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In 1968, Kannan proves that the following result: Let (X, d) be a
complete metric space and T be a self-mapping on X satisfying
d(Tx, Ty) <r{d(x, TX) + d(y, Ty)}

forall x,y €Xand r € (0, 12). Then, T has a unique fixed point x € X
and for any x € X, the sequence of iterates {T nx} converges to x . The
mapping satisfying the above contraction condition is called Kannan
mapping. Another important meaning of the Kannan mapping is being
able to describe the completeness of space in terms of the fixed-point
property of the mapping. This was proved by Subrahmanyam in 1975.
Means, a metric space (X, d) is complete if and only if every Kannan
mapping has a unique fixed point in X. In this paper, we consider the
same problem in the case of strong b-metric space as generalization of
result of Subrahmanyam.
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Diém bat dong

Day Cauchy

Anh xa Kannan

Khbéng gian b-metric manh

Khong gian b-metric manh day
da

Niam 1968, Kannan di ching minh két qua sau: Cho (X, d) 1a khong
gian metric ddy du va T 1a 4nh xa di tir X vao chinh n6 thoa man
d(Tx, Ty) <rfd(x, TX) + d(y, Ty)}

V6i moi X,y €Xvar €(0,12). Khi d6, T ¢6 duy nhat diém bdt déng
X~ € X Vvavéi méi x €X, day lgp {T nx} héi tu téi x_. Anh xa théa mén
diéu kién co trén duoc goi 1a &nh xa Kannan. Mot ¥ nghia quan trong
khéc cua anh xa Kannan la c6 thé md ta tinh ddy du cia khéng gian vai
tinh chat diém bat dong cua anh xa. Piéu nay da duoc chimg minh baoi
Subrahmanyam vao ndm 1975. C6 nghia 1a, mot khdng gian metric (X,
d) 1a day du néu va chi néu moi anh xa Kannan c6 mot diém bat dong
duy nhit trong X. Trong bai bao nay, chiing toi xem xét van dé tuong ty
trong truong hop khdng gian h—metric manh la mo rong két qua cua
Subrahmanyam.

DOI: https://doi.org/10.34238/tnu-jst.4157

* Corresponding author. Email: tienpv@tnue.edu.vn

http://jst.tnu.edu.vn

155 Email: jst@tnu.edu.vn


http://jst.tnu.edu.vn/
mailto:jst@tnu.edu.vn
https://doi.org/10.34238/tnu-jst.4157

TNU Journal of Science and Technology 227(15): 155 - 161

1 Introduction

It is well-known that the study of fixed point theorem and characteristic of metric space is
important in applied mathematics and there are many research of mathematicians. For example
see [1, 2, 3, 4] and others. In 1968, Kannan proved the following result.

Theorem 1. ([5]) Let (X, d) be a complete metric space and T be a self-mapping on X satisfying
d(Tz, Ty) < r{d(z, Tz) +d(y, Ty)} (1)

for all z,y € X and r € (0, %) Then, T has a unique fized point T € X and for any x € X,
the sequence of iterates {T"x} converges to T.

The mapping T satisfying the condition of the above theorem is called Kannan mapping.
Theorem 1 shows that in a complete metric space, any Kannan map always has a unique fixed
point. And in 1972, Chatterjea proved:

Theorem 2. ([6]) Let (X, d) be a complete metric space and T be a self-mapping on X satisfying
d(Tz,Ty) < r{d(z,Ty) + d(y, Tz)} (2)
for all z,y € X and r € [0, %) Then, T has a fized point T € X.

The mapping satisfying the condition (2) of Theorem 2 is called Chatterjea mapping. And in
1975, Subrahmanyam confirmed that

Theorem 3. ([7]) A metric space (X,d) in which every mappings T : X — X satisfying the
conditions

(i) there exists o > 0 such that d(Tz,Ty) < a(d(z,Tz) + d(y, Ty)) for all z,y € X;
(ii) T(X) is countable;
has a fized point, is complete.

