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Abstract: Many authors studied optimality conditions for vector optimization problems
in recent years and obtained Kuhn-Tucker optimality conditions via Lagrange multipliers
(see, e.g., Clarke (1983), Kuk, Lee and Tanino (2001), Liang, Huang and Pardalos (2001},
Lue (2002),Gong (2010), Luu (2014, 2016), Gadhi (2015),...). Fritz John necessary opti-
mality conditions for fractional multiobjiective optimization problems with equality and
inequality constrainis which are assumed to be continuous but not necessarily Lipschitz are
established. Under a constraint qualification of Mangasarian—Fromovitz type, Kuhn—Tucker
necessary optimality conditions for local weak efficient solutions are derived. In this paper,
using results of Gadhi (2015), we derive necessary efficiency conditions via convexificators
for fractional multi-objective problems with equality and inequality constraints which are
assumed to be continuous but not necessarily Lipschitz.

Kevywords: convezificator, local weak efficient solution, fractional mudtiobyiective prob-
lem, constraint gualification of Mangasarian- Fromovitz type, Kuhn-Tucker necessary opti-

mality conditions

1 INTRODUCTION the Clarke subdifferentiabls. Gadhi [2] de-

rived optimality conditions for fractional mul-

Many authors studied optimality con-
ditions for vector optimization problems in
recent vears and obtained Kuhn-Tucker op-
timality conditions via Lagrange multipliers
(see, e.g., [1]-[3], [5]-[11]). The notion of non-
convex closed convexificator by Jeyakumar—
Luc [4] is a generalization of some notions
of known subdifferentials such as the subdif-
ferentials of Clarke [1], Michel-Penot [11]. It
has provided good calculus rules for estab-
lishing necessary efficiency conditions in nons-
mooth optimization. Necessary conditions for
efficiency via convexificators can be sharper
than those expressed in terms of known sub-
differentials as the Clarke, Michel-Penot and
Mardukhovich subdifferentials. Luu [6, 7, 8]
derived necessary conditions for local weak
Pareto and Pareto minima of multiobjective
programming problems involving inequality,
equality and set constraints in terms of con-
vexificators. Kuk et al. [5] established neces-
gary and sufficient optimality conditions for
nonsmooth multiobjective fractional program-
ming problems with inequality constraints via

tiobjective problems involving inequality con-
straints in terms of convexificators.

The rest of the paper is as follows. Section 2
gives notions and some preliminaries. Section
3 is devoted to derive Fritz John necessary
optimality conditions for fractional multiob-
jective problems via convexificators. Section 4
derives Kuhn—Tucker necessary conditions for
this problem under a constraint qualification
of Mangasarian Fromovitz type.

2 PRELIMINARIES

Given a Banach space X, we denote by X* its
topological dual with the canonical dual pair-
ing (., .}, and w* denctes the weak® topology
on the dual space. For an extended real valued
function f : X — RU {+co}, the expressions:

Iy lxv) = hgn_}(r]]f
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and

£ (z;v) = limsup flottv)— f(m)
t—0 t

(2)

stand for the lower and upper Dini directional
derivatives of f at = in the direction of v, re-
spectively. Let €' < R? be a pointed (C'N
— ' = {0} cloged convex cone with nonem-
plty interior which induces a partial order in
RP. Let A be anonempty subset of RP. A point
¥ € A is said to be a Pareto (respectively, a
weak Pareto) minimal vector of A with respect
to C'if A C g+ (RP\—C)U {0} (respectively,
A C g+ (RP\—int(C)), where int denotes the
topological interior.  Consider the following
fractional optimization problem (FMP):

) Fa(x)
T (91(93)’ T gp(m)>’
subject to

hi(z) < 0,5 el =11, .,m},
U(z) =0,k e L:={1,..r}.

where f;, g;,h; and £ are continous func-
tions defined on X such that f;(z) = 0 and
gi(z) > 0, for all ¢, 7, k and all z € X. Denote
by M the feagible set of (FMP)

M ={zxec X hj{z)<0, forall j =

1,..,m, and #3(x) =0, forall k=1, ...r}.
For # € M, we denote I{(z) = {j €
z)

I o hy(m) = 0} We set ¢ _
(ig;?, gﬁgi%) A pOiIlt r & M = {$ c

X ¢ hi(z) = 0 forall j, and #p(z) =
0 for all k} is an efficient (resp., weak effi-
cient) solution of (FMPF) if ¢(%) is a Pareto
{regp., weak Pareto) minimal vector of ¢(M).
A point 7 € M is a local efficient (resp., weak
lacal efficient) solution of (F M P) if there ex-
ists a neighborhood V of T such that ¢(z) is
a Pareto (resp., weak Pareto) minimal vector
of (M N V).

