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TOM TAT

Cho K 1a mét truong déng dai sé c6 dic sé khong, ddy di véi chudn khong
Archimedean. Trong [9], Ojeda da ching minh réng v6i méi ham phéan hinh
sieu viet f tren K, f'f* — 1 ¢6 httu han khéng diém néu n > 3. Trong trudng
hop n = 2, céc két qué tuong tu duge thiét 1ap bsi Escassut va Ojeda [1] vao
ndam 2014. Trong [4], d4 c6 mot s6 két qué tuong ty cho truong hgp da thice vi
phan, sai phan va cdc dao ham cip n clia ham phan hinh p-adic. Nam 2012,
Boussaf d4 nghién ctu vAn dé duy nhét cho cdc ham phan hinh p-adic f'P'(f),
g P'(g) nhan chung c4c ham nhé. Trong bai bao nay ching t6i nghién edu van
dé nhan gi4 tri va duy nhét cla to4n ti sai phan va tich sai phan déi v6i ham

phén hinh trén truong s6 p—adic.

Tir khéa: Gid thuyét Hayman, Ham phin hinh, Todn t sai phin, Tich sai

phin, Truong sé p—adic.
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1 Mé dau

Phan bé gia tri va van dé xéc dinh duy nhét
da duge nhiéu nha to4n hoc trong va ngoai
nudc xét trong moi lien hé véi dao ham cla
ham phan hinh va anh nguge ciia céc diém
rieng ré. Ngudi khéi xuéng huéng nghién
cdu nay la Hayman. Nam 1967, Hayman
da ching minh két qué sau day:

Dinh 1i A.[4] Cho f la ham phan hinh trén
C. Néu f(2) # 0va f® (2) # 1 véi k la

mot s6 nguyén duong nao dé va véi moi z €
C thi f la hing.

Niam 1967, Hayman ciing dua ra gia thuyét
sau day:

Gia thuyét Hayman.[4] Néu mét ham
nguyén f théa man [ (z) 4 (2) #1 vdin
lo mot s6 nguyén duong nao dé va vdi moi
2 € C thi f la hing.

Gia thuyét Hayman da duge Hayman kiém
tra déi véi ham nguyén siéu viét va n > 1,
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da duge Clunie kiém tra déi véi n > 1 vao
nam 1967. Cac két qua nay va céc van dé
lién quan d& hinh thanh nhanh nghién cdu
duge goi 14 sy lua chon ctia Hayman.

Tiép d6, d6i vdi cdc ham nguyén f va g,
C. C. Yang va G. G. Gundersen da nghién
ctu truong hop & d6 f*) va ¢(®) nhan gia
tri 0 CM, k£ =0,1.

Mot trong nhiing coéng trinh dau tién
thic ddy huéng nghién céu nay thudce vé
C.C.Yang — X.H. Hua. Nam 1997, hai éng
da ching minh dinh 1§ sau day:

Dinh 1i B.[10] Cho f va g la hat ham phan
hinh khdc hing, n > 11 la mét sé6 nguyén
va a € C - {0}. Néu 17 va gy nhan gid
tri o CM thy hodef = dg vdi d* = 1
kogic flz) = ee™ i glE) =@ ; @
dé c, c1, cg lo cdc hang s6 va théa man
(Greg)™ e = 52,

Tu d6, huéng nghién ciu trén phét trién
manh mé véi nhitng két qué siu sic cla 1.
Lahiri, Q. Han—H. X. Yi, W. Bergweiler, J.
K. Langley, K. Liu, L. Z. Yang, L.. C. Hong,
M. L. Fang, B. Q. Li, P. C. Hu - C.C.Yang,
A. Eremenko, G. Frank - X. Hua — R.. Vail-
lancourt . ... Céng cu st dung & dé 14 mot
56 kidu dinh If chinh thi hai cho da thie vi
phén cling véi cic ude lugng gitta ham dic
trung, ham dém clia ham va dao ham.
Trong truong hop p-adic, két qua dau tién
theo huéng nghién ctdu nay thude vé J.
Ojeda. Nam 2008, J. Ojeda [9] da xét van
d& nhan gi4 tri cta f + Tf" véi T 1a ham
hitu ty.

