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This paper presents a comprehensive analysis and implementation of a
model predictive control framework designed to compute ground
reaction forces for joint-level control of quadruped robots. The robot’s
rigid-body dynamics are systematically simplified, allowing the control
problem to be formulated as a convex quadratic optimization. Simulation
results, obtained using a reduced-order dynamic model, confirm the
reliability and consistency of the proposed control strategy. These results
are further validated in a high-fidelity environment using the MuJoCo
simulator, in which the Unitree-Gol quadruped robot model is employed.
The model predictive controller successfully maintains dynamic stability.
The ground forces are then mapped to joint torques through inverse
dynamics computations, ensuring that the generated torque commands
remain physically realizable. The controller demonstrates robust tracking
performance of desired center-of-mass trajectories. The outcomes
suggest that the simplified model retains sufficient dynamic fidelity to
capture the core behaviors essential for real-time gait generation and
control of the robot. These results establish a strong foundation for future
developments in advanced control strategies.
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Théan cung

Diéu khién chuyén dong

Diéu khién du doan mé hinh
Mb phong

Bai b4o nay trinh bay mot phan tich day du va trién khai mot bo diéu
khién du bio mé hinh duoc thiét ké dé tinh toan lyc phan tng mat dét
cho diu khién cac khép cua r6 bét bén chan. Bong luc hoc cua rd bot
dugc don gian héa mot cach cé hé thdng, cho phép xdy dung bai toan
diéu khién du6i dang ti wu hoa toan phuong 15i. Két qua mé phong thu
duogc bang cach sir dung mé hinh dong hoc giam bac di xac nhan d¢ tin
cdy va tinh nhat quan cua chién luoc diéu khién dugc dé xuat. Nhiing
két qua nay dugc xac thuc thém bang cach sir dung trinh mo phong
MuJoCo véi md hinh o bt bén chan Unitree-Gol. Bo diéu khién du
béo m6 hinh dam bdo kha nang duy tri tinh 6n dinh dong. Sau do, luc
mit dat dugc anh xa thanh mo-men xoan khép thong qua cac phép tinh
dong luc hoc ngugc, cho phép cdc mo-men xoan dugc tao ra c6 thé thuc
hién duogc trong thuc té. Bo didu khién thé hién chit luong bam cac quy
dao trong tim mong mudn. Céc két qua cho thdy mé hinh don gian hoa
van giit duoc tinh trung thuc dong hoc du dé nim dwoc cac hanh vi can
thiét cho viéc tao dang di theo thoi gian thuc va diéu khién ro bét.
Nhitng két qua nay thiét 1ap nén tang viing Chac cho cac phat trién trong
tuong lai voi cac chién luge diéu khién tién tién.
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1. Introduction

In recent years, the vision of building general-purpose robotic agents capable of autonomously
performing a broad spectrum of tasks in human environments has gained considerable traction.
This is driven by advances in machine learning, control theory, and mechanical design, as well as
the growing demand for adaptable robots in sectors such as manufacturing, logistics, healthcare,
and domestic assistance [1]-[3]. Consequently, there is an increasing effort to develop integrated
control and planning frameworks that can endow a single robot with both robust mobility and
skilled manipulation. Despite this progress, achieving such integrated, whole-body capabilities in
real-world settings remains a significant technical hurdle. Quadruped and humanoid robots must
coordinate multiple degrees of freedom across their entire body, handle contact-rich interactions,
adapt in real-time to unpredictable environments, and maintain physical balance while executing
complex tasks. Real-time computation, sensor fusion, model accuracy, and safety considerations
add further complications. As a result, while promising demonstrations exist in simulation or
constrained lab settings, achieving generalizable, real-time, whole-body control on physical
robots remains an open and active area of research in robotics [4]-[6].

Controlling the movement of quadruped robots is generally more challenging than that of
wheeled robots due to their nonlinear and multivariable kinematic models. Currently, various
control methods for quadruped robots have been developed worldwide to address challenges such
as maintaining dynamic balance, performing stability analysis, applying inverse dynamics
approaches, as well as models based on spring-loaded inverted pendulums, model predictive
control, hierarchical control, neural networks, and more [7]. In addition to enabling legged robots
to walk with different gait patterns, recent scientific publications have demonstrated
advancements in robot functionality, including locomotion stability under disturbances, gravity
compensation, step length adjustment, gait trajectory optimization, terrain adaptability for
quadruped mobility, and rough-terrain traversal in real-world environments [8]-[10].

