lu6i sai phdn
Dé tinh toan 4p suét cua 16p mang dau p, ta st dung phuong phap sai phan (xem [10]). Luu y
rang ap suat hiéu dung chi phan bd trén mot phan bé mat ciia vanh rang, nhu mé ta trén Hinh 4.
Do d6, diéu kién bién Reynolds thuong duoc chon thoa mén: p(8,0) = p(6,L) =0 va
p(8y,2) = p(0,,2) = 0. Cac gia tri 6, va 0, (Hinh 5) khong biét trudc va duoc xac dinh trong
qua trinh tinh toan. Cu thé, theo [24], 4p suit mang dau p;,j tai nat luci (Bi, zj) duoc xac dinh boi
cOng thuc:

A"

1

/1(il,jpi+1,j + A?,jpi—l,j + A(L;,jpi,j+1 + Agjpi,j—l - A{j
pij = 1. g
ij

trong d6 cac hé sb A; j tinh duoc tir vige sai phan hoa phuong trinh (8). Pé ting téc qué trinh tinh
toan, phuong phap hé s6 ting toc (over-relaxation) duoc ap dung:

(k-1) b . (k-1) (k-1) d . (k-1) f

%) (k=1) Aijpivry T ATy T AP AP — Ay (k=1)

pl] _pl] +:B /1€- pi'j
L]

Vi hé sd tang toc 1,5 < B < 1,9. Trong qua trinh lap, néu p;,; < 0 thi ta dat p; ; = 0. Qua trinh
tinh toan duoc lap di 1ap lai cho dén khi sai s tinh toan nho hon ngudng &, cho truéc:

o [ — Y|

Zi, J pl J |

Trong nghién ciru ndy, chung ta chon f = 1,8 va §, = 1e — 4. Khi 4p suét p hoi tu, cac diém

bién (twong (ng Véi cac goc B, va 0,) s& dugce xac dinh 1a cac nit ludi co su chuyén trang thai
Clia &p suét p tir 0 sang duong va nguoc lai.

<s,.

2.3. Luwc tic dung ciia mang diu

Luc tac dung ciia mang dau doc theo céc truc x va y dugc giy nén béi ap sudt p nhu sau:
62 L

——rjj 51“9 d6 dz (10)

Cho 0 < a < 1. Khi tryc c6 dao d(_)ng nho xung quanh Vi tri can bang, ap dung khai trién
Taylor phan thtr cho luc tac dung cua mémg dau, ta c6 biéu dién'

I 0 | o | 4 an
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trong d6 k;; va b;; 1a céc hé s6 dan hoi va hé s6 giam chan. Céc hé s6 nay duoc xac dinh bai:

0F, 6F .
kyx kyy ox f f px sinf  p, sin 9)
= =—r do dz 12
(kyx ky,y l aﬂ px CO0SO p, cosO (12)
d0x 6y

(bxx bxy> 1 <D0 ‘«Fx  DoyF ) f f px‘a sinf  pyqsin 9) 46 dz (13)
byx byy) T +a)\Dg:F, DgyF,) T+ a) Pi,q €OSO Py cOsE
6 d6, py = (0xP)o: Py = (ayp)o, Pia = (DO'xp)0 va py,a (Dg’yp)o 13 cac 4p suat giy nén boi

dd dich chuyén va bién thién van téc quanh vi tri can bang.
Lay dao ham thong thuong va dao ham phan thr phuong trinh (8) theo x, y, x, y, ta thu dugc:

10 <h3 apx>+ 0 <h apx>:g(cosg_3sinea_h)_ h? i(siné)a_p (14

7200 \ 121 00 0z \12u 0z 2 h 00) 4ur200\ h /oo
10 (h®0 d (h3®ad 3 6 oh h® a 6\ 0
RSN % RN % VP S N LT e
200\12u 06 0z\12u 0z 2 h 06/ 4ur2060\ h /06
19 h_36px,a +i h® 9p; __sind i (16)
r296\12u 06 0z\12u 0z r2-—a)
1 0 [ h® 0py, L9 d [ h® Opy, _ cos 6 ji-a a7
r200 \12u 00 0z\12u 0z re-— a)

Chu ¥ rang & gan vi tri can bang, cic van tc x va y 1a rat nho nén co thé b qua trong céc
phuong trinh (14) va (15). Giai cac phuong_trinh (8) (14) - (17) ta thu dugc cac 4p suit
D) Dx> Py» Px,a0 Py,q V& tir d6 tinh duge cac hé s6 dan hdi va giam chan.

