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Fixed point theorem in cone metric spaces
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In this paper, we prove new fixed point theorems in complete cone metric spaces
via normal cone and give several examples.
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1 Introduction

In 2007, Huang and Zhang [4] introduced
the concept of cone metric space by re-
placing the set of real numbers by an or-
dered Banach space and obtained some
fixed point theorems for mappings satis-
fying different contactive conditions. The
results in [4] were generalized by Sh. Reza-
pour and R. Hamlbarani [6] for non-normal
cone in a real Banach spaces. Subsequenly,
many authors have generalized the results
of Huang and Zhang and have studied fixed
point theorems for normal and non-normal
cone in a real Banach spaces, see for in-
stance [1], [2], [3], [5], [7], [8], [9] and oth-
erg. In this paper, we prove new fixed point
theorems in cone metric space where the
uniqueness of the fixed point is not guar-
anteed.

Let £ always be a real Banach spaces with
# is zero vector and P is subset of . We
say that P is a cone in F if

(i) P is closed, nonempty and P # {f},

(ii) az + by € P for all z,y € P and non-
negative real numbers a, b,

(i) P (—P) = {0},

For a given cone P in FE, we can define
a partial ordering = with respect to P by
x=yifandonly if y—x € P, while x < y
will stand for y —« < int P, where int I’ de-
notes the interior of PP. The cone P is called
normal cone if there is a number K > 0
such that for all z,y € F,0 < = < y im-
plies ||z| < K||y||. The least positive num-
ber satisfying above ig called the normal
constant of P.

Definition 1.1. (See [4]) Let X be a
nonempty set. The mappingd : X xX — FE
iz called a cone metric on X if

(d1) 6 = d(z,y) for all z,y ¢ X and
d(z,y) = 0 if and only if = = y;

(d2) d{z,y) = d(y, =) for all =,y € X;

(d3) diz,y) = d(=z,z) + d(z,y) for all
z,y,z e X.
Then (X, d) is called a cone metric gpace,

Definition 1.2, {See [4]) Let (X,d) is a
cone metric space. Let {z,} be a sequence
in X. We say that

(i) = is the limit of {=zy} if for every e € E
with # < e there is ng such that d(x,, z) <
e for all n > ng. We denote this by =,, = =

or lim =, = =.
=00
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(il) {zn} is Cauchy sequence if for every
e € FE with 6 < e there is ng such that
d(@p, 2y ) < e for all n,m > ng.

(iii) (X, d) is a complete cone metric space
if every Cauchy sequence is convergent.

Lemma 1.3. (See [4]) Let (X, d) is o cone
metric space and {zn} be @ sequence in X
Then we have:

(i) If {zn} converges to x € X then {x,}
13 o Couchy sequence.

(ii) If {zn} converges to z € X and {z,}
converges to y € X, then x = y.

Lemma 1.4, (See [4]) Let (X, d) 1s o cone
metric space, P 1s a normal cone and {z, },
{yn} be two sequences in X. Then

(i) nh_)rrolomn =z € X if and only if

?}Lrgod(mn,w) =0.

(ii) {zn} is a Cauchy sequence tf and only
if lim d{zn,zm) =0.
T2, o0

(iti) If lim @, =2 € X, lim y, =y € X,
N—0o0 n— 00
then
lim d(zp, yn) = d(z,y).

00

We can easily prove the following lemma.

Lemma 1.5. Let P is a normal cone in
E . If6 < a, < by foralln = 1 and
lim b, = 0 then lim a, =0.

2 Fixed point theorem

In this section, we present two fixed point
theorems for single valued mappings in
complete cone metric spaces and give sev-
eral examples. Let (X, d) is a cone metric
spaces, £ be a normal cone with normal
constant K and T be a single valued map-
ping from X to itself. For o > 0, we done
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M(w7 y7 K7 a) =

(@, Ty)l + [dly, T2)| + ldz,9)]
(K + Dld(z, )| + K|d(y, Ty)| + Ka

Theorem 2.1. Let (X,d) is @ complete
cone metric spaces, P be o normal cone
with normal constant K and T be a single
valued mapping from X to itself. Suppose
there extsts o > O such that

d{Tx,Ty) = M{a,y, K, o).d(x,y),

forall z,y € X.
Then

(1) T has at least one fized point T € X

(2) for anyx € X, the sequence {T"z} con-
verges to o fized pownt;

(3) if 2,5 € X are two distinct fized points,

then K
o «
e

Proof. Let g € X be a fixed. Consider se-
quence {Zn} by #ns+1 = Ty, for all n > 0.
Set dy, = d(y, Tpiy) for all n > 0. Then

dn = d(T%p-1,Txs)
= M(zp—1,on, K, o) .d(zn_1,5n)
_ @1, a4 )] + ldn-1ll)dn-1 )
(K + Dfdn—1]| + Kldn| + Ko
Since

d(mnfly mn«l»l) = d(:{:n,l, mn) + d(an7 wn+1)

and by P is a normal with normal constant

K, then

Klld(zp-1,%n) + d{2s, Trt1) |

Klld(n-1,20)| + K[d(@n, 2041
KHdnle +K‘|dnH (2)

[d{@n—1,Tn41)]|

A I

From (1) and (2), we have

(K + Dlldna [ + K dn]|

ty = 1.
(K + Dlldn1]| + Kldn|[ + Ko™
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Set
(K + L)f|dna]| + K[dn]|

Cp = foralln = 1.

(K + Dldn1ll + Klldn[| + Kex

Then 0 < ¢, < 1 and d,, =< eud,—1 for all
n > 1. It follows that

dy, < d,_1andd, = c,ch_1...crdpforalln > 1.