Trong nhtng ndm gan day, van dé trén
duge nhidu nha todn hoc trong va ngoai
nude xét trong mai lien hé véi da thic sai
phén cia ham phén hinh va 4nh nguge cla
céc diém rieng ré. Nam 2006, Halburd va
Korhonen [2] d& thiét lap tuong tu cha ly
thuyét Nevanlinna cho to4n tif sai phan clia
ham phén hinh ¢6 béc hitu han. Nam 2007,
I.Laine v C.C.Yang [8] d& thiét lap tuong
tu Dinh 1y A ctia Hayman cho mét kiéu da
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thic sai phan dic biét cia ham nguyén siéu
viét ¢6 bac hitu han.

Nam 2009, K. Liu va L.Z.Yang [7] d& ching
minh két qua tuong tu két qua cha I.Laine
va C.C.Yang nam 2007 cho toén ti sai phan
clia ham nguyén siéu viét cé bac hiu han,
da tuong ty Dinh ly B (xem[10]) cho mot
kidu da thic sai phan dic biét cia ham
phén hinh.

Géan day, Ha Huy Khoai va Vi Hoai An [3-
4], Ha Huy Kho4i, Vi Hoai An va Nguyén
Xuan Lai [6] d4 xét phan bb gia tri va
van dé duy nhat déi véi dao ham béc cao
cta ham phén hinh trén mot truong khong
Archimedean. Ho d& tuong tu duge két qué
clia Yang -Hua (Dinh 1y B) cho (f™)*) véi
f 14 ham phén hinh trén mot truong khéng
Archimedean.

Trong bai b4o nay, ching toi xét van dé
nhan gi4 tri v duy nhat déi véi toan tit sai
phéan va tich sai phén ctia hdm phén hinh
trén mot truong khéng Archimedean.

2 Van dé nhan gia tri

Trong bai béo ta ludn gid thiét K 1a mot
truong dic s6 khong, diy di véi chudn
khong Archimedean va déng dal sb.

Truée tién ta phat bidu Gia thuyét Hay-
man cho toan tid sai phén trén mét trucng
khéng Archimedean(p—adic).

Gia thuyét Hayman cho Toan ti sai
phan p—adic. Néu mét ham phin hinhk
p—adic f théa man f* (2) A f (2) # 1 vds
n la mot s6 nguyén duong nao dé va vdi
mot z € K thi f la hdng.

Ta cén céc bd dé sau:

B6 dé 2.1.[5] Néu ham phan hinh f trén
K théa man A.f (2) =0 vdi mot z € K thi
f la hang.

Dinh 1i 2.2. Néu ham phan hinh f trén
K théa man f*(2) Acf (2) #1 véin > 6
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o, mot s6 nguyén duong nao dé v vdi moi
2z € K thi f la hdng.

Ching minh. Gia s nguge lai, f khac
hing. Theo B6 dé& 2.1 ta c6 A, f khong déng
nhét khong.

bit G = f™ (2) A.f. Ta thiy ring, moi cyc
diém ctia G chi cé thé xay ra tai céc cuc
diém ctia f, f(z+c), va moi khong diém ciia
G chi ¢6 thé x4y ra tai cdc khong diém cta
f,A.f. Ap dung Dinh 1y chinh thi nhét,
thi hai va két hop véi BS dé 3.1, 3.2 [5] ta
cé

(n—=1)T(r, f) < T(r, f™(2)Acf) + O(1)
< Nl('i’, G) -+ Nl(?”, é)
+N1¢(r, m)
—logr+ O(1)
ST, )+ T, 1)
+T(r, f) + 2T(r, f)

+N1(7”7m)
—logr + O(1).

Do dé

1
(n—86)T(r, f)+logr < Ni(r, m)JrO(l).
T f khac hdng va n > 6 ta ¢c6 G nhan gia
tri 1, mot mau thudn. Vay f 1& hing.
Dinh 1y 2.2 gép phin khing dinh Gia
thuyét Hay man p—adic .

Cau héi: Véi n = 1,...,5 thl Dinh 1y 2.2
con ding ntta hay khong?

