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The transportation routing problem in environments with dynamically
changing characteristics has attracted research interest for many years.
Formulating and solving the optimal path-finding problem is a practical
necessity, especially as delivery costs continue to rise and often approach the
value of the goods. This study minimizes delivery time rather than travel
distance. To build an application model for the routing problem, we adopt the
geometric-optics method proposed by A. L. Kazakov and A. A. Lempert
(2011), based on the principle of light propagation in an optically
inhomogeneous medium. Our algorithm constructs an optimal route in
environments with both static and moving obstacles, particularly when
obstacles possess soft influence regions—that is, the space around an obstacle
is not completely blocked but incurs increasing impedance as one approaches
the obstacle’s center. This influence is modeled as a distance-dependent
increase, reflecting changing travel conditions within the obstructed area.
Several computational test models were conducted, demonstrating the
effectiveness of the modeling tools and the proposed algorithm in adapting to
complex dynamic environments and nonlinear obstacle structures.
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TU KHOA

Bai toan dinh tuyén

Téi uu hoa

Phuong phap hinh hoc quang hoc
Tim dudng di t6i vu

Phuong trinh Eikonal

Bai toan dinh tuyén van tai trong méi truong c6 dac tinh thay do6i linh
hoat d3 thu hit sy quan tim nghién ciru trong nhiéu nim qua. Viéc xay
dung bai toan tim dwdng di tdi wu 1a mot yéu cau thiét thuc trong thyc
tidn, dac biét trong bdi canh chi phi giao hang ngy cang gia ting va
thuong tiém can véi gia tri hang héa. Nghién ciru nay tdi vu thoi gian
giao hang thay vi quing duong. Dé xay dung mé hinh ¢ng dung cho bai
toan dinh tuyén, chiing t6i 4p dung phuong phép quang hoc — hinh hoc do
A. L. Kazakov va A. A. Lempert (2011) dé xuit, dya trén nguyén 1y lan
truyén anh sang trong méi truong khong ddng nhat vé quang hoc. Thuat
toan ching t6i dé xuat xay dung tuyén duong di t6i wu trong moi trudng
c6 ca vat can tinh va dong, dac biét trong diéu kién cac vat can c6 ving
anh huong mém — tirc 1a khong gian xung quanh vat can khong bi chan
hoan toan, nhung chiu anh hudng tang dan khi tién gan tam vat can. Muc
d6 anh huong nay dugec mé hinh héa ting dan theo khoang cach, phan
anh sy thay d6i diéu kién di chuyén trong ving can tro. Mot s6 mo hinh
thir nghiém tinh toan da thuc hién, cho thay hiéu qua cia cac céng cu mod
hinh héa va thudt toan dé xuét trong viéc thich tng véi méi truong dong
phirc tap va ciu tric vat can khong tuyén tinh.
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1. Gioi thigu

Trong nhing nim trude, da c6 nhidu thuat toan tim dudong duoc dé xuat nham tdi wu hoa 16
trinh va nang cao hiéu qua trong cac diéu kién khac nhau. Chéng han, A* dugc thiét ké dé xac
dinh duong di ngin nhét, trong khi D* dam bao xdy dung duong di hoan chinh tir diém xuat phat
dén diém dich [1], [2]. Du nhimg phwong phap nay mang lai nhiéu cai thién, song chung thuong
chura xét dén sy ton tai clia cac chudng ngai dong trong moi truong. Thuce té, & nhidu truong hop,
viéc bo qua cic bién dong cua moi truong hay su xuat hién bat ngd cia vat can 1a khong thé, vi
ching tac dong tryc tiép dén 19 trinh. Khi giai quyét bai toan dinh tuyén trong bdi canh moi
truong dong, cac ky thuat tim kiém heuristic thuong dugc str dung dé dua ra 1oi giai phu hop
trong phan 16n tinh hudng. Trong [3], tac gia da dé xuat 4p dung A* cho mdi truong dong co vat
can. Cong trinh [4] nghién ciru van d& diéu hudng cia may bay khong ngu’m lai va phat trién mot
thuat toan cho phép xac dinh quy dao tranh va cham. Trong [5], nhom tac gia mo rong thuit toan
A* theo hudng thich tng dé xir 1y cac chudng ngai trong méi trudng phic tap. Pong thoi, ¢ [6],
[7], cac mdi truong duoc phan tach thanh dd thi diém tham chiéu trudc khi ap dung A*, sau dé
két hop v6i phuong phap loc diém va phéan chia ranh giéi nham giam kich thudc do thi. Mot
nhom bai toan riéng biét tip trung vao viéc xay dung 16 trinh linh hoat cho robot trong tinh huéng
¢ céc vat can chua biét trude [8]. Ddi v6i robot tu hanh dudi nude, Bychkov, Ulyanov va cong
su [9], [10] da d& xuat phuong phap hai cap do dé giai quyét bai toan dinh tuyén dong cho nhiéu
robot dudi nudec.