The condition (7) in this theorem is related to condition (1) in Theorem 1 and (2) in Theorem
2. As it is remarked in [7] Theorem 2 provides completeness of metric spaces on which every
Kannan map, or every Chatterjea map, has a fixed point. In 2014, Kirk and Shahzad [8]
introduced strong b-metric space as a sharp generalization of metric space. Our idea here is to
study a complete characteristic of strong b-metric space related to fixed points. First of all, we
introduce some concepts of strong b-metric space.

Definition 1. ([8]) Let X be a nonempty set and K > 1 be a real number. A function
d: X x X — [0;400) is called a strong b-metric on X if

(D1) d(z,y) = 0 if and only if z = y;
(D2) d(x,y) = d(y,x) for all z,y € X;

(D3) d(z,y) < d(z,2) + Kd(z,y) for all z,y,z € X.
Then (X,d, K) is called a strong b-metric space.

Next we consider the convergent of sequences in strong b-metric space.

Definition 2. ([8]) Let (X, d, K) be a strong b-metric spase and {z, } be a sequence in X and
x € X. Then
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(i) The sequence {z,} is called convergent to z if li_)m d(xy, ) = 0. We denote this by li_}rn Ty =
n—oo n—oo
T Or Tp, — T asn — 00.

(ii) The sequence {x,} is called Cauchy sequence in X if lirg d(xy, Tm) = 0.

(iii) The strong b-metric space (X, d, K) is called complete if every Cauchy sequence in X is
convergent.

2 Main results

To prove our results we need some proposition.

Proposition 1 ([8]). Let (X,d, K) be a strong b-metric space and {x,} be a sequence in X.
Then

(1) If {zn} converges to x € X and {x,} converges toy € X, then x = y.
(2) If imz, =z € X and limy, =y € X, then lim d(x,,y,) = d(z,y).
n— 00 n— 00 n—0o0

Proposition 2 ([8]). Let (X,d, K) be a strong b-metric space, let {x,} be a sequence in X
and suppose

00
Z d(mi, 1‘Z‘+1) < +00.
=1

Then {xn} is a Cauchy sequence.

Our main results is following;:
Theorem 4. Let (X, d, K) be a complete strong b-metric space and T be a self-mapping on X
satisfying

d(Tz,Ty) < r{d(z, Tx) + d(y, Ty)} (3)

for all z,y € X and r € [0, %) Then, T has a unique fized point x* € X and for any x € X,
the sequence of iterates {T™x} converges to z*.

Proof. Let g € X be arbitrary element in X, we define a sequence {z,} in X by x,,11 = Tz,
for all n > 0. Set d,, = d(xy, Tp+1) for any n > 0. From hypothesis, we have

dpt1 = d(Tpt1,Tni2)
= d(Txn, Txpi1)
< r{d(@p, Ten) + d(zng1, Tong)}
= r{d(zn, Tpy1) + d(Tnt1, Tni2)}
= r{dy+dns1}-

So we have
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This implies that
dn < qndO

for all n € N*, where ¢ = 1~

~ is a nonnegative and ¢ < 1. So we get

o 9]
D dy<do ) q" < to.
n=1 n=1

It implies that {z,,} is a Cauchy sequence in X by Proposition 2. Since X is complete strong
b-metric space, there exists z* € X such that li_>m xn = x*. Next we will show that z* is a
n oo

fixed point of T. Indeed, from the condition d,, < ¢"dy we have d,, — 0 as n — oo. So from
hypothesis, we have
d(xpy1, Tx™) < r(d(zp, Tay) + d(z*, Tz").

Let n — oo we have
d(z*, Tx*) < rd(z*, Tz"),
this implies that d(z*, Tz*) = 0, namely z* is a fixed point of T

Suppose y* is another fixed point of T', then from hypothesis, we have

d(z*,y*) = d(Tz",Ty")
< r{d(a", Ta™) +d(y", Ty")}
— 0’

so d(xz*,y*) = 0. This implies that x* = y*. Hence, T has a unique fixed point z* € X. Since
xo is a arbitrary element in X we can deduce T"x — z* for any = € X. O

Theorem 5. Let (X,d, K) be a strong b-metric space. If every map T : X — X satisfying
d(Tx,Ty) < r(d(z,Tx) + d(y, Ty))

forallz,y € X, r €0, %), has a unique fized point, then (X,d, K) must be a complete strong
b-metric space.