Sau day ta nghién cttu Gia thuyét Hayman
déi v6i tich sai phan cta ham phan hinh
trén mot truong khong Archimedean.

Gia thuyét Hayman duge phéat biéu cho
Tich sai phan ctia ham phan hinh p— adic

nhu sau:

Gia thuyét Hayman cho Tich sai phan
p— adic. Néu f la mét ham phin hinh trén
K théa man f* (z) f(z+c) # 1 vdin la mét
56 nguyén duong nao dé, ¢ # 0 va véi moi
z €K thi f la hdng.

Dinh 1y sau day tra 16i chua tron ven Gia
thuyét Hayman cho tich sai phan p— adic.
Dinh 1i 2.3. Néu mét ham phin hinh f
tréen K théa man f"(z) f(z +c) # 1 véi
n > 5 la mot s6 nguyén duong nao dé va
vdi mot z € K thi f la hing.

Ching minh. Gia s& nguge lai, f khéc
hing. Theo B6 dé& 2.1 ta cé f(z + ¢) khéc
héng. Dat F = f*(2) f(z + ¢). Ta thay
ring, moi cuc didm cia F' chi c6 thé xay
ra tai cdc cuc didm cta f, f(z + c),vA moi
khong diém ctia F chi cé thé xay ra tai
f, f(z+¢). Ap dung Dinh 1§ chinh thit hai,
thit nhat va két hgp véi B dé 3.1, 3.2 [5]
ta co

(n—1)T(r.f) < Tle ™ (2)fle +6))+00)
gmmm+m@%
+N1,F(T,ﬁ)
—logr + O(1)
L) LTI+ Tl f)

1

+T(r, f) +N1(7”7ﬁ)
—logr+ O(1).

Do dé6

(n—5)T(r, f)+logr < Ny(r, )+0O(1).

B
F—1
Tu f khac hing vA n > 5 ta ¢6 F nhan gia
tri 1, mot mau thuén.

Vay f 1a hing.

Cau héi diat ra la: Véin =1, ..., 4 thi Dinh
ly 2.3. con ding ntGa hay khong?
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3 Van dé duy nhét

Trong phin nay ta nghién ctu van dé tuong
tu véi Dinh 1y B cho tich sai phan cia ham
phan hinh p—adic trén K.

Dinh Ii 3.1.

Gia st f,g lo cic ham phan hinh trén K.
Néu Efnp(ote) (1) = Egng(ste) (1) van =
13, n la s6 nguyén, thi f = hg véi "1 =1
hoic fg =1 voi It = 1.

Chitng minh. Ap dung Bé dé 3.3 [5] véi
céc trudng hop sau:

Truong hop 1. Diat A= f"f(z+¢),B =
g"g9(z+¢).

Khi dé ta cé

T(r,A) + O(1) < Ni(r, A) + NZ2(r, A)

<
A

1

+N1(T 12)

)+ lei(r
>2
+N1(?”,B) N (7”, B)

+8 =

—logr + O(1).

K&t hop véi B dé 3.2 [5] ta cé
(n—=1)T(r, f) <T(r,A) + O(1)

< Ni(r, 4) + NZ2(r, A)

1 1
' 1) 1)
+Ni(r, B) + NZ2(r, B)
1 1,
"B "B
—logr + O(1),
(n—1)T(r,g) <T(r, B) + O(1)

+Ny(r + lej(r

+Ni(r, =) + N (r

< Ni(r, 4) + N2%(r, 4)
1 1
+Ni(r, B) + N{2(r, B)

+Ny(r + Nfi(r,
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1 9 1
—I'Nl(Tv E) s Nf (7”, E)

—logr+ O(1). (1)

Moi cue diém ctia A chi ¢6 thé x4y ra tai
cac cuc diém cia f, f(z + c). Ké hop véi
Dinh Iy chinh th nhat va B& dé 3.1 [5] ta
co

Ni(r, A) + NZ2(r, A)

< Ny (r, f) + (Na(r, (2 +¢)) + NE2(r, £ (2
+op) + O(1)

< IN(r, f) + N, £(= + ) + O(1)
<2T(r,f)+T(r, f(z+¢)) + O(1)
<3T(r,f)+ O(1).

