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PINH LY PIEM BAT PONG TRONG KHONG GIAN
METRIC NON HINH HQP CHU NHAT

Lé Anh Tuin
Truong Dai hoc Cong nghiép Ha Ngi

TOM TAT

Néam 2000, Branciari da thay thé bat dang thirc tam giac bang mot bit déng thirc tong quat hon ma
ngdy nay dugc goi la bat dang thirc hinh hop chit nhat va dua ra khai niém vé khong gian metric
hinh hgp chir nhat, khong gian nay la suy rong ctia khong gian metric. Nam 2009, Azam, Arshad
and Beg (Azam, A., Arshad, M., Beg, 1.,2009) gigi thiéu khong gian metric non hinh hép chit nhat
va chimg minh mét sé dinh 1y diém bat dong ciia anh xa co v6i non chuan tic. Trong bai bao nay,
chung t6i chimg minh dinh 1y diém bat dong ciia anh xa co trong khong gian metric nén hinh hop
chir nhat v6i nén c¢6 phan trong khong chuan tic.
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metric non; Khong gian metric nén hinh hgp chit nhdt...
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A FIXED POINT THEOREM
IN RECTANGULAR CONE METRIC SPACES

Lé Anh Tuén
Ha Noi University of Industry

ABSTRACT

In 2000, Branciari replaced the triangle inequality by a more general one which today is known as
the rectangular inequality and introduced the notion of generalized metric space or rectangular
metric space. In 2009, Azam, Arshad and Beg (Azam, A., Arshad, M., Beg, I., 2009) introduced the
concept of rectangular cone metric space and proved fixed point results for normal cone. In this
paper, we establish a fixed point theorem for contraction mapping in rectangular cone metric spaces
via solid cone and non-normal cone.
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1. GIOI THIEU

Gia stt E 1a khong gian Banach thuc véi diém gbc 1a 6 va C 1a tap con ciia E.
Dinh nghia 0.1. ([2]) Ta néi ring C la nén trong E néu

(i) C 1a dong, khong rong va C' # {60},

(ii) ax + by € C v6i moi z,y € C va a, b 1a cac s6 thyc khong am,

(iif) O N (=C) = {0}.

V6i nén C trong F, ta dinh nghia thd ty bo phan < sinh béi C' nhu sau
z<ynéuvachinbuy—z¢cC.
Ta viét 2 < y néu y — z € int C, § day int C' & phan trong ctia nén C.

Pinh nghia 0.2. ([1]) Gi4 st X la tap khong rdng. Anh xa d : X x X — E dugc goi la metric
nén hinh hop chit nhat trén X néu

(d1) 6 < d(z,y) v6i moi x,y € X va d(z,y) = 6 néu va chi néu z = y;
(d2) d(z,y) = d(y,x) v6i moi z,y € X;

(d3) d(z,y) <X d(z,2z) + d(z,t) +d(t,y) v6i moi z,y € X va v6i moi z,t € X\{z,y},z # t. Cap
(X, d) dugc goi la khong gian metric nén hinh hop chit nhat.

Dinh nghia 0.3. ([1]) Gia st (X,d) la khong gian metric nén hinh hop chi@t nhat va {z,} la day
trong X. Ta néi rang

(i) « 1a gi6i han cta day {z,} néu véi mdi e € E,0 < e ton tai ng sao cho d(z,,r) < e v6i moi

n > ng. Ta ki hiéu z,, — = hoac lim =z, = z.
n— oo

(i) {z,} 1a day Cauchy néu v6i mdi e € E,0 < e ton tai ng sao cho d(z,,r,) < e v6i moi
n,m > ng.

(iii) (X,d) 1a day dt néu moi dday Cauchy trong X déu hoi tu trong no.

Ta dé dang chiing minh duge bé dé dudi day.

B6 dé 0.4. Gia st C la nén c6 phan trong trén khong gian Banach thuc E. Véi v,w,z € E va
{an} C E, ta c6

(i) néu 2z < w va w < v thi z < v.
(i) néu 0 < z < ¢ v6i moi ¢ € intC thi z = 6.

(iii) néu ¢ € intC va a, — 0, tdn tai n(c) sao cho a, < ¢ v6i moi n > n(c).
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9. DINH LY DIEM BAT DONG

Trong phan nay, ching to6i ching minh dinh 1y diém bat dong ciia a4nh xa co trong khong gian
metric nén hinh hop chit nhat v6i nén c¢é phan trong khong chuan tic.

Dinh 1y 0.5. Gia st (X, d) 1a khong gian metric nén hinh hop chit nhat day du véi thi tu sinh
bdi nén c6 phan trong C va T : X — X 13 anh xa théa méan diéu kién co

d(Tz,Ty) 2 Md(z,y) v6i moi z,y € X,
¢ day A € [0,1). Khi d6 T c6 duy nhat mot diém bat dong.

Chiing minh. Ta chting minh dinh 1y theo hai budc.

