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TOM TAT

Trong bai bao nay, ching toi md rong khai nigm tya lén hdp f7 cia f trén co
s¢ khai niem da dua ra bdi Phan Thien Thach (2011). Dua ra khai nigm tya
dudi vi phan vi didu kign 61 vn dudi dang Karush-Kuhn-Tacker md rong cho

bai todn t6i un vai ham muc tign tys 1Hi

Ti khéa: Tug lén hop: Tya dudi vi phin; Didu kién 161 wu.

1 Mé dau

Xét didu kign 61 wu cho bai toan tdi wu
khong 101 [h mét bai todn md, ¢6 nhiéu ing
dung thye té va duge nhidu nhi todn quan
tam nghién citu nhu R. T. Rockafellar (]11]).
Y. Sawaragi (|2|}, Hoang Tuy (|7]), Phan
Thien Thach (]3]-[6]), ... Cho dén nay céc
nha toan hoc mdi chi dua ra duge didu kisn
t6i vu cho mat s6 ldp cac bad toan thoa man
mot s didn kign nko 46, trong tradng hep
tng quat vige 6 duge didu kien t6i wu la
khé khan, do vay day van 1 nhitng bai ton
md chn duge nghién o,

Trong bai bao [6], Phan Thien Thach da
dira ra khai nigm haamn tya Hen hop clia ham
[ R? — R duge xac dinh bdi

ff(z) =min{t: petl}, VpeRY,

trong d6 L = {z ¢ R% : fz) < 1} v& L~
Ia tap lien hop dudi cia X trong R, nghia
b Lt = {peR?:ple<livzecL}. Ung
dung khai niem dua ra Phan Thign Thach
da thu duge didu kign t6i vu cho cdc bai

toan tH1 wu vai ham mue tisu 1 cac ham
tang, lién tuc, thudn nhat, i, 161 vh nhan
gi& uri hitu han trén R7.

Troug bai bao nay, ching taéi md rong khai
niém tiga lén hop f* eha f trén oo sd khai
piem da dua ra bdi Thach trong bai béo
|5] cho lép ham tang chit, Hen tue, tya i,
nhén gid tri hitu han trén R vh dua ra
ditu kign 61 vu dudi dang Karush-Kuhn-
Tucker (KKT) md rong cho bai toan tHi wu
taa L

2 Ham tya lién hgp

Trong nnic ndy, chiing t6i lmon gid thiét
ring f(z) la haum tang chat, lén tue, tga
161, nhan pid tri him han trén RT va 0 =
J(0) < flz) vai moi @ € R? Y\ {0}, Lap
ham nay bao ham ldp cdc haun ting, thuén
nhét, lign tuc, bite, 16i vi nhan gia tri hit
han trén R7.

Do f(z) khong thuan nhat nen khai nigm
ham tya lien hop duge dua ra trong [5]
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khong con phil hop, do vy ta cin md rong
khai niém ham tya Bén hop f* clha f. Dat
Ly = {z € RY| f(z) < o} Khidé, ham f
c6 thé duge xéc dinh qua cdc tap mic dudi,
nghia B f(x) =inf{a > 0| z € L, }.

Dinh nghia 1. Haom tva lién hop cua f la
fr R — R sao cho

f'p) =inf{a = 0| pc (L1)"} vp e RY,

1
(1)
{quy wdc % =+oo, Ly =R% ).

Example 1. (xem |5]) Cho f Ia ham tuyén
tinh trén R f(z) = ¢z, véi ¢ > 0. Khi
do, ta o6 f*(p) = max{%j\ i=1,2,...,n}.

Tiép theo, ta nghien citu cae tinh chit cha
ham f*.

Ménh dé 1. Ham f* hiu han trén R vd
0= fH0) < f*(p) vdi moi p € R\ {0},

Chung minh Dé thiy (L% 7= {0}, v&
do d6 f*(0) = 0. Cho p € BT\ {0} Néu
f(p) =0 thi f*(p) < e véi moi € > 0, didu
nay din tai tdn tal o > 0 sao cho o < e va

1
= pT$§1Vm20tliéaf(m)§—
X
1 R
= flz) > = Ve >0 théa plae > 1(2)
a
Cho T > 0 théa man pfz = 1. Dat
2 = (1 + P7 vdi moi k € N*, ta b

pla® > 1. Theo (2) ta suy ra f(z*) > 1

vii moi £ € N, Cho kK — +o00 ta phin

. (7 1 , 1 :
duge f(:c) > = Do dé fz) > 5 voi moi
z > 0 théa man p’ z > 1. Didu nay tuong

dudng vii

1.1

inf{f(z): ploa>1lz>0>= >,

a e
Cho € — 0 ta nhan duge inf{f{z): plz >
1L,z > 0} = +oco. Difu nay vo I¥ vi luon
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ton tai & € R? \ {0} théa man pTd > 1 vk
inf{f(z): pTz> 1,0 >0} < f(&) £ +oo
Do dé f*(p) > 0 véimoi p € RY \ {0},