Suy ra

Ny, 4) + N22(r, A) < 3T(r, ) + O(1).
)
Ta thiy ring, moi khong diém ciia A chi
c6 thé xay ra tai cdc khong diém cia

F f(z+¢).

Tuong tu (2) ta nhan duge

Ny(r, )+ NE3(r, ) < 37, £) +0(1).

(3)
Tuong ty déi v6i B ta cling c6:
Nyg(o07) + NZ3(00,7) < (k + 2T (r9)
+0(1).
Ni,8(0,7) + Nf5(0,7) < (k +2)T(r,g)

+0(1). (4)

Két hop (1)-(4) ta c6
(n = D)T(r, f) < 6(T(r, ) + T(r,9))

—logr+ O(1).
Tuong ty
(n—1)T(r,g9) < 6(T(r, f) + T(r,g))
—logr 4+ O(1).
Suy ra

(n=1)(T¢(r)+Ty(r)) < 12(T(r, /)+T(r,9))
—2legr + O(1),
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(n—13)(T(r) + Ty(r)) + 21logr < O(1).

Do n > 13 nén ta gip méau thuén.
Trudng hop 2./ f(z+ c)g"g(z+¢) = L.
Khi dé ta c¢6

(fg)*"(f(z+c)g(z+ ) =1
bat | = fg va gid s [ khong phai ham
héng. Khi d6 ta co6
1

Plz) = (z+c)

Theo B6 d& 3.1 [5] ta c6

1
l(z+¢)
(r,l(z +¢)) + O(1)
(r,1) + O(1).

Didu nay mau thuin véi n > 13. Vi vay
! phéi 134 ham hing. Do dé fg = [ vdi
vl =1,

Pl =T =Tx

)

25
2F

Trudng hop 3. A = f*f(z+¢) = B =

g"g(z +¢). Dat h = i Gi4 st h khong
g

phai ham hing . Khi d6 ta cé

1
h(z+¢)

R (z) =

Theo B8 dé 3.1 [5] ta c6

wBlr B = Flo, B = Flr, h(zl—l—c))

< Tlrhiz +¢)) +0(1)
< T(r,h)+ O(1).

Diéu nay mau thuln véi n > 13. Vi vay h
phai 1a ham hing, kéo theo A*™! =1, do
d6 f = hg v6i BT = 1,

Dinh 1y 3.1. duge ching minh.

KET LUAN

Bai b4o nghién ciu vé van dé nhan gia
tri v& duy nhéit cta tich sal phan cua
ham phén hinh trén mot trudng khong
Archimedean. Bai bdo da nhic lai Gia
thuyét Hayman cho mot ham nguyén trén
C, Gi4 thuyét Hayman cho To4n ti sai
phan va tich sai phan p-adic cting mot s6
két qua 1 céc cau tra 1ol chua tron ven céc
Gi4 thuyét Hayman. Két qua chinh ciia bai
béo la cac Dinh ly 2.2, 2.3 v& Dinh 1y 3.1.
Trong d6, Dinh 1y 3.1 1a mot két qua tuong
tu ctia C.C.Yang-X. H. Hua [9] cho tich sai
phéan p-adic.
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The value-sharing and uniqueness for difference operators
and differential multiplication of meromorphic functions
over non-Archimedean fields
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Abstract For meromorphic functions in a non-Archimedean field, there are also many
interesting results on value-sharing and uniqueness problems. In [8] Ojeda proved that
for a transcendental meromorphic functions f over K, which is an algebraically closed
fields of characteristic zero, complete for a non-Archimedean absolute value, the functions
F'f* — 1 has infinitely many zeros, if n > 3. For the case n = 2, the same fact was
established by Escassut and Ojeda [1]. In [4], similar results are established for differential
monomials, difference polynomials and nth derivatives of p-adic meromorphic functions. In
2012, Boussaf studiel the uniqueness problem for p-adic meromorphic functions f'P’'(f),
g'P'(g) sharing a small functions.

In this paper we discuss the value-sharing and uniqueness for difference operators and
differential multiplication of meromorphic functions in p-adic fields.

Keyword: Hayman conjecture, Meromorphic functions, Difference operators, Differential
multiplication, p-adic field.
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