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ABSTRACT
In this paper, we introduce a new explicit iterative method for solving a variational inequality
problem over the set of zeros for a maximal monotone operator in Hilbert space. By
using two resolvents of the monotone operator at each iterate, we prove strong convergence of
the method under a general condition on resolvent parameter.
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TOM TAT
Trong bai bio nay ching t6i dwa ra modt phuong phap lip hién méi giai bai toan bat déng
thirc bién phan trén tap khong diém cua toan tir don diéu cuc dai trong khong gian Hilbert.
Bang viéc sir dung hai toan tir giai ctia mot toan tir don diéu tai mdi budc ldp, ching toi ching
minh sy hdi tu manh ctia phuong phap dudi diéu kién suy rong dat Ién tham s6.
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1 Introduction

Let H be a real Hilbert space with inner product and norm denoted, respectively, by (-, -) and
| - ||. Let A be a maximal monotone operator in H. In this paper we assume that the set of
zeros, I' := {p € D(A) : 0 € Ap}, is nonempty, where D(A) denotes the domain of A.

Finding a zero of a maximal monotone operator, i.e., finding a point
finding a point p € D(A): such that 0 € Ap, (1.1)

is an important part of the theory of monotone operators. A fundamental method for finding
a zero point of a maximal monotone operator A in Hilbert space H, we can cite the proximal

point one [1]. This method generates a sequence {2*} defined for each k > 1
"= Jhab 4 eb or oM = JA (R +eF) (1.2)

where 2! € H, J& = (I + r,A)~L, I is the identity mapping of H, {r;} is a sequence of real

numbers such that r, > ¢ > 0 for all £ > 1 and €* is an error vector, satisfying

o
|2 — T2k < e with D e < o
k=1

or

2" — T2k || < gl — 2| with i n, < 00. (1.3)
k=1

Methods (1.2)-(1.3) converge only weakly to a zero of A in infinite-dimensional Hilbert spaces,
in general (see, [2]). In order to have a strong convergence sequence {x*} from the method,
several modifications of (1.2) were proposed in [3H5]. Kamimura and Takahashi [3] introduced

a method, in there two sequences {x*} and {y*} are built from a starting point 2! as follows:
Yt JRaR |y = Tt <ok, 2T =t + (1=t )k, k>, (1.4)

where u is a fixed point in H. The sequence {z*} so generated, as k — oo, is strongly convergent
to Pru, the metric projection of u on the set I', under the following conditions:

(C1) tp € (0,1) for all k > 1, limg_ oo tx = 0 and Y32 tp = 00;
(C2) 7 € (0,00) for all £ > 1 and limg_,o rx = 00; and
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Xu [5] extended the prox-Tikhonov method of Lehdili and Moudafi [4] in the following way
" = JHteu + (1 —t)ak + ). (1.5)
Further, Boikanyo and Morosanu [6] showed that (1.5) is equivalent to
Y =t + (1 — ) JiyF + P, (1.6)

and proved a strong convergence result for {¢*}, defined by (1.6), to Pru, if there hold conditions
(C1), (C2) and

(C3?) either (C3) with 0 = ||e¥|| or limg_soo(||ex||/tx) = O.
In this paper, we introduce a new modifications of (1.2),
" = JATAu + (1 — 1)) + € (1.7)

where JA = (I +cA)~! and c is any fixed positive real number. We will show that method (1.7)

is particular case of the following method,
= JATAT — tyuF) 2% + e, (1.8)
proposed to solve a problem of finding a point
ps €T such that (Fp.,p.—p) <0 VpeT, (1.9)

where p € (0,2n/L?) is a constant and F : H — H is an n-strongly monotone and L-Lipschitz
continuous operator with n, L > 0.

The paper is organized as follows. In Section 2, we list some related facts that will be used in
our result. In Section 3, we prove strong convergence of our main method and show that their
special case is new contraction and generalized proximal point method, that converge strongly

to a zero under a general condition on the resolvent parameter.

2 Preliminaries

In this section, we introduce some mathematical symbols, definitions, and lemmas which can

be used in the proof of our main result.

Let H be a real Hilbert space with inner product (.,.) and norm ||.||. In what follows, we write
x® — z to indicate that the sequence {2*} converges weakly to z while 2¥ — z indicate that

the sequence {2*} converges strongly to z.
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First, we know that, for any Hilbert space H,
o +yl* < ll2l* + 2(y, 2 +y) Va,y € H.