Tiép theo, ta chi ra f*(p) Ia hin han trén
R . Gia sit ton tai p € R\ {0} sac cho
f*(p) = +oo. Khi d6, khong ton tai s6 thue
o > 0sao cho p € (Lé)* didu nay taong
duong vl mdi o > 0 thn tai 2 > 0 sao cho
Pl =t>1va f(w’) < % bat =z = %w/,
ta co pla = 1 v f(z) < fla) < 1 (do
f{z) Ta ham tang). Chon day {a®} trong
Ry théa man o® — +co, khi 46, tén tai
day {z*} trong R? sao cho plad =1 vi
Fa*) <

Néu p > 0 ta 6 thé pid sit ring ¥ — Z (do
{z € B[ p'z = 1} Ia tap compact}. Cho
E — +oo, tit ding thic pzF = 1 ta thu
duge p'2 = L Tir f(2%) < L va tinh lien
tuc flz) ta co

k

1

_ . A .

z)= lim f(z) < lim — =0.
f( ) k—>—|—oof( )_ k:—H—ooOd'lc

Suy ra z = 0, ditu ndy mau thudn vai
plz =1

Néu p la véc td khong duong, ta dat [ =
{i)p; =0, 4 =1,2,3,..,n}. Chon y* sao
cho yf = 0 vaimoii € T vi yF = «F véi moi
i ¢ 1. Voimoi k ta cé pTy® = pTab =1 v
F(y*) < f(2®) < Lo (do f(z) Ia haum tang).
Vi{we R | pfa=1, 2 =0Vie I} latap
compact, ta ¢o thé gig thidt ring y* — 7.
Bang cach chitng minh tuong ty nhi & trén
ta cing thu duge ¢ = 0 va ply = 1. Difu
nay vi ly. [l

Ky hign LH, 14 tap onde dudi chda f*, nghia
I L = {p‘ eRY : f*(p) < v}. Ching ta
cH ménh 48 sau

Ménh dé 2. Cic tap mac dudi LY vi L,
s

la lign hop dudi cda nhau vdi mei v > 0.

Chitng minh D& thiy Li va Lo la lien
0
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hop dudi cda nhan Véi v > 0, ta chding
minh ring

L ={peR?:ple<ivecL,).
v

Chope I, tacop>0vh f*(p) <
* < l
é) } — f}/'
ool
(Layy <1
tai 86 thyc khac khong & sao cho & <
vape (L )* difn nhy tuong duong vl
> ~and p x < 1 véi mel = trong Ll.
1Ly

. hay

~z|~

5
inf{a > 0| pe (L

thi tdn

CL:tachd plz < 1 véi moi = trong

h @ Q\I»—‘-—J I

Néu inf{a >0lpe (L)t} = # thi vdi moi
(=3
e>0ta,c()inf{a20\p€(lll)*}<%Jre.
Béing cach chitng minh tuang ty nhy trén
ta o pTw < 1 v mot x trong L1+1 . Do
Te

dé, véi mei € > 0 thi

7 :

pla<1vae >0, f()i1+ny (4)
Choz = 0.7 # 0 vA f(T) < ~, ta clitng
minh r?x,nn plZ < 1. NénZ > 0 ta chon day
{xk} z* = (1 — })@. Day nidy théa man
oF T v 2R < fERMD < f@) < v
viii meoi & (do f 1& ham ting chat). Vai
mdi k, do f(zF) < v nén tdn tai ¢ > 0
sao cho f(z) < ﬁ vi do d6 plzf < 1
bai (4}, Cho k — 400, tit cée bat dang
thite pla® < 1 v f(z®) < v ta nhan duge
pl7 < 1va f(@) < . Néuz la véc ta khong
dudng, ta chon day {o*}. 2% = 124+ (1- 1)@
vii & > 0 vi f(2) < v (ta chon duge
vi f litn tuc v f(0) = 0). Vi f tua 164,
F(F) < ~ voi moi k. Bing céch chimg
minh tuwdng tg aha & trén, ta chidng mionh
dudge p :ck < 1 v6i moi k. Cho & — +oo
ta nhan duge p’@ < 1 va f(Z) < . Do dd
L cipelRt pla<1vee Ly},

¥

=

Déo lai, chop e {p e R

Khi dé6 p € (Ly)* = (L;l)*f suy ra
=

pla < 1va € Ly}

[(p) =infla =0 p < (Lo%)*} . Do dé

qw

Li){peRTj_

¥

:me§1Vw€LY}.