This paper presents a comprehensive analysis and practical implementation of Model
Predictive Control (MPC) for generating ground reaction forces (GRFs) used to control the joint
angles of quadruped robots. To facilitate real-time control, the robot’s full-body dynamics are
suitably simplified, allowing the control problem to be reformulated as a convex optimization
problem. This approach enables efficient computation of optimal control inputs over a receding
time horizon while satisfying physical and environmental constraints. The proposed method is
initially validated using a simplified quadruped model in simulation, demonstrating the reliability
and robustness of the control strategy under idealized conditions. To further assess the
practicality of the controller, it is integrated into the MuJoCo simulation environment using the
Unitree Gol quadruped robot model [11]. This integration showcases the controller's ability to
generate feasible and physically realistic locomotion patterns. The successful simulation results
lay a foundation for the future development of more advanced locomotion strategies. The
developed algorithms can be implemented on a sufficiently powerful microcontroller system
capable of executing these movements and potentially being applied in real-world quadruped
robotic systems.

The rest of this paper is organized as follows. Section 2 presents the quadruped robot model
including the definition of the system and the mathematical model. The locomotion control of the
quadruped robot and simulation results are addressed in Section 3. Finally, the conclusions and
future directions are provided in Section 4.

2. Quadruped robot model
2.1. Definition of coordinate systems

Let us denote the world coordinate system by W and the body coordinate system by B. Based
on the Z-Y-X Euler angle convention, the torso undergoes a sequence of rotations as illustrated in
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Figure 1. In the body coordinate frame, the rotation of the torso around its Z-axis by the yaw
angle 1, followed by a rotation about the Y-axis by the pitch angle 9, and finally a rotation about
the X-axis by the roll angle ¢. Thus, the torso orientation can be represented as an Euler angle
vector 8, =[¢p 9 ] [12]. The transformation of the rotation from the body to the world
coordinates can be expressed as
wR = R;(W)R, ()R (9) @
where R, (a) represents a positive rotation of a about the n-axis. The angular velocity in
world coordinates can be found from the rate of change of these angles with

cos(9)cos(y) —sin(yp) 0][¢

w = |cos(I)sin(yp) cos(yp) Of|v9 (2)
—sin(¥Y) 0 1|y
9193.2

Figure 1. Coordinate frames of 3-DoF robot leg

In normal locomotion conditions, the pitch angle of the robot 9 # 90°. This ensures that
cos(9) # 0 and the invertible of Equation (2). Thus, we can find
) cos(y) /cos(9) sin(y) /cos(¥) O
9= —sin(y) cos(¥) 0|w 3)
P cos()tan(¥) sin(P)tan(®) 1
For small values of roll and pitch (¢, 99), Equation (3) can be approximated as
) cos(y) sin(y) O
9| = |—sin(¥) cos(y) Ofw (4)
P 0 0 1
which is equivalent to
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¢
d|~ R (5)
Y

2.2. Mathematical model of quadruped robots

2.2.1. Linearized dynamic model

The state vector is defined as
x.=[0, P wp P, g]" €RV (6)
where p,, is the torso center of mass (CoM) position, w, is the angular velocity, p, is the
linear velocity, and g is the gravity vector.
The system dynamics can be expressed as [6]
X = Ac(W)x. + Bo(pri — ) Fy (7)
where A.(y) is the orientation-dependent matrix involving R, (1), B, is the map of GRFs at
the 4 feet to acceleration and angular acceleration. The control input including the Ground
Reaction Forces (GRFs), or the stacked wvector of all four legs' forces, is
u=F;=[F, F, F3 F4]" € R F; € R?®isthe ground reaction force at the foot of leg i.