By the function f(¢) = ﬁ is increasing on

[0, +00), en < cpq for all n > 2. Therefore
CnCn—1.--€1 = —+0asn — oo,
Hence

lim ¢,cp—1...c; =0 and lim d,, = 0.
N—00 —00

On the other hand, for all n,p > 1, we have

d(ajﬂ? mﬂer)

=A@y Tagr) + o+ A Tngp1, Tasp)
=dp+ ... + dn-|—p—1

= enCu—1-.-c1do + ... + Entp—1Cntp—2.--c1do
= Pepn_t-.-c1do — 8 ag n — oo,

Thus

ﬂhﬁngo d(Xy, Tpyp) = 0 for all p > 1.
This shows that {=, } be a Cauchy sequence
in X. Since X is complete, {z,} converges
to some point # € X. We claim that Z is a
fixed point of . Note that

d{wn, Tz) = d(Tzp—y, TT)

= Mz 1,7 K, o) d(zy,_ 1, )

_ lld@nr.Tz)|| ] d(@zn)|| || dan1.2)] 4
(F+1)[[dn—1 [+ K[| d(2,TT)[[+a -~

— # ag n — oo, We get

lim =, = T%.

N—r oo
Hence, T = % holds, thus, # is a fixed
point of T'. If % is a fixed point of T with
Z # §, then

= M(z,9, K, o)d(z,7)
M.d(:&,g).

[

(mn—lv CE)

Thig implies
&
dlz,y)|| = —.
ld(z. )=
O

Remark 2.2, Note that in Theorem 2.1,
the ration M (z,y, K, a) might be greater
than 1 and the uniqueness of the fixed point
ig not guaranteed. The following example
shows this note precigely.

Example 2.3. Let B =[R2 P = {(a,y) €
R2:x>0,y> 0} a normal cone with nor-
mal constant K = 1in F. Let X = {0, 1,2}
and let d: X x X —R? by

d(0,0) = d(1,1) = d(2,2) = (0,0),
d(0,1) = d(1,0) = (%,0),
d(0,2) = d(2,0) = (1,0),
d(1,2) = d(2,1) = (2,0).

Then (X,d) is a complete cone metric
space. Let T: X - X by T0=0,T1 =1
and T2 = 2. For o = 1, we have

9 ¢

MO, 1,1,1) = o, M(1,0,1,1) = ¢

M(1,2,1,1) = %,M(Q, 1,1,1) = %

M(0,2,1,1) = 2 M(2,0,1,1) = >

1 ? ? - 37 ? ? ? - 3'

Then

d(TO, T1) = d(0,1) ~ M{0,1,1,1).d(0, 1
d(T1,T0) = d(1,0) < M(1,0,1,1).d(1,0
d(T1,T2) = d(1,2) = M(1,2,1,1).d(1,2
AT T = d(2,1) < M(2,1,1,1).d(2,1
d(TO,T2) — d(0,2) < M(0,2,1,1).d(0,2
d(T2,T0) = d(2,0) ~ M(2,0,1,1).d(2,0

Therefore T satisfies all the conditions of
Theorem 2.1 for « = 1. Also, 7" hag three
distinet fixed points {0, 1,2} and

a 1
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Corollary 2.4, Let (X,d) is a complete
cone metric spaces, P be a normal cone
with normal constant K and T be o single
valued mapping from X to atself. Suppose
there erists o > 0 such that

d(Tz, Ty) = M(z,y, K,o).d(w, y),

forallz,y € X. Then T has a wnique fized
pont if M(z,y, K,a) <1 for all z,y € X.

Proof. From Theorem 2.1, T has a fixed
point Z. If § is a fixed point of T, then

diz, ) =d(Tz, Tg) = M(z,9, K,o).d(z,7).

This implies
[1 - M(ir gr K: Oz)}d(i, g) j 6

Since M(z, 5, K,o) < 1,d(z,y) = 0. Hence
z=7. O

Example 2.5. Let E=R? P = {(x,y) €
R? :x > 0,y > 0} a normal cone with nor-
mal constant K = 1in E. Let X = {0,1,2}
and let d: X x X — R? by

d(0,0) =d(1,1) = d(2,2) = (0,0),

d(0,1) =d(1,0) = (-, 0)

j)
=

1
5 2
d(0,2) =d(2,0) = (1,0),
d(1,2) = d(2,1) = (%,0).

Then (X,d) iz a complete cone metric
space. Let T : X - X by T0=0,T1=0
and T2 = 0. For oo = 2, we have

2
M{0,0,1,2) =0,M(1,1,1,2) = o
2 2
M(2,2,1,2) = 2, M(0,1,1,2) = ,
1 2
M(1,0,1,2) = g,M(l, 2,1,2) = £
4 2
M(27 17172) = §7M(07 27172) = gr

M(2,0,1,2) = %

Then M(z,y,1,2) < 1 for all z,y € X.
Moreover, gince d(Tx, Ty) = @ for all =,y €
X, then

d(Tz, Ty) = M{z,y,1,2).d(z,y), for all z,y € X.

Therefore T satisfies all the conditions of
Corollary 2.4 for o = 2. Also, T has a
unique fixed points x = 0.
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Summary

Dinh Iy diém bat dong trong khéng gian metric nén
Tran Thi Quynh Chi
Truong Pai hoc Dien lyc

Trong bai bao nay, ching toi chitng minh dinh 1y diém bat dong trong khéng glan metric nén véi
non chuan tic va mot s6 vi du tinh toan minh hoa cho két qua trén.
Key words and phrases: Diém bét dong, Khéng gion metric nén, Nén chuidn tde.
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