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NON COHEN-MACAULAY IN DIMENSION MORE THAN S LOCUS
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Abstract. Let (R, m) be a Noetherian local ring, M a finitely generated R-module. Let s > —1 be an
integer. Following N. Zamani [14], M is a Cohen-Macaulay module in dimension more than s if every s.o.p.
of M is an M-sequence in dimension more than s. In this paper, we introduce the notions of non Cohen-
Macaulay in dimension more than s locus, nCMx (M) and i-th pseudo support in dimension more than
s of M, Psupp’ (M). It is clear that a Cohen-Macaulay module in dimension more than s for s = —1 is
Cohen-Macaulay module. In this case, the non Cohen-Macaulay in dimension more than s locus and i-th
pseudo support in dimension more than s are exactly the non Cohen-Macaulay and i-th pseudo support of
M. Next, we give a description nCMs (M) via these i-th pseudo supports in dimension more than s of M.
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1. INTRODUCTION

Throughout this paper, let (R, m) be a Noetherian local ring and M a finitely generated
R-module with dim M = d. It is well known that the Cohen-Macaulay modules play an
important role in the theory of Noetherian rings and finitely generated modules. Recall that
M is called Cohen-Macaulay if every system of parameters (s.o.p. for short) of M is an M-
sequence. There are some extensions of the concepts of M-sequence and Cohen-Macaulay
modules, among which are the notions of M-sequence in dimension more than s introduced
by Brodmann-Nhan [1] and Cohen-Macaulay modules in dimension more than s defined by
Zamani [14]. Let s > —1 be an integer. A sequence (1, ..., z,) of elements in m is said to be
an M -sequence in dimension more than s if x; ¢ p, for all p € Assp(M/(x1,...,2;_1)M)
satisfying dim(R/p) > s, for all i = 1,...,r. We say that M is a Cohen-Macaulay module
in dimension more than s if every s.o.p. of M is an M-sequence in dimension more than
s.

It is clear that M-sequences in dimension more than s for s = —1,0,1 are exactly
M-sequences, f-sequences with respect to M in sense of Cuong-Schenzel-Trung [6], and
generalized regular sequences with respect to M in sense of Nhan [10], respectively. There-
fore, Cohen-Macaulay modules in dimension more than s for s = —1,0, 1 respectively are
Cohen-Macaulay modules, f-modules defined in [6] and generalized f-modules introduced
in Nhan-Morales [11].

Non Cohen-Macaulay locus of M , denoted by nCM(M), is defined by

nCM(M) = {p € Spec(R) | M, is not Cohen-Macaulay }.

Let i > 0 be an integer. Following M. Brodmann and R. Y. Sharp [2], the i-th pseudo
support of M, denoted by Psuppy (M), is defined by

Psuppi(M) = {p € Spec R | Hé;%iimR/p(Mp) #0}.
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In 2010, N. T. Cuong, L. T. Nhan and N. T. K. Nga (see [5]) used pseudo support to
describe the non-Cohen-Macaulay locus of M as follows

nCM(M) = U (Psupp% (M) N Psupp%(M)).

0<i<j<d

Similar to nCM(M) and pseudo support Psupp, (M), we denote nCMs (M) and Psupp? (M)
are non Cohen-Macaulay in dimension more than s locus and the i-th pseudo support in
dimension more than s of M, respectively. The aim of this paper is to describe the non
Cohen-Macaulay in dimension more than s locus via the i-th pseudo support in dimension
more than s of M. Firstly, we give the following definition.

Definition 1.1. (a) Non Cohen-Macaulay in dimension more than s locus of M, denoted
by nCM~ (M), is defined by

nCMs (M) = {p € Spec R | M, is not Cohen-Macaulay in dimension more than s}.

(b) For an integer i > 0, the i-th pseudo support in dimension more than s of M, denoted
by Psupp! (M), is defined by

Psupp’ ;(M) = {p € SpecR | N-dimpg, (H;}iimR/p(Mp)) > s}.