Ngoai ra, dya trén phuong phap quang hoc hinh hoc do Kazakov va Lempert [11] dé xuat, dya
trén sy tuong ddng giita truyén anh sang trong moi truong quang hoc khong dong nhét va viéc
cuc tiéu hoa ham tich phan, mot hudng tiép can nghién ciru méi da duge khai thac. Trong nghién
clru ndy, ching 61 tap trung vao bai toan xay dung 10 trinh t6i uu trong moi truong dong co su
thay doi theo chu ky thoi gian. Muc tiéu 1a tim ra tuyén duong nhanh nhat ndi hai diém, dong
thoi vuot qua cac rdo can va tranh chudng ngai vat. Cac thut toan duoc dé xuét dua trén nén
tang quang hoc — hinh hoc va phuong phap tim cuc tiéu cia ham tich phan [12].

2. Pit van dé va phwong phap giai quyét

Cho cac diém A(xa, Ya) va B(xp, Yb) thuoc mién X c R? va ham f(t, x, y) >0la toc d6 chuyén
dong tirc thoi tai mdi diém (x, y) € X va néu f(t, x, y) = 0 thi viéc di qua diém nay bj cAm. Ham fit,
X, y) lién tyc ting phan trong cac bién khong gian x, y va hang sO timg phan trong t v&i cac diém

chuyén tiép da biét t; (i = ., N). Chung ta can tim mét tuyén dudng mang lai ham cuc tiéu:
dr
a,b P Ta— 1)
pla.b)= rlo b)j ft,xy)'

O day, G(a,b) 1a tap hop cac dudng cong lién tuc, thudc vé khong gian X va két ndi cac diém
A vaB.

Tir quan diém cta quang hoc va hinh hoc, tich phan (1) x4c dinh thoi gian trong d6 anh sang
thoat ra tir diém A dén diém B, chuyén dong trong mot mdi truong khong dong nhat vé mat
quang hoc [11]. Theo nguyén ly Huygens, bat ky diém nao trong Vung X ma anh sang da t6i déu
¢6 thé dugc coi 1a ngudn sang doc 1ap [12]. Do d6, bang cach giai phong mot séng anh sang tir
diém A, chung ta c6 thé xay dung quy dao chuyén dong cua nd va ghi lai photon s& 1a hat dau
tién cham téi diém B. Sau d6, di chuyén theo hudng ngugc lai cta thoi gian, ching ta c6 thé khoi
phuc quy dao cua cac diém photon, d6 s& 1a dudng cong mong mudn.

Vi mdi trudng khong doi theo thoi gian nén diém méu chdt & day 1a ciu trac ciia mit song anh
sang tai thoi diém thay ddi trang thai. Cac mat song nay duoc xac dinh tir nghiém cua phuong
trinh Eikonal [13], ddy 1a phuong trinh vi phan timg phan khong dong nhat phi tuyén bac nhat

[[Vu(x)l| = 1/(x), )

Trong do, V 1a toan tu gradient, ||-|| l& chuan Euclide.
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Céc dudng muc ciia ham mong mudn u(x) = const xac dinh vi tri ctia mit song tai cac thoi
diém khac nhau.

Giai phuong trinh (2) 1a chiing ta ¢6 mot nghiém riéng. Luu y rang ddi vi mot 16p nhat dinh
cua ham f(x), nghiém la chinh xac.

