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FINITE-DIMENSIONAL APPROXIMATION FOR SYSTEM OF NONLINEAR
MONOTONE ILL-POSED EQUATIONS IN BANACH SPACE

SUMMARY

Tran Thi Huong
Uollege of Feonomics and Technology - TNU

In fact have many problem lead to solving the system of nonlinear monotone ill-posed
equations such as image reconstruction problem, signal recovery problem, optimal
control problem . .. These problems are studied in finite-dimensional spaces as well as
infinite-dimensional spaces. In this paper we study the convergence and convergence
rate for regularization solutions in connection with the finite-dimensional approxi-
mation for gystem of nonlinear monotone ill-posed equations in Banach spaces.
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INTRODUCTION

Let E be a real reflexive Banach space and E*
be itg dual space, which both are assumed to
be strictly convex. For the sake of simplicity,
norms of E and E* are denoted by the sym-
bol ||| and {(z*, z} denctes the value of the
linear and continuous functional =* € E* at
the point @ € E.

In this paper, we consider the problem of find-
ing a solution for a system of the following
equations

Ai(z) =86, i=0,1,... N, (1)
where N is a fixed positive iteger, Ag is a hemi-
continuous and monotone mapping, the other

mappings A; are A-inverse strongly monotone
with domain D(4;)=F,i=0,1,...,N.

Denote by §; the set of solutions for ¢th equa-
tion in (1). Throughout this paper, we assume
that S :=nN,8; £ 0.

It is well-known in [1] that each equation in
(1), in general, is ill-posed, by this we mean
that the solutions do not depend continuously
on the data f;. Consequently, the system of

equations (1), in general, is ill-posed. Therefore
gtrong convergence and stability of approxi-
mate solutions can be proved only by applying
some regularization procedure. In any method
of finding # & &, the main aim is to estab-
lish a continuous dependence of approximate
golutions on data perturbation.

To solve (1), in 2006 Buong [5] presented the
regularization method of Browder-Tikhonov
type when A;, ¢ = 0,1,...,N are hemi-
continuous, monotone and potential mappings
with D{4;) = E, in [10] this result was
modified for the case Ap is a Lipsschitz
continuous and monotone mapping and the
others A; are Aginverse strongly monotone
mapping in Hilbert spaces. Further, in [12]
Thuy presented the regularization method
when A;, i = 0,1,..., N are inverse strongly
monotone mappings in Banach spaces.

In this paper, a regularezed solution for (1) is
defined by the following equation

N
Ao(z) + o> Ai(z) + ol (z) =0, (2)
i=1

with a regularization parameter o > 0, a fixed
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number g € (0,1), an initial point z* & §,
and a generalized duality mapping J* of F,
i.e., J¢: FE — E* that satisfies the condition

Us(a),z) = ||, (U @)l s = 2.
Furthermore, we have the following property

of the J* (zee [1])

(@) = ), o —y) = mg o —yf*,
Yo,y e B, mg >0, 5= 2.

(3)

In what follows, we collect some definitions on
monotone operators and their useful proper-
ties. We refer the reader [1] for more details.

Definition 1. A mapping A of domain
D(A) C E into E* is called Lipschitz continu-

ous with o constant L > 0 if
[Alm) — A(y)|| < Lllz —y|| Va,y € D(A).

Definition 2. A maepping A
T(A) C E into E* is colled

of domain

(i) monotone if

(A(z)— Aly),z—y) =0 Vz,y < D(A);

(ii) A-tnverse strongly monotone if there
extsts a positive constant A such that

(A(z) = Aly), w—y) = A A(z) — AW,
Jor all z,y € D[A).

Definition 3. A mapping A of domain
D(A) C E into E* is celled hemi-continuous
at o point mo € T A) f Alwo + tx) — Az as
t —= 0 for any © such that o + tx € D(4);

If A is hems-continuous at every point of 2{A),
then A is said to be hemi-continuous.