2.4. Phwong trinh chuyén djng

Phuong trinh chuyén dong cua truc banh ring cé dang sau day:

i e S 5 S oo o e

trong do, m la khéi lugng cua truc banh rang, W la ngoai luc tac dQng vao truc, va ¢ la goc tao
bai ngoai luc so véi phuong thang dung.
R& rang, khi @ — 1, ta quay trd lai mé hinh chuyén dong cua 6 truc nhu da dé xuat trong [2].
Dé giai phuong trinh (18), khoang thoi gian (0,T) duoc chia béi cac diém ludi thoi gian
ty = kAt, k = 0,1 ...,n véi budce ludi At = T /n. Sau d6, ap dung phuong phap Runge-Kutta bac
4 (RK4) d¢ giai phuong trinh vi phan nay.

3. Két qua tinh toan s6

Tinh toan cac hé sb dong hoc cua 16p mang dau duoc thuc hién véi cac tham sb duoc cho
trong Bang 1.

Pao ham phan tht Caputo c¢6 bac a dugc chon véi mot $6 gia tri khac nhau: 0,7; 0,8; 0,9;
0,99; va 1,0. Bit ddu mo phong, tim cua truc banh rang c6 toa do (0,1e-5; 0,1e-5). Sau 200 budc
lap, tim truc c6 toa d6 (1,37e-5; 5,23e-6). Hinh 6 biéu dién quy dao chuyén dong cua truc véi bac
a = 0,9. M6 phong cho thay truc banh ring ludn quay tron quanh vi tri can bang. Bang 2 thé hién
cac hé s6 dan hoi va giam chan sau 200 budc lap. Két qua tinh toan cho thay hé sb dan hoi it phu
thudc vao bac a, trong khi cc hé sb giam chin co6 gié tri kha nho.

Cic hé s0 dan hoi kyy, Kxy, kyx, kyy duge the hién trong Hinh 7 dén Hinh 10. Khi bac dao
ham « thay (101 gi4 trj ctia cac hé s6 dan hdi khac nhau & nhitng vong 1ap dau tién, tuy nhién sau
d6 hoi tu khi s6 vong 13p du I6n. Didu d6 ching to rang cac hé sé dan hdi rat it hoic khong phu
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thudc vao bac cua dao ham phan thir a khi truc banh ring dao déng quanh vi tri can bang. Noi
cach khac, lyc dan hoi vuot troi hon dang ké so vaéi luc giam chan gay ra boi van toc chuyen
dong quanh vi tri can bang.

Bang 1. Gid tri cac tham sé diing trong mé phong L L x,ax.?qmm} 0025 005
Tham s6 Ky hiéu Giatri Ponvi 004
Puong kinh banh rang D 0,11 m 00
Bé day banh ring L 0,034 m e
Dg nhot u(HLP46) 0041  Pas N
Téc do quay n 3000 rpm o | )
Khoang hé xuyén tdm c 0,05 mm 002
Ngoai lyc W 3000 N 003
Khdi lugng banh ring m 5 kg 004
Goc lyc tac dung 7] 0 rad 0.5
Budc thoi gian At 3,0e-5 S

Hinh 6. Chuyén dgng cua truc banh ring
voi bdc dao ham phan thir @ = 0,9

Bang 2. Gid tri cdc hé sé dan hoi va giam chan (x 108) sau 200 vong lgp

a k., k., ky, ky, b, b,, b, b,,
0,7 1,4224 -2,4036 2,6751 0,7827 0 0 0 0
0,8 1,4224 -2,4036 2,6751 0,7827 0 0 0 0
0,9 1,4224 -2,4036 2,6751 0,7827 0,0010 0,0003 0,0004  0,0009
0,99 1,4224 -2,4036 2,6751 0,7827 0,0139 0,0046 0,0050 0,0131
1,0 1,4224 -2,4036 2,6751 0,7827 0,0169 0,0056 0,0061 0,0160

16 X107 52100

——alpha=0,7 ——alpha=0,7

-+- alpha=0,8 35 -<- alpha=0,8 |

4- alpha=0,9 alpha=0,9
= alpha=0,99 alpha=0,99
——alpha=1,0 | ——alpha=1.0

0 0.5 1 1.5 2 2.5 3 0 0.5 1 1.5 2 25 3
time period (ms) time period (ms)
Hinh 7. H¢ s6 dan hoi k., Véi cdc bdc a khdc nhau  Hinh 8. Hé so dan hoi kyy VGi cac bdc a khac nhau
sau 100 budc lap sau 100 budc lap

8
36 =10
. ——alpha=0,7 “—alpha=0,7
3.4 [ et - == alpha=0,8 -<- alpha=0,8
vﬁ( o, alpha=0,9 alpha=0,9
3.2 i -+ glpha=0,89 = alpha=0,99
| —alpha=1,0 ——alpha=1,0