Tiép theo, ta chi ra L. 1 lien hop dudi clia
Ik . Dat
s

A—{meR?_:pTw<l VpELh_l}.

1
Vi L% Ix lien hop dudi cia Ly, suy ra

5
L, C A Gidstz = 0vaz ¢ L,. Do f
1a ham tang nén\r,a, 6T ¢ Ly — R\’j_ Vif
lign tyc va tya [0 nén L, 14 tap 161 dong.
Theo dinh 1y tach, tén tai ¢ € R™\ {0} vi
s thie o € R sao cho

T -
¢ x<avVscl, R, (5}
'z > a. (6}
Gid st ¢; < 0 vai & € {1,2,..n}. Lay

2 € Ly tacod af = (2, 2 — K, .., aD) €
Ly — R vai moi k € R, suy ra glaf —
+o00 khi £ — 4oco. Difu nhy mén thudn vél
(5). Do d6, ta o g > 0 va o > 0 bdi (5).
Dat p = iqg ta ¢b thé vidt

pla<lVze L, —RY,  (T)
pTE> 1. (8)

Tit (7) ta suy ra plz < 1 ¥a € L. theo (3)

ta ¢ p € th. Digu nhy ciing vai (8) dan
¥
til T ¢ A. 0

Chiing ta dé dang chitng minh duge cac

ménh dé san.
Ménh d& 3. Ham f ciing la tua lién hop
cua f*. nghia 14

Hz) =

inf{a > 0| = € (L

)

D=

Ménh 48 4. Ham f* nda lién tuc dudi,
tang, tya 104, frén RY.
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Ménh dé& 5. Ching ta o

. 1
o= i et a0 O
- 1
) = b s po = 1, p2 0}
(10)

3 Diéu kién t6i uun

Sau day, ching ta dua ra khai nism tua dudi
vi phan cia ham tya 101 Vée to p € R?
dugc sol A tug dudi gradient cia f tal x
néu

pTw =1vh flz)ff(p) < 1.

Ky higu 8" f(x) 1a tap gom 14t ch cac tya
dudi gradient cua f tal z va goi 9 f(x) i
tya dudi vi phan cia f tal x Néu 8 f(z)
khac rdng, ta ndi f khé tya dudi vi phan
tal x.

Dinh Iy 1. Néu f : R? — R, la ham tdng
chat, lign tuc, tya 6i va 0 = f{0) < f(=)
vdi moi z € R\ {0}, thi &% f(x) la iap (o4
khic rong vdi moi x < R\ {0].

Ching minh  Cho » € RT Y\ {0} Vi
Ia ham tya [0, lien tyc, tAng trén R va
f{z) > 0 nén Ly latap 1oi dong co phan
trong khac rong. Gid st ton tai hinh cdu md
B tam z sao cho B C Ly, Khi do, tém tai
# € B sao cho & > = Vi f tAng chit nén
ta ¢6 f(2) > f(=), difu nay man thofn véi
& € L. Do do, z la diém bien cia Lz
Dé théy, = ciing la bign clia Ly — R béi
[ 1 ham tang. Theo dinh 1y tach, tén tai
vée td g # 0 vasb thye o € R sao cho

¢lz<a Vze Lpy —RL, (11)

'z =a. (12)

Tzt (11} suy ra g > 0, vh do d6 o > 0 (vi
intLpy #0). Dat p=1q . tacd p=0va

pTz <1 ¥Vze Lf(w),
pTw =1.

Tit (13) vi Menh 8 2 tacap € L, ,vado
Flx)

do f*(p)f(z) < 1. Didu nay ciing véi (14)

kéo theo p € &% f(z). Tinh 161 cua 8 f(z)

duge suy ra tit dinh nghia cta tya dudi gra-

dient,. U

T ching minh cfia dinh Iy trén ta thu duge
ménh 48 sau

Meénh dé 6. Cho f : BT — Ry i ham
tang chat, lien tuc, tua 164 ve 0 = f(0) <
f(x) vdi moi z € R\ {0}, Diéu kign di dé
pCFflx)laptz =1 vaplz <1 vdi moi
zZ < Lf(m)‘

Tiép theo, ta x6t bai todn tdHi 1 sau

min f(z), v.dk z ¢ X, (15}

trong 46 f @ RT — Ry 14 ham tang chat,
lien tue, bite, tya 101 v 0 = f{0) < f(z);
X CRY 1a tap 1oi dong trong RY va. 0 ¢ X

Chiing ta nhéic lai rhng ham f 14 bifc trén
R néu

flx) = +oo khi w € RY, |Jz|| = +o0.