3. Thuat toan va thuc nghiém tinh toan

3.1. Thudt todn

Xét X e R? 1a ving dién tich gioi han va f (t,xy) la tbc do tirc thoi clia song anh sang tai
mot diém (X,y) € X & thoi diém t. Trong qua trinh di chuyén, ddi tugng s& bi anh hudng boi
cacvatcantacdong H(t) = |J H, = [ J{(x, y): f(t,x, y) =—1}.

i=1u i=Lu

Thuit toin 1: Thuat toan lan truyén séng anh sing

Chuing ta hady xem xét thudt toan lan truyén song tor mot diém A(X,,Y,) € X \H(t,) ¢ thoi
diém t=t,.

Dit liéu dau vao:

U= {A} - La mang luu trir cic diém truyén song anh sang thir cap,

'|'p - Thoi gian di chuyén ciia song anh sang tir mot diém A dén diém tha cdp cia song anh
sang P,

S o -La ngudn thir cap clia séng anh sang téi diém P

Bude 1. Anh sang truyén tir nguon sang A theo 8 hudng trong méi truong quang hoc. Ching

ta xac dinh dugc cac mat trudc cua song sau khoang thoi gian t. Thoi gian di chuyén tir nguon
sang A tdi cdc mdt trude cua song (Xp, Yp) duge tinh nhu sau:
2 2

. JOG =%+ (Y, — W)
o day ty = )
: g(tO’Xp7yp)+g(tO7X\/j1ij)

Buéc 2. Néu gia tri ij tim thdy nho hon gia tri trude d6 trong nat duge dé cap va sé duge luu
vao S\/j =p. ’ ’ ‘ ’

Thyc hién bude 1 va 2 doi voi tat ca cac phén tir song thir cap. i

Két qua cua thudt toan nay la thoi gian nho nhat dé mdt song anh sang phat ra tor mot diém
dén dugc tung phan tir cia tap hop.

Thuat toan 2. Tim dwong di tir mét diem dén mot di€ém

Tim duong di tir diém A dén diém B véi thoi gian ban dau t;, A Be X \H(t,). Gid st
L(A; B) - luu danh sach cac diém trén duong di tir diém A toi diém B. Ban dau L(A; B) ={B}.

Buoc 1. Tur diém A thyc hién lan truyén séng anh sang theo thuat toan 1, voi thoi gian T, xdc

T, =T, +t

pV;j >

dinh t6i tat ca cc diém p e X \H(t,) va ngudn séng anh sang thir cp S o
Buéc 2. T diém dich B tim diém ngudn Sy truyén t6i né va luu trit Sy vao danh sach L(A; B)
L(A;B)=L(A;B) u{SB},

Bude 3. Néu SB tring voi diém A thi thuat toan két thuc. Truong hop nguoc lai, gan B = SB
va thuc hién lai budce 2.
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Bute 4. Cac phan tir duge luu trong danh sach L(A; B) chinh 14 cac diém s& phai di qua khi

di tir A dén B.
Luu d6 thudt toan cia qua trinh lan truyén song va tim duong di dugc minh hoa trong Hinh 1.

Chon digm gl (A0)

v

Thuyre hign lan truyén
sdng tr A0

|

Tim dwérng di blr AD
dén didm dich B

+

Lwru tit ca cac didm
ot gid tri nhd hon
Thres_i

w

Thuyre hign lan truyén
song tir didm Aj

l

Tim dudrng di tir Aidm
Al dén B

<Fidm tra didm dich

Hién thi danh sach
cac didm trén dweéng
di

Hinh 1. Luu d6 thudt todn minh hoa qud trinh lan truyén séng va tim dwong di

3.2. Mé hinh thuc nghiém
Thyc nghiém 1. Khao st bai toan tim dudng di cua ddi tuong tir diém A(0; -5) t6i diém dich
B(0;5) . Trong qua trinh di chuyén, ddi tugng s& gap cac vat can H va sé bi tac dong boi cac
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vat can d6. Cac vat can H duoc dinh nghia H = {hy(-2,5; -2,5); hy(2,5; 2,5)} va co6 vung anh
huong c6 ban kinh rp= 2,5 m khong thé di chuyén vao dugc.