Recall that a point T is said to be a regu-
lar point in the sense of Ioffe if there exist
numbers K > 0 and § > 0 such that for all

where @ = {x € X : £(z) = {(z)},d(x, Q) de-
notes the distance from » to @, B(%;d) stands
for the open ball of radius § around = (see [7]).
Note that for Problem (FMP) without equal-
ity constraint, a local weak efficient solution
of (FMP) is a regular point in the sense of
Toffe.

We recall the following definition in [4].

Definition 1. The funiion f : X — R U
{400} s said to have a conwerificator & f(x)
at z if O f(x) C X* is weak™ closed, and for
eachve X,

f;(m,v) g sup <E*,U>,

x*ed* fx)
and
inf

§(wv) =
fa ) e* 8" f(z)

(", 0).
Note that convexificators are not necessarily
weak* compact or convex. These relaxations
allow applications to a large clags of nons
mooth continuos funtions. For instance, the
function f : R — R defined by
ifx=0
) = T, i 'm =0,
—/—, if x < 0,
admits noncompact convexificators at 0 of the
form [or, c0) with v € IR .

Remark 1. The convex hull of a convex-
ificator of a locally Lipschitz funtion may
be strictly contained in both the Clarke and
Michel-Penot subdiffirentials (see [4]). Henee,
necessary optimality conditions that are ex-
pressed in terms of &* f(x) may provide sharp
conditions even for lacally Lipschitz funtions.

Example 1.

22| cos L | ifz=0
1) {0, if z—0,

?

Then f;(0;v) = f7(0;v) = 0(vv € R). The
sets {0}, [-7, 7], and {—m; 7} are convexifica-
tors of f at @ = (.

The chain rule for composite functions in [4]
is needed in the following.
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Proposition 1. Let f = (f1, ..., fr) be a con-
tinuous function from X to R™ |, and let g
be continuous funiion from R™ to R. Suppose
that, for each ¢ = 1,2,...,n, the function f;
admits a bounded convexificator * f;(T) at T
and that g admits o buonded convertficator
Fg(f(x))at f(z). Foreachi =1, .. ,n, if 8" f;
ts upper semicontinuous at T and 8*g is upper
semicontinuous at f(T), then the set

F(ge (@) = "g(f @) A(@), ... 8" fu(T))

15 a convexificator g o f ot T.

3 FRITZ JOHN NEC-
ESSARY  EFFICIENCY
CONDITIONS

In this section, we derive Kuhn-Tucker
necessary optimality conditions in terms of
convexificators. We also introduce some as-
gsumptions for the objective functions and con-
straints functions of (FMP).

We shall begin with establishing a neces-
sary efficiency condition for (FMP).

Theorem 1. Let T € F be a local weak ef
ficient solution of (FMP). Suppose that T is
a reqular point in the sense of Ioffe. Assume
that h; 1s continuous and admils a converifi-
cator at T; f;, g, {p are continuous and ad-
mit conveztficators O fi(z), 8% g:(x), %8 (z)
at @ near T, respectively. They admat bounded
conwerificators OF f;(T), 0% g:(T), O (T) ot .
Moreover, 3% f;, 0% g; and O*F}, are upper semi-
continuous at E. Then there exists vector
(X s A) € BE A {0}, (bl i) €
RT+1; and (v],...,v5) € R such that

P
02 ol (i 30X (000" 1i(®) — ¢4(T) 0" gs(7)
=1
+ Z,u;co 8" hi(T) + Z v co Y0 (Z),
j=1 k=1
pE > uh =1, (3)
=1

pihi(@) =0, j=1,...,m, {4)
where cl indicates the weak™® clorure.

Proof Since & € F is a local weak efficient so-
lution of (F'M P), there exists a neighborhood
U of @ such that

$(z) — p(x) € R\ —RE (5)

for all z € U N E, where R}, = intRY.
Let us prove that = is a local weak minimal
solution of

minimize (f1(z) — ¢1(T)gr(x), .-,
fo(@) — dp()gp(w)),
subject to x € M,

(P1):

where ¢;(T) = fiz) (i=1,...,p).