3

1.8 ; ' -0.5 - . - !
0 0.5 1 1.5 2 2.5 3 0 0.5 1 15 2 25 3

time period (ms) time period (ms)
Hinh 9. Hé 56 dan hoi k., Véi cdc bac a khdc Hinh 10. H¢ s6 dan héi k,, Véi cdc bc a khdc
nhau sau 100 budc lap nhau sau 100 buéc lap

Céc hé s6 giam chan by, byy, byy, by, duoc thé hién trong Hinh 11 dén Hinh 14. Khi bac a
ctia dao ham phan thir ¢6 gia tri nho (0,7; 0,8; va 0,9), cac hé sb giam chan giam dan vé 0 theo s6

vong lap tinh toan. Gid tri cia @ cang nho thi tbc do giam vé 0 cang nhanh. Diéu nay ciing phu
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hgp véi nhan dinh & trén 1a luc gay nén do giam chan c¢6 do I6n nho hon nhiéu so vai lyc dan hoi.
Vi gid tri a 16n (0,99) cac hé sb giam chan hoi tu sau mot s vong 1ap. Khi a ting dan dén 1 thi
gid tri gi6i han cang gan véi cac hé s6 giam chan tinh duoc trong truong hop luc tic dung mang
dau phu thudc bac nhat ddi vai van toc x va y.

<10° g x10°

——alpha=0,7
A0 - <~ alpha=0,8
o alpha=0.9

i =0,
mv/"\“g |~ Sohacto

6 j‘l o "sx

..‘“’ﬂ,.“ v AN ——alpha=0,7
4 ] \ o =0,

i il os |
2y Ak “ - alpha=0,99

| e e
% 0.5 1 15 2 2.5 3 3.5 4 45 “o 0.5 1 15 2 25 3 35 4 4.5

time period (ms) time period (ms)
Hinh 11. H¢é s6 giam chdn by, Véi cdc bdac a khdc Hinh 12. H¢ so giam chan b, Véi cdc bdc a khac
nhau sau 150 budc lap nhau sau 150 buéc lap

5

8 =10
“—alpha=0,7
-*- alpha=0,8
alpha=09
alpha=0,99
—alpha=1,0

——alpha=0,7
= <= alpha=0,8
-2 y alpha=0,9
= alpha=0,99

——alpha=1,0

0 05 1 1.5 2 25 3 3.5 4 4.5 0 0.5 1 1.5 2 25 3 3.5 4 4.5

B time pgriod (ms) time penod (ms)
Hinh 13. Hé so giam chan by, Véi cdac bac a khac Hinh 14. H¢ 56 giam chdn by, Véi cdc bac a khac
nhau sau 150 buoc lap nhau sau 150 budc lap

4. Két luan

Mo hinh hoéa 16p mang dau bdi tron trong cic dong co co khi boi hé thdng 10 xo giam xoc da
chung minh dugc sy hi€u qua trong viéc tinh toan cac dac trung ddng hoc, cling nhu moé phong
quy dao chuyén dong cua truc dong co. Vi su phat trién nhanh cua giai tich phan tht, trong d6
dao ham thong thudng duoc thay thé biang dao ham véi bac khéng nguyén, cac mé hinh toan hoc
méi da va dang duge nghién ctru 4p dung cho nhitng bai toan c¢b dién.

Trong nghién ciru nay, chung toi da dé xuat viéc mo hinh hoa 16p mang dau béi hé 16 xo giam
x6c dya vao dao ham phan thi, dong thoi khao sat gia tri ciia bac dao ham phan thir a trong lan
can 1 dé xem xét tinh chét tiém can khi a tién dén 1. Do d6, bac a dugc chon dé mé phong nam
tir 0,7 dén 1. M6 phong cho thy cac hé s6 dan hdi it phu thudc vao bic a, va cac hé sb giam
chan giam nhanh vé 0 véi a nho. Ngoai ra, khi bac a tién dan dén 1, két qua tinh toan ¢ xu
huéng hoi tu vé truong hop tuyén tinh. Nghién ciru méi dung lai ¢ viée xay dung mé hinh toan,
thuc hién mo phong véi mot s6 gia tri cua bac dao ham phan thu. Két qua thu dugc co thé lam
phong phu phuong phap tiép can bai toan, cung nhu cung cap nhiéu kha ning lwa chon mé hinh
dé mo phong trong giai doan thiét ké ban dau ctia bom banh riang an khop trong. Nghién ctiu vé
tinh 6n dinh cia mé hinh tinh toan va kiém ching véi dir liéu thuc nghiém s& 1a nhirg huéng di
tiép theo ciia phuong phép tiép can dua trén giai tich phan thu.

Loi cAm on
Nghién ctru ndy duoc tai trg bai Truong Dai hoc Giao théng van tai trong dé tai ma sb T2025-
CB-011.
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