Vi khong thé di chuyén vao ving anh huéng, nén moi diém bén trong ving anh hudng khong
thé di qua va coi 1a vat can. Vi vay ham van toc f (t, X, y) duoc dinh nghia nhu sau:

1, d>r
f(t,x,y)={_l_ ier
0

O day, d =mind(H, (X, ¥)) 1a khoang cach giita diém (x, y) t6i cac vatcan H .

Trong truong hop nay, diém bit dau va diém dich khong dugc nam trong viing anh huong cia
vat can. St dung thuat toan 1 va 2, chung ta nhan duoc két qua duong di tir diém A dén diém B 1a
doan thang AB (dudng nét lién trén Hinh 2) c6 d6 dai 10 m va di qua 12 diém (gém ca diém dau
va diém cubi) c6 toa do cu thé nhu sau:

(0; =5); (0; — 4,09); (0; —3,18); (0; —2,27); (0; —1,36); (0; —0,45);

(0; 0,45); (0; 1,36); (0; 2,27); (0; 3,18); (0; 4,09); (0; 5);

Pbi twong di di chuyén trong 11,68 giay.

Két qua cua phuong phap chung t6i dé xuat duoc so sanh voi phuong phap CFM (Curve-
shortening flow methods) khi sir dung cting cac tham s6 méi truong [1]. Két qua so sanh dugc thé
hién rd trong Hinh 2 va Bang 1. Trong bai béo [1], d0 dai duong di 1a 10,87 m va thoi gian can dé
di Chuyen la 13,75 gidy. Chung ta c6 thé thiy ro rang rang, két qua cua phuong phap lan truyén
song tot hon ca vé quing dudng va thoi gian di chuyén so véi phuong phap CEM.

Bang 1. Bang so sanh két qua cua phwong phap lan B B
truyén séng va CFM trong truong hop doi twong di !,-" P
chuyén ngoai vung anh huwong cua vat cdn 4,
Phuong phap Podai  Thoigian h2
duwongdi  di chuyén . 2} ~.10
Phuong phép lan 10 m 11,68 gidy fR by
truyén song .
(nghién ctru nay) ‘
Curve-shortening flow 10,87 m 13,75 gidy
(CFM) [1] h1 '
.10
A

Hinh 2. Puong di cia doi tugng theo phurong
phdp truyén séng dnh sdang (duwong thang)
va phuong phdap CFM (duwong cong)
Thwc nghiém 2. Khac vai thuc nghiém 1, trong thuc nghiém nay ching t6i xem xét mot bai
toan trong d6 chuyén dong caa mot dbi twong trong vung anh huéng cua vat can. Cu thé bai toan
1a tim mot tuyén duong cho ddi tuong di chuyén tir diém A(0,25; 0,3) dén diém dich B(1,75; 0,8)
trong mdi truong co nhicu vat can véi ban kinh viing anh huéng cta vat can 1a ro= 0,5 m va tap
hop cac vat can bao gém ba rao can H = {h;(0,4; 0,55); h,(0,7; 0,75); hs(1,5; 0,4)}. Ham
f (t, X, y) nay duoc dinh nghia theo cong thuc:

-1 (xy)eH
f(t,x,y)=11 ((x;y)gH;d>r,
1-r+d;(x;y)eH;d <,
O day, d =mind(H, (X, y)) — khoang cach giita diém (x, y) va cac vatcan H .
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Su dung thuét toan 1 va 2 trong truong hop nay, diém bat dau va diém dich nim trong ving
anh huong cua vat can. Cang gan tim vat can thi tbc do ciia dbi tugng di chuyén cang giam vi luc
can cang l16n. Do do, dudng cong tir diém A dén diém B c6 thoi gian di chuyén ngan nhat khi
duong cong nay gan nhu duong thang AB. Két qua dudng cong tir A dén B ¢6 do dai 1,61 m va
di qua 22 diém.