2.2.2. The inverse dynamics for stance legs

Let 8; = [01,; 02; 03;]", where 6, is the joint angle of the hip abduction/adduction
(HAA) around z-axis, 8, ; is the joint angle of the hip flexion/extension (HFE) around y-axis, and
03 ; is the joint angle of the knee flexion/extension (KFE) around y-axis of leg i, [; iss the offset
along the x-axis from HAA to HFE joint, [, is the length of thigh from HFE to knee, and [; is the
length of shank from knee to foot. The joint torque that the foot should apply onto the ground is

Tstance,i = _]LTFi 8

a .
P7 s the Jacobian of leg i computed from forward kinematics (FK) at current

where J; = 50

L

foot pose, Tgiancei IS the joint torques needed to apply F;.
2.2.3. Inverse Kinematics for swing legs
For swing leg i, desired foot trajectory p%i(t) is tracked using

Tswingi =Ji ' (Kp,f(p?,i —pri) + Kar(pF: — i’f,i)) )
where p; is from forward kinematics, pfl'i is from planned swing foot Bezier trajectory [6],
and J;1 is the inverse kinematics (1K) Jacobian, Ky, Kq 5 are the feedback gains.

2.2.4. Mapping the control input to joint angles

For stance legs, we can compute desired joint angles indirectly via a two-step process. First,
for a stance leg i, we use the inverse dynamic Equation (8) to find the joint torques. Now, assume
that the robot uses PD control and the actual joint states @;, 8; as well as the control gains Ky 5
Kq 5 are known, we can find

Tstance,i — .f (6? - ei) + Kd,f (0? - 01) (10)
Then, solving for the desired joint angles
eid =0;+ Kp_1 (Tstance,i - Kd(ég - 01)) (11)
For swing legs (no GRFs), the desired joint angles come from inverse kinematics
o7 = fix(pf:) (12)
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where the function f;x represents the IK function that computes the desired joint angles
0¢ € R3 for leg i, given the desired foot position p}l,i € R3 in the body or hip frame.

3. Locomotion control of quadruped robot
3.1. The control system configuration of the quadruped robot

The locomotion of a quadruped robot refers to the ability of the robot to move its body from
one location to another using its four legs, similar to how animals like dogs, cats, or horses walk,
trot, or run. Quadruped locomotion is the process by which a four-legged robot generates
coordinated leg movements (gaits) to produce forward motion, turning, climbing, or other
mobility tasks over different types of terrain. The control system configuration of the quadruped
robot is shown in Figure 2.

X Tstunce
by)s Stance and
1% | 4 i
. ! swing leg IK model Qu;gblgied
%Eirta:r?g g i control Teuwsing
gait
machine q byps
TRgﬂ vf
Terrain Terrain Posture
estimator estimator estimator

Figure 2. The control configuration of quadruped robots

3.2. Model Predictive Control

Model Predictive Control (MPC) is especially well-suited for quadruped robot control because
it naturally handles the complexities of dynamic legged locomotion since quadrupeds have 12
Degrees of Freedom (DoF) (4 legs x 3 DoF per leg) to achieve coordinated motion of body
posture, leg placement, or Center of Mass (CoM) control. MPC predicts how the robot will
evolve over a finite time horizon for footstep planning, obstacle avoidance, balancing during
motion, and coordinating swing/stance phases. MPC also incorporates constraints naturally for
torque limits on actuators, friction, unilateral contacts, gait scheduling, etc.

Discretizing the linearization of the system given in Equation (7) using zero-order hold, we
obtain

Xk = AcxXex + BeFri (13)

where A, and B, represent the discrete time system dynamics.

With horizon length k, at each control step, we solve

. k-1 ) . ,
w Z(xc,Hl - xc,i+1) Q)+ ”Ff,i”R
FPk=1i=0
Xciv1 = AciXei + BeiFy; (14)
fz,min < fz < fz,max
Frj<uf,

where x.; and Fy; are the system state and the control input at time step i, Q and R are
diagonal positive semidefinite matrices of weights, f, is the contact force, u is the coefficient of
static friction between the robot's foot and the ground.

3.3. Simulation results

For the sake of simplicity, we assume that the robot does not rotate around its center of mass
(CoM), and the CoM orientation in space is aligned with the ground plane, or, in other words, the
torso remains perfectly horizontal during locomotion (no pitch rotation). This removes the
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rotational degree of freedom from the model and reduces the state vector dimension. The
quadruped robot is used for the simulation with the parameter in Table 1.

