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] PHUONG PHAP LAP o
GIAI BAI TOAN TiM NGHIEM CO CHUAN NHO NHAT

Nguyén Tt Thing
Dai hoc Thai Nguyén

TOM TAT
Trong bai bao ndy chung t6i nghién ciru bai toan hai cdp trong khong gian Hilbert thuc:
tim nghiém c6 chuan nho nhat trén tip nghiém cla bai toan bt dang thirc bién phan. Ching
t6i d¢ xuat mot phuong phap lip mdi giai bai toan hai cap nay, dong thoi thiét 1ap su hoi tu
manh ctua phuong phap.
Tir khéa: Bat dang thirc bién phdn; khéng gian Hilbert; chudn nho nhdt; bai todn hai cdp;
toan tir don diéu.
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ITERATIVE METHOD FOR SOLVING A MINIMUM NORM PROBLEM
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ABSTRACT
In this paper we study the problem of finding a minimum norm solution over the set of
solutions of a variational inequality in Hilbert spaces. In order to solve this bilevel problem, we
propose a new iterative method and establish a strong convergence theorem for it.
Keywords: Variational inequality; Hilbert space; minimum norm; bilevel problem; monotone
operator.
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1 Giéi thigu

Cho H 14 mot khong gian Hilbert thuc véi tich vo hudng (-, -) v chuan || - ||. Cho C' 1a mot tap
con 16i déng khac rong ctia H. Cho anh xa G : C' — H (thuong duge goi la anh xa gid). Bai
toan bat dang thitc bién phan (don tri) trong H duge phéat biéu nhu sau: Tim 2* € C sao cho

(G(xz"),x —2") >0 Vrel. (1)

Ky higu Q¢ la tap nghiém ciia bai toan (1). Bai toan bat dang thiic bién phan (1) dugde gidi
thiéu lan dau tién vao nam 1966 khi Philip Hartman va Guido Stampacchia cong b6 nhiing
nghién cttu dau tién ctia minh vé bat dang thic bién phan lien quan dén viec giai cac bai toan
bién phan, bai toan diéu khién t6i wu va céc bai toan bién trong 1y thuyét phuong trinh dao
ham rieng. Bai toan bat déng thitc bién phan da va dang thu hit duge nhiéu sy quan tam ctia
cac nha toan hoc vi cac mo6 hinh clia né chita nhiéu bai toan quan trong ctia mot so6 linh vuc
khéc nhau trong toan hoc ting dung nhu t6i wu héa, bai toan diem bat dong, 1y thuyét tro choi,
can biang mang ludi giao thong . .. (xem [2,[4,5,10]). Nhidu phuong phap giai bai toan bat dang
thitc bién phan da xay dung, trong d6 phuong phap chiéu déng vai tro quan trong vi sy don
gian va thuan lgi trong qué trinh tinh toéan ... (xem [1,|6/7]).

Bai toan tim nghiém c6 chuan nhé nhat I bai toan tim phan tit 2* € C sao cho
2] < [lzll V2 e C. (2)

Trong bai bdo nay, ching toi dé xuat mot phuong phap lap mdéi gidi bai toan (2) trong truong
hop C' 1 tap nghiém clia bai toan bat ding thitc bién phan (1), nghia la tim phan ti z* € Qg
sao cho

2" < =] Vo € Q. (3)

Ky hieu 2 la tap nghiém ctia bai toan (3). Gia thiét rang Q # (.

2 Mot sb kién thic bb tro

Dé xay dung day lip va ching minh dinh Iy hoi tu manh, ta can mot sb kién thiic bd trg sau.
Cho C la mot tap con, 16i, déng, khac rdng ctia khong gian Hilbert thiie . Hinh chiéu
clia mot diém z € H trén C, ky hiéu Po(x), 1a mot diém thuoc C va gan diém x nhat, dugc
xac dinh bdi
Pe(x) = argmin{|lz —y| :y € C}. (4)
Hinh chiéu Po(x) ctia z trén C luon ton tai va duy nhat va Pe 1a mot anh xa khong gian, nghia
la
[Po(z) = Pe)ll < llz =yl
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Mot 4nh xa G : C' — H duge goi la n-don diéu manh nguge trén C, néu
(G(z) = Gly),z —y) > n||G(x) = GW)|I* Yo,y e C, n>0. (5)

Ky hicu Fix(S) la tap diém bat dong ctia &nh xa S : C — O, nghia la Fix(S) = {z* € C :
S(x*) = x*}.