Note that if s = —1, then non Cohen-Macaulay in dimension more than —1 locus is non
Cohen-Macaulay locus and the i-th pseudo support in dimension more than —1 of M is
i-th pseudo support of M. So, we have the description in the case s = —1. For s > 0 is an
integer, we have the following theorem, which is the main result of this paper.

Theorem 1.2.
nCM= (M) € | (Psuppl (M) N Psuppl  (M)).
1<i<j<d

The converse statement holds true when R is a quotient of a Cohen-Macaulay local ring.
Furthermore, if M 1is equidimensional then

nCMs4(M) = U Psupp’ ,(M).

1<i<d

2. PROOF OF THEOREM 1.2

To prove this theorem, we need some following lemmas. Firstly, we recall the notion
of N-dim by using the terminology of Kirby [9].

Definition 2.1. Noetherian dimension of an Artinian R-module A, denoted by N-dimp A,
is defined inductively as follows: when A = 0, put N-dimr A = —1. Then by induction, for
an integer d > 0, we put N-dimp A = d if N-dimpr A < d is false and for every ascending
sequence Ag C A; C ... of submodules of A, there exists ng such that N-dimp(A,+1/45) <
d for all n > ng. Therefore N-dimp A = 0 if and only if A is a non-zero Noetherian module.
In this case, A has a finite length.
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Remark 2.2. Suppose that (R, m) is local and A # 0.
(i) Kirby has shown that £z(0 : 4 m™) is a polynomial with rational coefficients when n > 0.
Roberts [13] has then proved that

N-dimp A = deglr(0: 4 m™) =inf{t > 0: Jz1,....,2p Em: lp(0:4 (z1,....,24)R) < 00}.

(ii) Let R be the m-adic completion of R. Then A has a natural stucture as an R-module
as follows: let (z,) € R, where x, € R, and let u € A. Then we get u.m™ = 0 for n > 0.
Therefore x,.u is constant for n > 0. So we defined (z,).u = z,.u for n > 0. With this

structure, a subset of A is an R-submodule if and only if it is an R-submodule. Therefore
we have N-dimp A = N-dim A.

Lemma 2.3. ([8, Theorem 3.7]) ([3, Lemma 3.1]). Let 0 < s < d. If N-dimp(H}(M)) < s
for all i < d then M is Cohen-Macaulay in dimension more than s. The converse is also
true if R is a quotient of a Cohen-Macaulay local ring.

Lemma 2.4. ([4, Corollary 3.2, 3.6]) .
N-dimp(H}, (M)) < i, for all i.
In particular, N-dimp(HZI(M)) = d.

Proof of Theorem 1.2. Let p € nCM 4(M). Then M, is not Cohen-Macaulay in dimen-
sion more than s. By Lemma 2.3, there exist 1 < ¢ < dim M), such that N-dimp, (H; R,,(Mp))
> s. Set i =t + dim(R/ p), we have

N-dimpg, (H;;—C?im(R/ p)(Mp)) > s.

Hence p € Psupp’ ,(M). Set k = dim M,. Then ¢ < k. Since M, is not Cohen-Macaulay in
dimension more than s, we have k > s. Therefore, it follows by Lemma 2.4 that

N-dimp, (Hyp, (M) =k > s.

Set j = k-+dim(R/ p). Then N-dimp, (H """ "/? (1)) > 5. This implies p € Psuppl ,(M).
So,

p € Psupp’ (M) N Psuppl (M).
Since 1 <t < k = dim My, we have 1 <7 < j < d. Then

nCM- (M) C U (Psupp’. (M) ﬂPsupp];s(M)).
1<i<j<d

Conversely, let p € Psupp’ ((M) N Psupp];s(]\/[), 1 <i<j<d. We have
N-dimp, (HI "D (My)) > s and N-dimp, (Hypt ™ P (M) > 5.

