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Abstract

The energy equality

1 t 1
S+ [ IalBar = 2 ol
0

is an open problem for the Navier-Stokes equations. In this paper we present a condition for the
energy equality of weak solutions to the Navier — Stokes equations in bounded three dimensional
domains. We prove that the energy equality holds for weak solutions in the functional class

30,7;v) (s> 2)
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1. Introduction is called a weak solution of the Navier —

We consider the three dimentional initial Stokes equations if the relation

boundary value problem for the Navier — —(u,wor + (Vu,w)gr — (uu, Vw)g r
Stokes equations = (uO,W(O))_.Q
a_u —Au+ W-Vu+vp=0 is satisfied for all test functions w €
at
¢ (0.7;C5 ().
in Q' =(0,T)xQ,i=13
(1) In this definition (.,.)q means the usual
5 pairing of functions on €, (.,.)qr means the
div(u) = Z ou; =0 in OT corresponding pairing on [0,T) X Q. Finally
— (')xl- _ 3 f _ h
i=1 uu = (uiuj)i’j:1 or u = (uy,uy,uz) suc
u(0,x) =up(x) in Q that  w.Vu= (w.V)u =div(uu)  when
where Q is a smooth bounded domain in div(u) = 0.
R3,uy(x) are given functions with ug(x) Leray[3] and Hopf[2] showed the global
satisfying the condition div(uy) = 0. existence of weak solutions to Navier — Stokes

We recall the definition of weak solutions. equations satisfying the energy inequality
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Definition 1.1. A vector field 3 lu(lI? + J IVull2dr < 3 lluto |12
0
u € L*(0,T; L2(2)) n L2, (0, T; W,"* (1))

forallt € [0,T).
*Tel:0979343995. Email:ngogiangtcn@gmail.com



Ngo Van Giang — Nguyen Thi Minh Ngoc

However, the energy equality of weak
solutions
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is still an open problem. Serrin[4] showed that
if a weak solution u belongs to
LS(O, T; L4 (Q)) for some q > 3,s > 4 with

3 2
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q s
then energy equality holds. Later, Shinbrot[5]
derived the same conclusion if the weak
solution u belongs to L* (O, T; L1 (Q)) for some
s> 2,q =4 with
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Sohr[6] proved the energy equality for

weak  solutions if uu belongs to
13,.(0,T; L2(Q)™".

In the present paper we prove that the
energy equality holds for weak solutions in

the functional class L3(0,T;VS) (S > 2) We

have L3(0,T;V*)C 3(0,T; 17) (p = 2) with

wl N
W s

+-<

3
5 .
2. Preliminaries
In this section we briefly recall some
standard facts. Let P:L2(Q) — L2(Q) be the
L?- orthogonal projection. Let A be the Stokes
operator defined by

Au = —PAu

The Stokes operator is a self — adjoint
positive vectorial operator with a compact
inverse. Hence, there exists an othornormal
basis of eigenvectors {w,} in L%, and a
sequence of positive eigenvalues

such that
Aw, = 1,w,,w, € D(A).

Let u, = (u,w,), for s >0, we define
the operator A° by

[ee]
ASu = 2 A upwy,
n=1
and the space

VS = {u € [2(Q):

oo [00)
w= ) gl = ) Alunl? < )
n=1 n=1

We denote V = V1 and V' its dual.

We recall a trilinear continuous form by
setting

3

b(u,v,w) = 2 fﬂui(l)j”j)wj-

ij=1
This trilinear form is anti — symmetric:
b(u,v,w) = —=b(u,w,v),u,v,w €V,
in particular, b(u,v,v) = 0 forallu,v € V.

Lemma 2.1. Let u:[0,T) - L2 be a weakly
continuous weak solution of Navier — Stokes
equations on [0,T), let

ur = Z Uy Wy,

n:lp<K?

then,

t
(O + 2 j lul2ds
0

t
= |uyl? + ZIgimJ b(u,uk,u)ds
-0 Jg

forall 0 <t <T.
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Proof:

One can see from our assumption that
uk € C(0,T;V) and d.uy € L2(0,T;V).
Thus, using u} as a test function we obtain

t
juk* = [k @ +2 | [Jut][ s
0

t
= ZJ b(w,up, u)ds.
0

From this we see that the limit of the right
hand side exists as K — oo, which completes
the proof of the lemma.

3. Main result

Let u# = u — uk, we have the inequality
following:

LetueVh,p>a

laklly = > Aflal?

niAp<K?

= > Al

n:dp<K?

< k26, 2% uy 2

nidp<K?

< K2, |l |,

n

= > A Al

iy >K?
< K2@D) [,
= [[uill, < kP luill,-

Theorem 3.1. Let 2 c R® be a bounded
domain and let u be a weak solution of the

Navier —  Stokes  equations,  suppose
additionally that

u € L3(0,I;V*)

for some s = Z. Then, the energy equality
holds

1 t 1
S+ [ I7ular = ol
0

forallt € 0,T).
Proof:

In view of Lemma 2.1, it suffices to show
that

t
lim [ b(u,uk,u)ds =0
K—oo 0

to this end let us write
b(u, ug, w) = b(ug, ug, ug) + b(ug, ug, ug)
+b(ug, ug, ug) + b(ug, uk, uk).

The last two terms vanish, so it suffices to
estimate only the first two. We use the
inequality (see [1])

|b(u, v, w)| < lulls,. [[vlls,+1. [IWlls,

3
where s + 5, + 53 = >

5
We have, for some s > P

|buf uie ] < [kl - el - ik,

< K0S Jug | Koz fug | kS lug

_ 2
< K51+52+53+1 3s_ ”uIZ{” . ||u11{|| .
s s

We choose s;<s5,53<5,5,+1>s5,
and s; + s, + s3 + 1 = 3s. Hence

b, uk, up)| < [Ju ||’ k]l .

Which tends to zero as K — oo. Since in
addition,
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|b(ug, ug, up)| < Ilullf < oo

for all t, by the Dominated Convergence
Theorem

|b(uZ, uk,uz)| > 0asK > o

in L'(0,T). As to the second term, similar
estimates

|Gk, ub )] < (k]| flu2 ],

which also tends to zero in L'(0,T) as

K — co.
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PANG THUC NANG LUQNG CUA PHUONG TRINH NAVIER-STOKES TRONG MIEN BI CHAN
3 CHIEU

Ngé Van Giang, Nguyén Thi Minh Ngoc

Truong Dai hoc Ky thudt Cong nghiép Thai Nguyén

Toém tit

Ding thire vé ning luong
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14 mot van dé mé ddi voi hé phuong trinh Navier — Stokes. Trong bai bao nay ching toi dwa ra mot diéu kién
cho ddng thirc ning lugng ciia nghiém yéu trong hé phuong trinh Navier — Stokes trong khong gian ba chiéu
c¢6 mién bi chin. Ching toi chimg minh rang dang thirc ning lugng s& dugc gitr néu nghiém yéu ctia phuong

trinh Navier — Stokes thudc 16p ham L3(0,T; V5) (S > 2)

Tir khéa: Hé phuong trinh Navier — Stokes, nghiém yéu, dang thirc ning lugng, bat dang thirc ning lrong,
mién bi chin.