Proof. Assume that X is not complete, then there is a Cauchy sequence {z,} in X, which is
not convergent in X. Without loss of generality, we assume that all terms of the sequence {x,}
are distinct. Now we consider the following set:

A={z, :neN}

For x € X, we set
d(xz,A) = inf d(z,a).
acA
Next we prove d(x, A) > 0 for all z € X\ A. Indeed, assuming the opposite there exists = €
X\A such that d(z, A) = 0. From definition of d(z, A) we have that there exists a sequence
{zn, } C{z,} satistying
lim d(z,x,,) =0.

k—o00
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For every ¢ > 0, since {z,} is Cauchy sequence so we have that there exists ng such that
d(xp, zm) < €/2 if all m,n > ny. And since klim d(z,xy,,) = 0, there exists ko such that
—00

d(z,xy,) < €/2K if every k > kyo. We choose ki satisfying k1 > ko and ny, > ng. Then for
every n = ng, we have

d(zn, Z) < d(@n, Tn,, ) + Kd(zn, ,T) <e.
Hence lim x, = Z, it is a contraction.

n—oo

Now let z € X be a arbitrary element. If z € X\ A, then d(z, A) > 0 so since {z,} is Cauchy
sequence we can find an integer n, € N such that

d(xpm, Tn,) < rd(xz, A)
for all m > n,. From definition we have d(z, A) < d(z,x,) for all n € N. This implies that
AT, Tpn, ) < rd(x, ) (4)

for all m > n, and n € N.

If z € A then x = x,, for some ng € N. So x ¢ A} = A\{z1,22,...,%n,}. Again, we can
ny € N, ng > ng such that

d(:vm,xné) < rd(Tng, Tn)
for all m > nj, > ng and n > ng. Specially

(T, Ty ) < Td(@ng, Ty (5)
for any m > nj > no.

Now we define T : X — X by

Tn, ifze X\A,
Tzx = ]
o if v € Aand x = xp,.
Obviously, T has no fixed point.
Let z,y be arbitrary points with x # y, we show that

d(Tz,Ty) < r(d(z, Tx) 4+ d(z, Ty)). (6)

Indeed, we consider three cases as possible:
(i) =,y € X\A, then Tz = x,, and Ty = x,,. Without loss of generality, we assume that
ny = ng. Then from (4), we get
d(Tz,Ty) = d(n,, Tn,)
<rd(x,zp,)
=rd(z,Tx). (7)
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(ii) x € X\ A and y € A then Tx = x,,. Set y = x,, for some ng, then we obtain Ty = Ty - I
ngy = ny then from (4), we have

d(Tz,Ty) = d(n,, Tp)

N

rd(z, z,,)

=rd(z,Tx). (8)

If ny < ny then from (5), we have

d(Tz,Ty) = d(zn,, Ty;)
< rd(@ng, Ty

= rd(y, Ty). (9)

(iii) z,y € A, then © = 2,y = Ym, for some ng # mo € N. So Tz = Ty, Ty = Ty . Without
loss of generality we assume that m(, > n(. Since (5), we have then from (5), we have

=rd(z,Tx). (10)

Combining (7), (8), (9), (10) we obtain (6). Therefore, for all z,y € X with = # y, we have
d(Tz, Ty) < r(d(z, Tz) + d(z, Ty)),

namely, T is a Kannan map which has no fixed point. This is a contraction. Hence X must be
a complete strong b-metric space. O

Remark: We know that, a strong b-metric space is metric space when K = 1, so Theorem 4 is
a generalization of Theorem 1. Combining two above theorem we have that a strong b-metric
space is complete if and only if every Kannan map has a fixed point.

3. Conclusion

In this paper, we prove that a strong b-metric space is complete if and only if every Kannan
map has a fixed point. This result is generalization of result of Subrahmanyam in [4].
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