Obviously, any A-inverse strongly monotone
mapping A is monotone and L-Lipschitz
continuous with consgtant I = 1/A. And any
monotone and hemi-continuous mapping A
with T(A) = E is maximal monotone.

Definition 4. A reflerive Banach spuce E is
said to be o E-space if it 15 strictly convexr and
has the Kadec-Klee property: for any sequence
{n}, the weak convergence xy, — = and con-
vergence of norms ||z,|| — ||z|| émply strong
CONVETYENCE Ty — T.

MAIN RESULTS

Lemma 1. Let E be o reflerive Banach
space, K™ be a strictly conver Bonach space,
J¢:D(J*) = E = E* be a normalized duality
mapping. Suppose that Ay : D(Ag) = E — E*
15 monotone and hemicontinuous, the other
mappings A; - D(A;)=E > E* i=1,...,N,
are Aj-tnverse strongly monotone. Then, for
each o > 0 equation (2} has a unigue solution
Ty

Proof.

Clearly, for each fixed o > 0, the mapping
N
ANy =at Yy A,
i=1

is monotone and (oSN L;)-Lipschitz
continuous with D(AY) = E, where L; = 1/X;.
So, AN is hemi-continuous. Consequently, the
mapping A = Ag+ AV is monotone and hemi-
continuous with D(A) = E. Hence, 4 is max-
imally monotone (see [1]). Furthermore, under
our assumptions, we have that J* is demi-
continuous and single-valued, and D(J*) = E.
Therefore, Theorem 1.7.4 (see [1]) ensures the
solvability of equation (2). On the other hand,
because J* is strictly monotone, the mapping
A+ aJ® ig algo strictly monotone. Thus, equa-
tion (2) has a unique solution z, for each
a > 0. a

In computation, the finite-dimensional appro-
ximation for (2) is the important problem. As
usualy, it can be approximated by the follow-
ing equation:

N
Ajla) + oy AP(a) + 0T a) =6, (4)
=1
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where A? = PXAP,, J™ = P1JF, o > 0 Y
¢ v oL ™ . + at § <Ai(Pn$oz)7Pn33a_TJozn>
x € E,, P, : E — E, ig linear projection ' (8)

operator from £ onto the finite dimensional
subspace E, of E, P} : E* — E} is conjugate
operator to F,, and

E,CE,p1, Yn, Fuw—xz, Vxck.

Without loss of generality, we suppose that
|Ps|| = 1. As algo for (2), this equation has
a unique solution z,,, for all a > 0 and n.

Theorem 1. The sequence {Tu .} of solutions
of the equation (4) converges to a solution x,
of (2), as n — oo,

Proof. It follows from (4} that
<A8(wm n) Tom —

+cv”z

+ CM{J (Zoz,n), Lan —

inoz>

(5)

xcxn Tomn — nw(x>

o) = 0.
By using (3), we have

O‘musa;n — anosz

= a(']s (maﬂ) - JS(Pnfcoz): Toyn — P’nmq>

- a(']ml(w&,n) - an(inoa), Lon — an>.
From (5), we have

Przzo|® < (A5 (@an), Patta —

ams”wa,n - wa,n>

+a”z

+ a{.]m(Pna:,l), Phzo —
Since A} = FrA; By, J°
from (6) that

wan Prro — zq n>

(6)
Lan)-

= BYJ4P,, it follows
anoaH <A0(330z n) anoz -

ams”wa,n - ma,n)

+at Z
+ ce{J (ina), Pozy — Ton)-

Using the monotonicity of A;, it follows from
(7) that

Ioz n Frxs — woz,n>

(7)

<A0( nfﬂa) anozfma,r»

Oﬁms”wa n nmaH

=1
+ a{J*(Ppzy,), Pyy

— Lo
Which leads to the following inequality
O«’muscx,n - nTrocHs

N
Ao (Prza) | + 0 | Ai(Paza)l |
=1

X[ Pata = Zanll + ol Paalll| Paza —

Tl

@)

This implies that the sequence {zn,} is
bounded. Without loss of generality, we sup-
pose that {z.,| is convergent weakly to
Ty Since A = PrAP,, J¥ = PIJP,,
the monotonicity of A; and J*, it follows from

(4) that
T —a:cm>

)7 In - moz,n> 2 07

N
<Ao (™) + o Z Ai(z

i=1
+ {5 (2"

with o > 0, 2" = Py € E,.