Vi f lign tuc, bite trén RY va X 1& t8p dong
khac réng nén bai toan (15} c6 nghism. Néu
X 1a tip céc véc td sdn xudt vi f 14 ham
chi phi, khi dé (15} 1a bai todn tim phuong
an sdn xulit x € X sao cho chi phi sdn xuft
14 nhé nhat. Cha ¥ riog ldp cac ham thoa
mwéan bai todn (15} bao haum phin léu cac
ham chi phi trong kinh té.

Sau day, ching ta st dung khai nigm tya
dudi vi phan dé dua ra didu kien cdn va
dii 161 wa dusi dang KKT md réng cho bai
tosn (15).
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Voi T € X ky hitu N(Z, X) Ih non phap
tuyén clia X tal 7, nghia i

Nz X)={p:pllz—T)<0Vee X}

Dinh Iy 2. Véc toz € X {a nghiém 161 vu
ctia (15) néu va chi néu x théa mén diéu
kien KKT md rong sau

Oedf(z)+ Nz, X). (16)

Ching minh Gi4d st 7 € X v (16)
ding., Khi d6 ton tal véc ta p € 9*f(T)
sao cho —p € N(z, X). Vi p € 8*f(z),
ta co6 p'E = 1 v fF(p)f(E) = L Vi
—p € N(ZX) nén ta 6 pl (x —F) > 0
vii moi x» € X, va do do pTzc > 1 véi moi
x € X. Theo Ménh d8 5, ta c6

Fp)flz) =1, Yz e X, pe P.
Diéu niy ciing véi p € 8" f(z) suy ra

)
fp)f@ = min{f'(p)f(z):zec X}

= £ min fz),

hée qui [a f(ZT) = mingex flz). Vivay T B
nghiém té1 wu ciia (15).

Déo lai, gid st 7 14 nghigm i vu cia (15).
Vi f 1a ham tang, lien tue, tya 161 trén R
va f(Z) > 0 nén Ly la tap 161, dong va
c6 phin trong khac rong. Ching ta cin
chi ra intX NintLyg = @ Thye vay, gid
s tdn tai hinh cdu mé B tam 2z sao cho
B C XN L. Khidd f(z) = f(Z) véi moi
x € B, Mat khéic, véi ¥ © B thoa méan
z* < 2 thita cd f(z%) < f(z°) = f(@) (vi
£ 1a ham tang chat), didu nay vo Iy, Do dé,
int X MintLgy = 0. Vi f 1a ham tang chat
nén int(X +R%) NintLgg = 0. Theo dinh
1y téch, ton tai vée to ¢ € BT\ {0} va sb
thie o sao cho

gle<avee L@ (17}
dle>avre X + RT.  (18)

T (18 tacog>0 T (1T tacb o >0
béi intLyg # 0. Dat p = Lg, ta oo

me < 1Vx € Ly,
me21Vm cX.

Suy ra p’@ = 1. Didu nay cing vdi
dén tai p € 9* f(z) bdi Menh dé 6. T
vi p'® = 1 suy ra —p € N(7, X). Do vay,
0€d* f(@) + Nz X). [

KET LUAN

Trong bai bao nay, trén ca sd khai nigm da
dua ra bai Thach trong bai bao 5], ching
161 G rong khal nigm tya lign hop cho lap
ham tang chat, len tye, tya 16i, nhin gia
tri hito han trén RY va 0 = f(0) < f(x) véi
moi z € R\ {0}, Chang minh mot s6 tinh
chét ciia ham lien hop nhy tinh thng, him
han, tia 161 va tinh oia Lign tyc dudi. Dua
ra khai niém tya dudi vi phin va chimg
minh mot sH tinh chét. Dua ra kign cln v
di t6i um dudi dang KKT md réng cho bai
toan tHi wa khong 101
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Summary

Optimality Condition for Nonconvex Optimization
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Abstract

In the present paper. we extend concept of quasi-conjugate f* of f on the basis concept was
defined by Thach (2011). We introduce the concept of quasi-subdifferential for quasiconvex
functions and use this concept to obtain an optimality condition in the form of & generalized
KKT for a nonconvex problem.
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