Let C' be a nonempty, closed and convex subset of H. We know that, for each z € H, there is
a unique Pox € C such that
Iz~ Pexl| = ing |}z — ul. (2.1)

and the mapping Po : H — C defined by (2.1) is called the metric projection from H onto C.
Moreover, we have
(x — Pox,y — Pox) <0, VYeeH, yeC, (2.2)

(see, for example, |7, Section 3]).
Let F': H — H be a mapping. F' is said to be L-Lipschitz continuous and 7-strongly monotone

when the following conditions are satisfied:
|Fz— Fy| < Ljz -yl and (Fz—Fy,x—y) >nllz -yl

for all x,y € H, where L and n are some positive constants. I is said to be contraction operator,

if 0 < L < 1 and nonexpansive, if L = 1.

Lemma 2.1 [see, [8]]Let H be a real Hilbert space and let F' be an n-strongly monotone and
L-Lipschitz continuous operator on H with some positive constants n and L. Then, for a fixed
number p € (0,2n/L?) and any ¢ € (0,1), I — tuF is a contraction with contractive constant
1 —tr, where 7 =1 — \/1 — u(2n — pl?).

We introduce some definitions and propositions about set—valued mappings. Let A be a set—
valued operator of H into 27 with domain D(A) = {x € H : A(z) # 0}, range R(A) =
Uzep(a)Az, and the inverse of Ais A~ (y) ={z € H:y € A(z)}. A: H — 2" is said to be

(i) monotone if (u — v,z —y) > 0Vz,y € D(A), u € A(x), v € A(y);
(74) maximal monotone if it is monotone and the graph
G(4) = {(,5) € H x H: = €D(A), y € A(x)}

of A is not properly contained in the graph of any other monotone operator on D(A).

For a monotone mapping A, we define its resolvent J4 by

JA =T +rA)" R +rA) C H— D(A),
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where r > 0, I is the identity operator on H.
A fixed point of the mapping F' : C' — C is a point z € C such that Fx = z. The set of all
fixed points of the mapping F' is denoted by Fix(F).

Lemma 2.2 |9, Section 7|Let H be a real Hilbert space. If A: H — H is a maximal monotone

operator,
(i) J# is nonexpansive, single-valued mapping and Fix(J4) = A~1(0) for each r > 0, and

(i)

1% = pl* < o = pl* = | T2 — 2|* Vo€ H, pe A7N0).

Lemma 2.3 [see, [10]] Let {ax}, {bx} and {cx} be sequences of real numbers such that, for all
kE>1, apyr < (1= by)ay + brey; ap > 0;

(1) by satisfies a condition of type (T); and
(73) either >°72 bi|ckx| < oo or limsup,,_, . cx < 0.
Then, limy_ar = 0.

Lemma 2.4 [see, [11]] Let {ax} be a sequence of real numbers with a subsequence {k;} of {k}
such that ax, < ag,4+1 for all [ € N;. Then, there exists a nondecreasing sequence {my} C N,
such that my — 00, am, < Gpmy+1 and a < @, 41 for all (sufficiently large) numbers k£ € N,.

In fact, my = max{l < k:a; < a;11}.

Proposition 2.1 [see, [12,|13]] Let H and F be as in Lemma 2.1 and let T be a nonexpansive
operator on H such that Fix(T) # (. Then, for any bounded sequence {z*} C H such that

limy oo || T2 — 2*|| = 0, we have

lim sup(Fp,, p, — 2*) <0, (2.3)

k—o0

where p, € Fix(T), solving (1.9) with I' replaced by Fix(T).

3 Main Results

First of all, we have the following results.

Theorem 3.1 Let A be a maximal monotone operator in a real Hilbert space H such that
I''={peD(A):0¢e Ap} # 0 and let F with p be as in Lemma 2.1. Assume that there hold
conditions (C1), (C3’), and
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(C2") {ry} is any sequence of numbers in (0, c0).