Su ton tai diém bat dong: Liy zo € X ¢6 dinh. Ta xay dung day {z,} bdi z,,1 = Tz, véi moi
n > 0. Néu ton tai k € N sao cho x4_1 = x5 thi 2 = Taxp_1 = Tx—1. Vay Ti_1 1a diém bat dong
ciia T. Bay gio ta c6 thé gia st x,_1 # x, v6i moi n € N. Trudc tién, ta ching minh z, # =,
v6i moi n,m € N, n # m. That vay, gid st ton tai n,p € N sao cho z,, = z,,4p va p > 2. Khi d6
Tpt1 = Tpipt1. BOL T théa man diéu kién co nén

d(Zn, Tni1) = d(Tpip, Tnipy1)
= /\d(xn-&-p—la xn-ﬁ-p)

< Nd(zp, Tng1)-
Vi AP € [0,1) nén d(zn,znr1) = 6. Didu nay mau thudn véi z,, # x,41. Do vay x, # o, véi moi
n,m € N, n # m. Mat khac, do T théa man diéu kién co nén
d(Txnfla Tl'n) j )\d(xnfla xn),
d(Tzn—h Txn+1) = /\d(zn—lv xn+1)7
v6i moi n € N. Diéu nay kéo theo
d(Tpn, Tpt1) 3 ANd(x0, 1) va
d(Tpn, Tnta) 2 ANd(x0, x2) v6i moi n € N.
Gia stt n,m € N v6i n > m. Néu n — m 1a chin, béi bat ding thiic hinh hop chi nhat, ta suy ra
d(Tm, zn) 2 d(@m, Tmy1) + oo + d(@p1,2n)
= ()\m + ...+ )\nil)d(l’o,iﬁl)
A’nl
1—A
Tu % — 0 khi m — +o00, nén %d(xmxl) — 0 khi m — +o00. Tt d6 suy ra d(xm,, ,) — 6 khi
m,n — +oo. Vay, {z,} la diay Cauchy trong X. Néu n —m la 1&, bdi bat déng thitc hinh hop chit
nhat, ta suy ra

= d(xg,x1).

d(@m, Tn) 2 d(@m, Tmy1) + oo + d(Tp—2,24)
<N 4 A2, 1)
+ A" 2d (20, 22)
A\

= ﬁd('x(% 501) + )\nizd(xm $2)-
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Diéu nay ching t6 {z,} la diay Cauchy trong X. Vi (X,d) day da nén ton tai £ € X sao cho

lim z, =¢.
n—oo

TU 2y, # T V6i 1 # m, ton tai n(¢) € N sao cho

§ 7é Tn 7& Tn+1 7é Tg vOi m01 n > n(f)
Do do

d(§,T€) 2 d(& xn) + d(2n, Tni1)
+ d(zn+1,TE)
=d(§, 7n) + d(Tn, Tnt1)
+d(Tx,, TE)
=d(& xn) + d(@n, Tri1)
+ Ad(zp, §).
Béi
lim (d(&, zn) + d(zp, Tni1) + Ad(2n, &) =0

n—oo
nén d(¢,T¢) = 0. Vay € = T¢. Didu nay chiing t6 ¢ 1a diém bat dong ciia anh xa 7.
Tinh duy nhét diém bat dong: Gia sit ¢ # € 1a diém bat dong khac ciia T. Khi d6 ta c6

d(&, ) = d(T€,T¢) 2 Ad(&,C).

Diéu nay kéo theo

1
d(§,¢) = ﬁf) =90.

Tt d6 suy ra d(&,¢) = 6. Vay € = ¢. Do d6 & 1a diém bat dong duy nhat ciia T. Vay dinh Iy duge
chiitng minh. O
Example 0.1. Gid st E =R? C = {(z,y) € R? : > 0,y > 0} 1a n6n c6 phan trong trén E. Dat
X =1{0,1,2,3} va dinh nghia d : X x X — R? béi

d(0,0) = d(1,1) = d(2,2) = d(3,3) = (0,0),

d(0,1) = d(1,0) = (3,6),

d(0,3) = d(3,0) = d(1,3) = d(3,1) = (2,4),

d(1,2) =d(2,1) =d(0,2) =d(2,0) = (1,2).
Khi dé (X,d) 1a khong gian metric nén hinh hop chit nhat diay dit nhung (X, d) khong 1a khong
gian metric nén vi

d(0,2) +d(2,1) = (2,4) < (3,6) = d(0,1)

Xét anh xa T : X — X bdi
2, néu x # 3,
0, néu x = 3.

T(x) = {
Chd y rang
d(T0,T1) = d(T0,T2) = d(T1,T2) = (0,0)
va trong cac truong hgp con lai, ta c6
d(Tz, Ty) = (1,2),d(z,y) = (2,4).

Vay véi A = 1, tat ca cac gid thiét ctia Dinh 1y 0.5 dudc théa man va ¢ = 2 la diém bat dong duy
nhét ctia T.
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