Table 1. Robot parameters

Element Parameter Symbol Value Unit
Mass Total mass m 12 kg
HAA leg Mass my 0.76 kg
Length L 0.08 m
Inertia Lix1 0.00140 kg.m?
Ly 0.00131 kg.m?
- 0.00078 kg.m?
HFE leg Mass m, 0.92 kg
Length L, 0.213 m
Inertia Lixz 0.00587 kg.m?
Ly, 0.00560 kg.m?
Lz 0.00105 kg.m?
KFE leg Mass ms 0.191 kg
Length I3 0.213 m
Inertia Lixs 0.00331 kg.m?
Lyys 0.00329 kg.m?
L3 0.00005 kg.m?
CoM trajectory (4 legs) Vertical forces from legs
0.30 -—m——————————— - - f1z
34 f2z
0.25 A — f3z
- — fdz
E 020 - i—
% 0.15 g 321
E 0.10 - E 314
- X
0.05 z 30 1 L
=== xref
0.00 1 === zref 29 . . . . . . .
6 1'0 2‘0 3'& 4‘0 5'0 Gb 1] 10 20 30 40 50 60
Time step Time step
(@) (b)

Figure 3. The center of mass (CoM) trajectory (a) and the vertical ground reaction forces (b)

Figure 3 shows the center of mass (CoM) trajectory in both the horizontal (x) and vertical (z)
directions and the vertical ground reaction forces (f;,) from all four legs over time. The robot
starts at rest and is tasked with reaching a target position. The controller tracks this target
effectively. The x position (blue) converges to 0.2 m within approximately 15 time steps, while
the z position (orange) stabilizes near the target height of 0.3 m. Both reference lines are closely
followed with minimal overshoot or oscillation. The vertical ground reaction forces (f;,) from all
four legs are shown over time. The forces start with an initial adjustment and then stabilize
around 29.3 N per leg. The total force matches the expected support for a robot mass of
approximately 12 kg. The transition phase is smooth, with no oscillation or instability. All stance
legs share the vertical load symmetrically.

Figure 4 shows the gait visualization for the CoM and foot forces, where the dots (L1 — L4)
are the foot locations, the arrows show the ground forces (GRFs), the dot is the CoM, and the
dashed arrow is the CoM velocity. It can be seen that, in Figure 4a, the L1, L2 are in stance with
diagonal forces (propulsion), while CoM moves forward and slightly downward. In Figure 4b,
the L1, L2 now apply vertical force, and the CoM continues forward (longer horizontal velocity).
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05 CoM, foot forces, and motion direction (switching gait) 05 CoM, foot forces, and motion direction (switching gait)
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Figure 4. Gait visualization: CoM (a) and foot forces (b)

The next simulation is performed with the help of a runtime simulation module named
MuliCo (Multi-Joint Dynamics with Contact). This is a versatile physics engine designed to
support research and development in fields such as robotics, biomechanics, computer graphics
and animation, and machine learning. It provides fast and accurate simulation of articulated
structures interacting with complex environments, making it well-suited for applications that
require high-performance dynamic modeling.

Torque over time for each joint
€)] — tau 0

]
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|
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|
5
3

Torque (Nm)
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—2 4 — tau_10

—4 4

T T T T T T T T T
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Time step

(b)

Simulation

Figure 5. Joint torque profiles during gait switching (a) and the MuJoCo graphical user interface (b)

Figure 5 shows the joint torque profiles (7, to t,,) applied to each of the 12 joints of the
quadruped robot during the MPC during gait switching and the MuJoCo graphical user interface
(GUI). It shows a clear switching pattern from the front legs to the rear legs at time step 100.
Initially, the left and right front legs (FL, FR) are active, producing torque. After switching, the
left and right rear legs (RL, RR) take over. Torque values are consistent, indicating correct
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mapping via Jacobian transpose. The switching event produces sharp but expected transitions in
command torques. The simulation shows that the MPC gait correctly switches legs, the CoM
motion is smooth and balanced, and the forces match foot placement and gait phase.

4, Conclusions and recommendations

Despite the substantial simplifications applied to the robot's dynamic model, such as
linearization of the robot's dynamics, the proposed controller demonstrates remarkable tracking
performance across a simple locomotion pattern that imposes different requirements on ground
reaction force distribution and phase coordination. The simulation results confirm that the model
predictive controller successfully tracks desired CoM targets. It computes feasible and stable leg
forces and converts these forces into accurate joint torques through inverse dynamics. This
suggests that the simplified formulation retains sufficient fidelity to capture the essential
dynamics necessary for real-time gait control. These may include dynamic balance maintenance
on flat and uneven terrains, and extensions toward more generalized terrain-aware model
predictive control-based locomotion planning for quadruped robots.
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