Then, the sequence {z¥}, defined by (1.8), as k — oo, converges strongly to the unique solution

P, solving (1.9).
Proof We consider an exact variant of (1.8), that is,
" = JATMI — tppF) ", (3.1)

Clearly, from (1.8), (3.1), the nonexpansive property of J{! and Lemma 2.1, we get the following

inequality:
|25 — Y| = || JATAL = topuF) 2" + eF — JATA — tupF) 2"

< (1= tm)ll2* = 2®[| + [le*]-

According to conditions (C1) and (C3’), we apply Lemma 2.2 to conclude that ||zF — 2*|| — 0
as k — oo. Hence, to show the desired result, it suffices to prove that {z*} converges strongly
to p, as k — oo. For this purpose, we first prove that {2*} is bounded. Indeed, for a fixed point
p € I', by Lemma 2.1, we have

12" = pll = | T = ten)a® — JEI2pl < (1= tur) |aw — pll + tupl Fpll

< max {||z' — p||, ul|Fp||/7},

by mathematical induction. Therefore, the sequence {2*} is bounded, and so are the sequences
{Fz*} and {y*} where y* := (I — t,uF)x"*. Without loss of generality, we can assume that they
are bounded by a positive constant M.

k+1

Further, we estimate the value ||2*™! — pl|? as follows.

24 = plF = AT — TRl < TR = pI® < 1y — bl = T2 — oI

= |(I=tyuF)a"—p|*— || Ty —yF|1? < (I—tir)||2* —pl|*+ 2t (Fp, p—y*) = | Iy =" |17, (3.2)

We need only consider two cases.
Case 1. There exists an integer ky > 1 such that ||z¥*1 — p|| < ||z% — p|| for all k > k.

Then, limy,_, ||2% — p|| exists. From (3.2), we can write that
172" =y 11 < lla® = pll® = [l = pll* + 2teu (3:3)

where M > || Fp|(||p]| + M1). Since limy_,, ||2* — p|| exists and ¢, — 0, letting k tend to infinity
in (3.3), we get that limy_, || J2y* — 4| = 0. This together with ||y* — 2*|| < txuM; implies
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that limy_,o || JA2* — 2%|| = 0. By using Proposition 2.1 with T = JA

2, we obtain inequality
(2.3). Now, from (3.2) with p = p., we know that

”karl —p*H2 <(1- tkT)ka —p*HZ + 2t (Fp, ps — o* + tkquk>

= (1= b)||z* = pul|?> + bece  for all k> ky,

where b, = t,7 and ¢, = 2[(Fp.,p. — 2¥) + tpu||Fp.||Mi], from which and Lemma 2.2 we
obtain that ||z* — p.|| — 0.

Case 2. There exists a subsequence {k;} of {k} such that ||z% —p|| < [|x"!—p]|| for alll € N,.

Hence, by Lemma 2.4, there exists a nondecreasing sequence {my} C N, such that m; — oo,
lz™ = pll < [lz"™* —p||and |2* —p|| < 2™~ p| (3.4)

for each k € N,. Then, from (3.2) and the first inequality in (3.4), we know that

e —pl* < 2 (Fp.p — y™). (35)
On the other hand, again from (3.2) the first inequality in (3.4), we have also that
1Ty™ = y™|[* < 2, M.
Therefore, limy_. | JAy™ — y™*| = 0, and hence, by Proposition 2.1,

lim sup(F'p,, p. —y™*) <0,

k—o00

from which and (3.5) with p replaced by p., it follows that
. me _
Jim {2 —p.|| = 0. (3.6)
Finally, from (3.2) with k& and p replaced, respectively, by m; and p,, we can write that
2™ = pull* < (1= b, 7|2 = pall® + 2, {F s, pe — y™).

By virtue of (3.6) and t,,, — 0, lim,, o ||[2™ " — p,]|> = 0, which together with the second
inequality in (3.4) implies that limy_, [|[2* — p.|| = 0. This completes the proof.

Remark 3.1 Clearly, the mapping F' = I — f, where f = al + (1 — a)u with a fixed number
a € (0,1) and a fixed point u € H, is an n-strongly monotone and L-Lipschitz continuous
operator with n =1 —a and L = 1 + a. Then, replacing F' in (1.8) by I — f and re-denoting
2% = aF with #, := tpu(1 — @), we obtain (1.7). Now, putting y* = (I — txuF)z* in (1.8), we
get that

Y = (I =ty pF)a ™ = (I =ty pF) (TP TY" + €F).
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4

Conclusion

We have presented an iterative method for finding a point in the zero set of a maximal monotone

mapping in Hilbert space, that solves a variational inequality problem, involving an n-strongly

monotone and L-Lipschitz continuous operator on H for some positive constants n and L. As

consequences, new generalized and contraction proximal point algorithm with a any sequence

of positive numbers for the resolvent parameter have been obtained.
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