B6 dé 2.1 (xem [3]) Cho C la mot tap con loi déng trong khong gian Hilbert thuc H, S :
C — H la mot anh xa khong gian. Khi dé néu Fix(S) # 0 thi dnh za I — S la dnh za nida déng
tai y € H, nghia la vdi moi day {x*} C C hoi tu yéu dén phan ti T € C va day {(I" — S)(z*)}
hoi tu manh dén y thy (It — S)(z) = y.

B6 dé 2.2 (xem [8]) Cho {s,} la diy s6 thuc khong am théa man s, < (1 — B)sp +vn vdi

moin >0, trong dé {B,} va {v,} la cic diy so thuc théa man cac dieu kién sau:
(1) {Bn} € (0,1) va 3272 Bn = o0,
(12) limsup,, o 2= < 0 hodc 3237 [Bava| < 0.

Khi do lim,,_, s, = 0.

3 Két qua chinh

Cho H 1a mot khong gian Hilbert thie, C' 1a mot tap con 16i déng khac rong cia H, G : H — H
13 mot anh xa. Ta xay dung day lap {2*} nhu sau:

y' = Po(a® = \G(a")), 2" = (1 - pon)y", (6)

trong d6 A, u 1a cac s thyc khong am va {a;} 14 day tham s6 thuc.
Su hoi tu ctia phuong phap lap (6) duge cho trong dinh 1y sau day.

Dinh 1y 3.1 Cho C la mot tap con, 103, déng, khdc mong ciia khong gian Hilbert thuc H va dnh
za G : H — H la anh za n-don dieu manh nguoc trén H. Néu cdc so thuc X, p va day tham so
thuc {ax} théa man cdic diéu kién

(C1)0<A<2n 0<pu<2,
(C2) 0 <ap <min{l,1}, 7=1—]1—yl,

11

(©3) Jim ax =0, Jim [~ 2

00
:07 Z Q= 00,
k=0
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thy day {x*} dugc zdc dinh bdi (6) hoi tu manh dén nghiém duy nhat cia bai todn (3).
Chitng minh. Ta xay dyng anh xa Sy : H — H nhu sau
Sk(x) = Po(x — AG(x)) — poy[Po(z — AG(z))] Vz € H. (7)

Stt dung tinh n-don diéu manh nguge ciia anh xa G, tinh chat khong gian ctia phép chiéu Pp
ta nhan ducc

| Po(z — AG(z)) — Po(y — AG())|I” < [lz = AG(z) — y + AG(y)|)?
= |lz — ylI> + X[|G(z) — G(y)|I> — 2Mz — y, G(z) — G(y))
<z —yl* + XA —20)||G(z) = GW)|* < lz —y|* Va,y e M. (8)

T day suy ra
15k (2) =Skl = [ Pe(z—=AG(2)) — pa[Po(z = AG(2))] = Po(y — AG(y)) 4 pow [ Po(y = AG ()|

< (1= a)llz =y, (9)

voi T =1—|1—p| € (0,1] (xem [9]). Do d6, Sk la dnh xa co trén H. Theo Nguyén ly anh xa
co Banach, ton tai diém bat dong £ théa man Sy (€F) = €F. V6i mdi & € Qg, dat

_ z
C’:{xe’H: o — ]| g“””},
-
két hop véi tinh chat khong gidn ctia phép chiéu Pc, suy ra anh xa Sy Pg la dnh xa co trén H.
Do vay, ton tai duy nhit diém 2* thoa man Sy[Ps(2*)] = 2*. Dat 2% = P=(2"), tit (7) va (9) ta
suy ra

12 = &) = 1ISk(z") — 2l < [[Sk(2") — Sk(@)]| + [1Sx(2) — 2]
= [181(2") = Su(@)|| + |1Sk(2) — P (@ — arG(2))]