By letting n — oo in this inequality, using the
property of A;, P, and a,, — @y, forallz € E
we have

< +o¢“ZA )+ ads( )w:ca>>0.

Since, (2} has a unique solution, it follows that
Ty = T, and sequence {xg p, | converges weakly
10 @, From (8) deduce the sequence {wqn}
converges strongly to z,, as n — oo,

O

Let v,(z) = [[(T — P,)(2)||, 2 € S, where I
denctes the identity operator in F.

Theorem 2. Let E, E*, J*, S, and A;, (i =
0,...,N) be as in Lemma 1. Suppose that E
is an E-space. If y,(2)/o0 =+ 0 as o — 0 and
n —r 00, then the sequence {y | converges to
e S,
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Proof. For z € 5, 2™ = F,z, it follows from  Thus, we have

(4) that _ _
Clx Clx
. . L R F
<A0 (xoa,n)y Loyn — 7 > o o4
N _
where o{a) = K (2)(14 No#). Consequently,
T Oﬂ< Z Af(@an), Zam — Zﬂ> (10) we have

i=1

an oy 1 cla
t oI Fanh Ten = 2% =0, ol < 5{ 121+ 22
where @y, is solution of (4). It follows - ER
from (10), A7 = PIAP,, J7 = PP, +2\/ (11 + 222} 242 o)
P.F, = F,, and the monoctonicity of A; that o &
8 7 81, 7 < E(Q) E(Q)
alJ* (@an), Tan — 27) = (T (2apn), Tan — 27) < |2l + o + THZH
N
_ <A3($a,n) n OA”ZA?(%,«L),Z”* ma’n> Since y,(2)/o — 0 as o — 0 and n — oo
P it means that {z,,} is bounded. Since E is

N reflexive, there exists a subsequence of {z, n},
< <A0(z”) + a” Z A (2™, 27— za,n>. that converges weakly to z € E. For the sake of
i=1 simplicity, assume that xo» — 7 as @ — 0 and
1 — oo, Hirst, we prove that T € 5y. Indeed,

Hence, we have .
by virtue of A? = PYA;P,, J" = PJ*P,, the

alT* (Ban), Tam — 27 monotonicity of A; and J*¢, it follows from (4)
< (Ao(2") — Aolz), 2" — o) that
N (AD(Prz), Pt — 2o pn)
7 FR AN no__
e < Z; (AZ(Z ) A (Z))7 i Io[,n> - <A(T)L(an) - A%(ma,n) + Ag(ma,n)a Por — Ia,n}
=
< [[Ao(=") — Ao(2)[[||z" — zanl > (Ao(@ap), Patt — Zam)
N N
#a Y4 — A |1 . =0 Ao — Pas)
i=1 i=1
(11) + ol (2 n), Tan — Pat) (15)

On the other hand, by using N

= o Z<Ai(Pnf'3), Tap — P}

[As(=") — Ai(2)]| < Kml2),  (12) —
+ ol J*(Pax), tap — Pox), Yz e E.

where K is some positive constant depending  gince P,P, = P,, the last inequality has form

only on z, it follows from (4) that
(Ao(Po), Pot — Zam)

(T (2an), am — 27) <a(l + NaH)x N
X HZ”*QEOL’TLH. EQ“Z<Ai(Pn$):Za,n_PnI> (16)
=1
Hence, we have + alJ*(Pox), 2on — Fom), Yz e E.