(%)
Assume the contrary, thalt there exists xz; €

U N M such that

fi(z1)  fil®)
——=€
gilr1)  9:(@)
Hence, ¢{x1)—¢(x) ¢ R |, which contradicts
(4).
Applying the scalarization theorem by Gong
([3], Theorem 3.1) to Problem () yields the
existence of a continuous positively homoge-
neous subadditive function A on X satisfying

y2—y1 € RE L = Aly) < Alya),
and
Alple) —¢(@) 2 0 (Ve e UNM),  (6)

where ;(2) = fi(z) — di(z)gi(x) for all ¢
{17 ---7P},<P = ((Pl: AR (rpp)' Since (P(E) =0
and A is positively homogeneous, it follows
from (5) that A{p(2)) = 0 = A(w(Z)), which
means that z is a local minimal solution of the
following scalar problem:

minimize A{p1(x) — p1(Z), ...,

p(z) — pp()),
subject to, = € M.

(F2) :
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By Theorem 6.4 [7], there exist uj > 0, pu} >
0,7 =1,..,m,5 € Rk =1,..,r such that

™
b+ Zl#;f =1, and
=

0 € cl(pie0d Alpr — ¢1(@), 09 — 2p(2))(@)

+ 3 pieo *hy@) + S vico a*m@),
JeIE) =

which is equivalent to the following

0 €l pieod Apr — @1(@), -0 — p(0)(@)

m r
+ Z pico O hi(w) + Z vico 0% (T),
i=1 k=1

pihi(@) =0, §=1,...,m.

It can be seen that A is a continuous convex
function on RP, and hence, it is locally Lip-
schitz on R, Hence, we can choose the con-
vex subdifferential #A(0) as a convexificator
of A at 0. Then AA(Q) is a bounded convex-

ificator of A at (p1(T) — @1(T), ..., p(T) —
wp(z)) = (0,...,0). Moreover, the mapping
aA is upper semicontinuous at (0, ..., (), since

A is locally Lipschitz on RP. Taking account
of Proposition 1 to the composite function
Alp1—01(T), . . ., op—0p(T))(.), one gets that
OA0) (81 (T), ..., 0% pp(T)) 1s a convexifica-
tor of Al —¢1(Z), .-, 0p — @p(Z))() at =,
where A(0) is the convex subdifferential of A
at 0.

Let see that 9% f;(z) — ¢;(T)F g;(T) is a con-
vexificator of the function ¢; = f; — ¢:(T)g;
at T (i =1,...,p). In fact, fori = 1,...,p,
we set Glug,v) = w — (B, Flz) =
(fi(@), gs(z)). Then, G is Fréchet differen-
tiable at =, and

'G(F@) = {VGF@)} = {(1-¢:(@) .
Taking account of Propoesition 1, it follows
that the following set is a convexificator of

GoFatx

(1—¢1(x)) (8" fi(®), ' gi())) =

178

8" fi(@) — $:(@)5" gi(x)).

Therefore,

0 ol (3 DA (c0 B 1(3), .., c0 & (@)
+3 wieo 8hy(m) + 3 vjeo a*ek(z).
j=1 k=1

Hence, the above inclusion implies that there
exists a sequence

On €5 0M(0)(co 871 (), ..., co 8 ipp())

m ks
+ Z,u;‘-co 8" h;(z) + Z vico 84 (x)
j=1 k=1
such that lim,,_.., 6, = 0. The latter implies

that there exists a sequence {A,} C JA(0)
such that

B, © i M0 p1 (B), . 0Ty (7))

e

r
+ Z,u,;‘-co Fhi(x) + Z vico 3"y (T).
j=1 k=1

Since @A(0) iz a compact set in RF, with-
out loss of generality, we can suppose that
An — A € 2A(0). By letting n — oo, we
get

0ed (,ug)\*(coﬁ‘*tpl(f), . COB* i, (T))
+D pico 8hy(@) + > vieo 87 6(x).
=1 k=1

Let us see that A* ¢ R? Y\ {0}. In fact, for
y € RE |, it can be written as 0—(—y) e RE .
Therefore,
Ay = (N = 0) < Al-y) — AQ)
= A{—y) < A{0) =0.