It is clear that j — dim(R/p) < dim M,. Then there exsist t = j — dim(R/p) < dim M,
satisfy

N-dimp, (H;Rp(Mp)) > s.
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Since R is a quotient of a Cohen-Macaulay local ring, it follows by Lemma 2.3 that M, is
not Cohen-Macaulay in dimension more than s. Therefore, p € nCM~4(M). This proves

U (Psupp (M) N Psupp’. ;(M)) € nCMs¢(M).

1<i<j<d

Now assume that M is equidimensional then Psupp’ (M) C Psupp (M), for all i < d.
In fact, for any p € Psuppl (M), we have N-dimg, (H;I_{flm(R/p)(Mp)) > s. Since R is
catenary and M is equidimensional then dim M, = d — dim R/ p . Therefore, we have by
lemma 2.4 that

N-dimp, (Hyy "™ P(My)) = d — dim R/ p > i — dim R/ p

> N-dimp, (Hypo ™ P (0y)) > 5.
So, p € PsuppiS(M). This implies
nCM-o(M) = | (Psuppl,(M) N Psuppl (M)
1<i<j<d
= |J (Psuppl,(M).
1<i<d

Thus, the assertion is proved. O

Note that when R is not a quotient of a Cohen-Macaulay local ring, the equality in
Theorem 1.2 is not true. Here is an example.

Example 2.5. Let (R, m) be the Noetherian local domain of dimension 2 constructed by

Ferrand and Raynaud in [7] such that the m-adic completion R of R has an associated prime
q of dimension 1. Then R is not a quotient of a Cohen-Macaulay local ring. Consider the
case s = 0, we have R is Cohen-Macaulay in dimension more than 0. So, nCM~((R) = (.
Since N-dimp, (Hng(Rp)) = 0, we have

Psuppl (R) = {p € Spec R | N-dimp, (Hél_%jimR/p(Rp» > 0}
={p € SpecR|dimR/p =0} = {m}.

On the other hand, for any p € Spec R, dim R/p = 1 we have dim R, = dimR—dim R/p =
1. Hence N-dimg, (leRp(Rp)) = 1. Then

Psupp(R) = {p € Spec R | N-dim, (Hy ™ "> (By) > 0)
={m}U{p e SpecR | dimR/p =1}.

Therefore nCM-o(R)  (Psuppl((R) N Psupp?,(R)).
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TOM TAT
QUY TiCH KHONG COHEN-MACAULAY CHIEU LON HON S

Luu Phuong Thao*
Truong Dai hoc Su pham, Dai hoc Thai Nguyén

Cho (R,m) la mot vanh dia phuong Noether, M 13 mot R-modun hitu han sinh. Cho
s > —1 la mot s6 nguyen. Theo N. Zamani [14], M 1a modun Cohen-Macaulay chiéu 16n
hon s néu moi hé tham s6 ctia M 1a M-day chinh quy chiéu 16n hon s. Trong bai bdo nay,
chiing toi gidi thieu cac khai niém quy tich khong Cohen-Macaulay chiéu l6n hon s, ky
higu nCM (M) va tap gid gia thit i chiéu 16n hon s ctia M, ky hiéu Psuppl ,(M). Dé thay
rang modun Cohen-Macaulay chiéu 16n hon s v6i s = —1 chinh 134 mdodun Cohen-Macaulay.
Trong truong hgp nay, quy tich khong Cohen-Macaulay chiéu 16n hon s va tap gia gia thi
i chiéu 16n hon s chinh 14 quy tich khong Cohen-Macaulay va tap gid gia thi ¢ ctia M.
Tiép theo, chiing t6i dua ra mo ta quy tich nCMs (M) qua cic tap gid gia thi i chiéu 16n
hon s cia M.
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Tw khéa: Modun Cohen-Macaulay chiéu l6n hon s, quy tich khong Cohen-Macaulay
chiéu lén hon s, gid gid thit i, chiéu Noether, thuong cia vanh Cohen-Macaulay dia phuong.
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