(T (Zam), Tam) — (T (zam), 27 (13) After tending o« — 0, and n — oo in this
) ) ’ inequality, we obtain
< Em(z)

T
- [0

1+ No®)([[zan] + 127 (Ao(a),x —7) 20, Vee k.
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Thug, T € Sp (=ee [14]). Now, we shall prove
that T € S;, ¢ = 1,2,..., N. Again, from (4),
the monotonicity of A;, J*, and (12), we have

[]=

(Ai (IOI{W) - Ai(Pnz)z Ton — ﬂz>

.
Il

I
MZ =

p
I
—

<A?(T’C€,ﬂ) - A?(Pnz): woz,n - Pnz>

<A?(m0¢>n) - A?(Pnz): Lo — nz>

I
.MZ

p
I
kR

(—A?(Pnz), Lomn — nz>

|
‘MZ

,}
I
kR

+ al*#<an(ma)n), Pnz - :Uoz;n,>
1
+ J<*Ag($a,n): Ton — Pnz>

< {(—Ai(Pyz) + Ai(2), mapn — Pnz)

s

=1
+ o (T (Pyz), Puz — Tam)

1
+ J(‘AO(PM) + Ao(2), 2on — Prz)

N
< |3 14e) = APl — Po
=1
+ alfﬂ”(Js(Pnz), FPrz— Ton)

1
+ o |:||AO(Z) — Ao(Pﬂz)H} |zan — Przl

>

1 _ _
<= {NQ“ + Bopn(2) + Ko(z)No#
(e

[Tan — Pz
+ o T (Pyz), Puz — wan), 2 € 8.
Which together with the A;-inverse strongly
monotone property of A; implies
N
> Al Aiwan) — Ai(Poz)|?
i=1

i=

[

N
Z<Ai(woe,n) - Ai (Pnz)a Lan — Pnz>
1

N - = _
< L+L(Z)a1 '“(KJrNKa'“)]X
ot o
|Tan — Prz

+ o' P21 Paz — 2o, € 5.

Thus, ||Ai{zam) — L(z)|| - 0 as o — O
and n — oo with ~,(2)/a — 0. Note that,
each mapping A; is maximal monotone (see
[3], Theorem 1.3, p.40). As we know that (see
[1], Lemma 1.4.5, p.39), the graph G(A) of any
maximal monctone mapping A from a reflex-
ive Banach space F to E* is demiclosed, that
i8, oy, = T, Yp — f OF xy, — x, Yy, — f, Where
(Zn,yn) € G(A), imply that (z, f) € G(A).
Thus, A;{(z) = &, ¢ = 1,2,..., N, that is,
z € 5;. Next, since each 5; is closed convex,
S is also closed convex. Therefore, the element
2% in § with minimal norm in the strictly
convex Banach space E is unique. And now,
from (14) with 2 replaced by Z, it implies that
lzanll — |1Z|| and ||z]| < ||z||, for all = € S.
Hence, za, — = (because F is an E-space),
which is the element «°, that we have to find.

|

The next theorem will be give the convergence
for regularization solutions in connection with
the finite-dimensional approximation, and es-
timate convergence rate for {x, ,} under the
conditions:

Aoty ~to— (A" =
< (| Ao(y) — foll,

for y in some neighborhood of 2° € S, where

Ag(2") denotes the derivative of Ap at 2,

(A (z®)]* is the adjoint of Ag(z®), and 7 is

some positive constant.

The condition (17) is called tangential cone
condition and ig widely usged in the analysis
of regularization methods for zolving nonlin-
ear ill-posed inverse problems (see [7]).

Theorem 3. Assume that the following con-
ditions hold:

(1) Ao is continuously Fréchet differentiable
with (17) for v = 2%, and the other each
A; 15 Li-Lipschitz continuous tn some
neighbourhood of z9;
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(i) there exists an element w € E such that

[Ap(a) w = T#(2"),

where J* satisfies condition (3);

(iil) the parameter o is chosen by a ~ ~,
0< v <1, where v = maXges Yo ().