Co*nsequintly, 2* e RY A\ {0}, We have X* =
(AL, Ap) € RIA{O}, and

0ed (p,g( s N (08 01 (F), .., 000" ()

e r
+ Z,u,;‘-co ' h;i(T) + Z vico 90 (T).
j=1 k=1
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Hence
P
0e cl(,u Z X (co 8" f3(T) — ¢i(T)cod” g;(T))
i=1
Z Lco 0 hy(Z) + Zuzco a*ﬁk(f).
=1 k=1
The proof is complete. 0

4 KUHN-TUCKER NEC-

ESSARY EFFICIENCY
CONDITIONS
To derive Kuhn-Tucker necessary

conditions we introduce the following
Mangasarian-Fromovitz type constraint qual-
ification (C'Q) for multiobjective fractional
programming problem (FMP): There exist
vo € X and numbers a; > 0(¢ € I(x)) such
that
(i) {6, w) <
(i) (njvo) =
{1,...,np).

A Kuhn-Tucker necessary efficiency con-
dition for (FMP) can be stated as follows.

—a; (V€ € 8"hy(x), Vi € I(z));
0(vy € O@),Y <

Theorem 2. Let T € E be a local weak ef-
ficient solutiorn of (FMUP), and let all hy-
potheses of Theoem 1 be fufilled. Assume
furthermore the constraint qualification (CQ)
holds. Then, there emists vector (af, .. af) €

P
B\ {0}, (o) © BT, and
(v}, ..., v5) € R" such that

P
0 a3 ol (wd fi(a)  éulw)eod ()
=1
£ 0 O hslw) + Y vieo 270 (@))
i=1 k=1
pihi (@) =0, j=1,.,m, (7)

Proof Under Assumptions of Theorem 1, we
claim that there exists vector (Af,.., ;) &

RE N\ {0}, (ugo ety i) € R and

(v7,...,v}) € R" such that
P

0 € el (45 DN (08 fi(T) — §u(T)c0 7 g3(T)
i=1

+3 " pise0 hy@) + 3 vjeo a*ek(@),
j=1 k=1

ph Y wi=1, (8)
j=1

pihy(@) =0, j=1,.. (9)
If A5 = 0, then 370 uf = 1. Conse-

quently, there exist 5§n) € cod*hy(z), 7];(:1) =
co & i,(x) such that

dm ST g Y v =0

jel(x) kel
Hence,
[ 3 e e kil ] =0,
el{@) kel

where vy € X is available in the constraint
qualification (CQ).

On the other hand, since yf > 0,i =1
S e =1, we have

dim [ 32 (e )+ 3 v o)

Jel(@) kel

- Z nujaj<0?

icl(T)

R

which conflicts with (9). We get of =
pEA (i =1,...,p), we obtain

0 cdl (3 of (0d" (@) — $ulT@)e0 0" g:(7)

=1
r
+ Y phco 8 k()
=1

with (of o) # 0, which completes the
proof. I

+ Z vico G*Ek(f)),

k=1
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TOM TAT

PIEU KIEN CAN TOI UU CHO BAI TOAN TOI UU BA MUC TIREU
THUONG QUA DUGI VI PHAN SUY RONG

Pham Thi Linh!, Do Van Luu?

YDai hoc Kink té va Qudn tri Kinh doanh, 2Dai hoc Thang Long

Trong nhitmg nam gan day, c6 rat nhidu tac gia nghién cifu vé didu kién t81 wu cho bai toan cin bing

vectd trong dé ham mue tigu dude dinh nghia bdi anh xa don tri va didu kign 81 wu dat duge theo quan

di#m ctia nhan tt Lagrange-Kuhn-Tucker (Clarke (1983), Kuk, Lee and Tanino (2001), Liang, Huang

and Pardales (2001), Lue (2002),Gong (2010), Luu (2014, 2016), Gadhi (2015),...). Trong bai bao nay,

ching t6i trinh bay digu kién cin Fritz John cho nghiém hitu higu yéu dia phuong ctia bai toan téi wu

da muc tidu thuong ¢o rang budce déng thic va bat déng thic qua dudi vi phan suy rong, voi gia thist

lien tuc ma khong cin didu kien Lipschitz. Dudi didu kign chinh quy kidu Mangasarian—Fromovitz, digu

kign cdn Kuhn-Tucker cho nghigm hitu higu yéu dia phucng duge thiét lap. Két qua cla bail la md ong

két qua clia Gadi (2015) cho trudng hop bai toan tdi wu da mue tigu thuong khéng cé ring busc ding
thiic.

T khoa : Dudi vi phan suy rong, nghiém hitu hieu yéu dia phuong, ba todn t6i wu do muc Héu thuong,

diéu kién chinh quy kéu Mangasarian-Fremovitz, diéu kién cén Kuhn- Tucker.
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