< (1= an) |28 = ]| + pen|| Po(@ — axG(@))|| < (1 = g

Diéu nay chi ra rang 2% € C va Si[Pg(2F)] = Sk(2*) = 2*. Do vay, ¥ = 2% € C.
Mit khac, v6i bat ky day con {€¥} clia day {€F} thoa man

i~ & lim oy, =0,
k—o0

khi 7 — oo

1Pe (€ =AG(€")) =€ = | Pe (€% = AG(€")) = Sk, (6") | = paw, | Pe (€™ = AG(£))| — 0 (10)
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Theo (8), anh xa Pe(- — 0 G(+)) 1a khong gian tren H, két hop véi (10), BS def2.1] va ek — ¢,
suy ra Po(€ — MG(€)) = €. Vay € € Qq.
Tiép theo, ta chiing minh
lim &% = z* € Q.

faes
That vay, dat

8 = Po(&" = \G(€Y)),

vt = (u— 1)),

vh = (= 1)(Y).
Vi S, (€9) = €5 va 2" = Po(a* — AG(2*)) nen ta co

(1 — ) (€9 — 2) + ay, (€9 + M) =0

(1 — Oékj)[l — Pc( — /\G())](ﬂ?*) + Oékj (x* + U*) = akj (.T* + U*>.
Khi do,

—ou, (T* 0%, €9 —a*) = (1—oy, (€9 —a* — (2 — %), € —a*) + o, (€9 — 2™+ oM — o™, ¢ —2¥).

(11)
Theo bat dang thitc Schwarz, ta c6
(€ —ar = (2% —a"),&5 —a") > €Y —a*|? — 127 —a||l€ — 2|
> [|€8 —a*|* — 1€ — 2| =0, (12)
va
(€ —a" + 0" — 0" €Y —a”) > ||EY — 2P — v —or|||€h — 2|
> |lgkh — 2P = (1= 7)€" —27|]® = 7||ek — 2|, (13)

Két hop (11), (12) va (13), ta dugdc
—7[|€8 =P > (@ ", €Y —a*) = plat, €8 —at) = pla”, €5 =€) Fpfat E—a") > plat €M =€),
Vay
Tlle" — 2|* < plat, € — €5).
Cho j — oo, day {€%} hoi tu manh dén z*. Khi d6, ton tai mot day con {&%} cta day {&€F}

thdéa man

0 < liminf [[¢¥ — 2*|| < limsup ||¢¥ — 2*|| = lim [|€% — 27 = 0.
k—o0 k—00 j—00
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Vay, day {¢*} hoi tu manh dén diém z* € Q.
Mat khéc, theo (9), ta xét

2% — &) < |la® — &Y+ 1€ = 8| = [1Skma (@) = Spa (8D + (1€57 = &F)|
<(1—apoam) ||zt = 4 1€ = &R (14)
Tit dénh gid
1570 = &¥)| = [1Skoa (€57 = Sk(€M)) = [1(1 — ) 2" — g™ — (1 = 1) 257 + g™

= [[(1 = ar) (2" = 2571 — ag (0" = 0" ) + (a1 — ap) (2 0
< (1= ap)ll2" = 251+ agllo” = 0"+ a1 — aglul] 2"

< (L= ) = 27+ auft = sl = €77+ o — a2,

ta suy ra
ap]|€7 = ¥l < gy — alp] 27,
hay
1y Moo — a2
165 — ¥l < : (15)
QLT
Thay (15) vao (14), ta dugc
ap_1 — agl||ZF1
||«Tk—§kH S(1—Oék_17>‘|l'k_1—§k_1”+M| k-1 k’||| ||
T
Dat
_ =k
5, — Mo ak+1|2||2 ||7 k> 0.
QO T

Khi do

2% — €% < (1 — apor7) |2 = €Y + a1 7y VE > 1.
Vi day {z*} bi chan, gid sit ||2¥]| < M véi moi k > 0, ta c6

— zk M 1 1
lim 5 = lim M0 = QentllZ 0 |— - —|=0. (16)
k—oo k—o0 OékOék_HTQ T2 k—oo (07°NS] Qg

Do d6, theo Bo dé 2.2 suy ra

lim ||z* — &¥|| = 0.
k—ro0

Mit khéc, theo chiing minh trén, day {£*} hoi tu manh dén nghiem z*, suy ra day {2*} ciing

hoi tu manh dén nghiém duy nhat z* ciia bai toan (3).
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