Then,
Zan — 2| = O + ),
where
1-— 1
f = min V,g 0= min < —, Y ,
s—1" s s's—1
and s > 2.

Proof. Replacing B,zq by z2 = P,z" in (8),

we obtain

g tan — :U?LHS < {Ao(mg), 3391 — Zan)

N
0y 0
+ ot ;(A«;(fﬂn): Ty, — Tom) (13)
+ ol T (@), T — Tan)-
We have
(Ao(wn), zp — Tan)
< [ Aoly) — Ao(a”)[l[|= — zaml  (19)
< Copa| 2 — o],

where 6’6 ig a positive constant depending only
on z°. And also, we have

N
Z(At (I’EL)7 Tp — La ﬂ>
=1
N
Ai :Eg — A@ IO Ig —Tan
< {;n () — A" || [

< (ia’h + N) ng — T

= (5%1 + N) ng - woz,n”y

o
I
—

64

where ,CZ is a positive constant depending only
on z" and C' = Zf\il 4, and

() = T*(2"), 25 — zap)

(21)
< OlEpyllen — zanl, 0<v <1,

where 1 > ||| and

(T#("),

-
(¥

z — Tan)
0>+<J5( ) . woe,n>
2%) + (w, Ao (@°) (2" — man))
175 ey, — 2°] + ko[l 4G (=) (2 — zan) |
=17 = Pa)a®|| + [lo[l]| A(=") (2" = zan) |

< Ry + [|wll(r + D)l Ao(an),

= (J5(x"

)’0
.

?

=
=

(22)
and
N
lo(an)ll < @ 3 | Aslwan)] + ol zanl
=1
N
<o 3 (JAizan — 4] + ol zanl
=1

N
<ot ZLinwm,n — 22| + aHCyp + a* N + afjzg .
=1
(23)

Thus, we have

ams|[zag — an|*

< Corpallah = @l + 0 (G + W) ) — e
+ aC(R)y; |2y — Coal| + B

+a\\w\\(f+1)[(1 o N+ a“ZLllwan |

+ 6t Copo + 0wl

< o+ a#(C + N) + aC(R)3
N
+ o ul(r +1) Y L]
i=1

||y — aull + aki + allwl|(m + 1)(1 + No)
+ oM luwl|(r + D)0y + &¥|el|(r + 1)|zanll
(24)

The last inequality implies that
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Mgz —

Coyn Coyn + N -
< | g MG TS i
a3 a3
N
bl (7 + 1) D L5 — vl
i=1

+ Ry + |lw||(m + 1)(1 + No#)

+ w7+ 1)Cy + a7 + Dllzanll-
(25)

If o iz chosen by condition (iii}, then o < 1,
from (25) we have

| —
< (G + Ot + O el —
+ Cayn + Covg”,

(26)
where C, ¢ = 1,...,5 are some positive con-
stants. Using the implication

a,byc =0, s>t

a® < bat + c= a® = O(bs/(s_t) + c),
we obtain

— 2l = O(+f +4L).

29

Thus
[€amn —°l| = Ol +44).
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TOM TAT
XAP Xi HUU HAN CHIEU CHO HE PHUGNG TRINH PHI TUY EN BDON bIEU
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Trong thuc t& cé rat nhidu bai todn duge dua vé bai todn tim nghiém clia hé phucng trinh
phi tuyén don diéu dit khéng chinh nhu: bai todn khai phuc anh, bai todn khoi phue tin hiéu,
bai todn didu khién i wu . .. Nhimg bai toan nay da duge nghién cdu trong cée khong gian hiu
han chiéu ciing nhu vo han chidu. Trong bai bdo nay, tdc gid nghién citu sy hoi ty va tée do hoi
tu cta nghiém higu chinh da duge xdp xi hitu han chidu cho hé phuong trinh phi tuyén don digu
dat khoéng chinh trong khéng gian Banach.
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