(0,25; 0,3); (0,56; 0,3); (0,62; 0,32); (0,68; 0,34); (0,74, 0,36); (0,8; 0,38); (0,84; 0,4)

(0,88; 0,42); (0,92; 0,44); (0,96; 0,46); (1,02; 0,5); (1,08; 0,54); (1,1; 0,56); (1,16; 0,6); (1,22;
0,64); (1,26; 0,66); (1,3; 0,68); (1,34; 0,7); (1,38; 0,72); (1,44; 0,74); (1,5; 0,76); (1,56; 0,78);
(1,75; 0,8)

So sanh véi két qua dugc cong bd trong bai bao [1] st dung cing cac tham sé cia mdi trudng,
d6 dai cua tuyén duong 1a 1,72 m va thoi gian di chuyén hét 42,53 gidy. Két qua so sanh dugc chi
0 trén Hinh 3 va Bang 2.

Bang 2. Bdng so sdnh két qua ciia phuong phap lan truyén séng va CFM

trong triwong hop doi twong di chuyén trong viing anh huéng cia vt can
Phuwong phap i D§ dai dwong di Thoi gian di chuyén
Phuong phap lan truyén song (nghién ctru nay) 1,61 m 12,23 giay
Curve-shortening flow (CFM) [1] 1,72m 42,53 gidy

1,2 e
1,0 e

08/
0,6

0,4

0.2}

0] 02 04 06 08 10 12°14.16"18 2
0,2

Hinh 3. Puong di ciia doi twong theo phwong phdp trLfyén séng dnh sang (Cdc cham tron)
va phwong phap CFM (Cac cham tam gidc)

4. Két luan

Trong qua trinh nghién ctru, chung t61 da dua ra cac van d¢ trong bai toan xay dung tuyen
duong di tbi uu gilra hai diém trong moi truong cd vét can voi cac vung anh hudng co thé di
chuyén va khong thé di chuyén. Diém n01 bét cua nghién clru ndy gitip phén bi€t no vdi héau hét
cac nghién ciru tuong ty 13 thoi gian tbi thiéu can thiét dé di chuyén giita ching duoc coi 1a
khoang cach giira cac diém. Ngoai ra, khi xdy dung cac tuyén dudng, chung t6i di st dung
nghiém cta phuong trinh Eikonal trong qua trinh tinh toan gia tri thoi gian (budc 1 trong thuat
toan 1) téi cac diém trong moi truong dang duge xem xét, diéu nay giup loai bo viéc xem xét bai
toan trén do thi.

Dé xay dung giai phap, ching t6i da su dung thudt toan da trén phuong phap hinh hoc quang
hoc, cho phép xay dung cac tuyén duong khong chi trong méi trudng binh thuong ma con trong
mdi truong dong voi so liéu phi Euclide. Trong trudng hop ndy, thudt toan da cung cap giai phap
t6i wu. Két qua ctia thudt toan 1a thodi gian ngén nhit dé di chuyén tir mot diém t6i mot diém dong
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thoi ¢ thé tranh dugc cac vt can voi viing anh huong c6 thé di chuyén trong d6 va khong thé di
chuyén trong d6 c6 trén duong di. Thong tin quing dudng ludn duoc cap nhat sau khoang thoi gian
¢b dinh, diéu nay cho phép tranh dugc céc vat can va tim ra dugc dudng di tdt nhat. Trong qua trinh
thir nghiém tinh toan, thuat toan nay di thé hién hiéu qua cua chung trong nhiéu truong hop khac
nhau. Hon nita khi giai bai toan nay, cach tiép can dugc dé xuat trong mot s trudng hop cho thay
uu diém so véi cac cach tiép can di biét. Myc tiéu chinh ctia nghién ctru 1a dua ra giai phap tim
dudng di cho ddi tuong trong moi truong thay ddi va co vat can tinh véi ving anh hudng c6 thé di
chuyén dugc trong do va chiu sy tac dong lam thay doi duong di, va ving anh huéng khong thé di
chuyén duoc trong do.
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Bai béo 1a san pham ctia dé tai ¢ mi s6 T2025-07-08, duoc tai tro boi kinh phi cta truong Dai
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