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ABSTRACT

In this paper, we study the unigqueness problem on difference polynomials
and its differential of p-adic meromorphic function sharing a common value.
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1. INTRODUCTION

Recently the problem of studying the value distribution of differential and difference
polynomials is developed by many authors. For example: Yang and Hua ([5]), Halburd and
Korhonen (]3]}, Laine and Yang (|4]), Khoai and An (]1]), .... In this paper we prove some
results about unigueness problem on differential of p-adic meromorphic function sharing a
common value. First, we introduce the standard notation of p—adic Nevanlinna theory.

Let A(C,) be the ring of entire function on C,. Then each f € A(C,) can be given
a power series f(z) = > 7 a,2™ Then the mazimum term of f is defined to be |f|, =
max,s0{lan|r}.

Let n(r, ?) be a number of zeros (counting multiplicities) of f in the disk C,[0,7] = {z €
. 1 .
Cp : |2| < r}. Fix a real number pg > 0. For » > py, we denote by N(r, ?) the counting

: ! : ; : g L
function of zeros f and by N(r, ?) the counting function of zeros f ignoring multiplicities.
1

— a

Let a be in Cp, we denote the number distinct a—point of f in Cp[0, r] by n(r, 7 ). We

— — 1
denote by Ny, (r,a; f), (or Ny, (r, m)) the reduced counting function of a-point of f

whose multiplicities are not less than m. Namely

T m (€ b )
o 1 B r (m\t, f—a
N(m('r:f )—/p —t dt.

—a o

. . . . . 1
Let f be a non-constant p-adic meromorphic function. This means f = j:— f1, f2 € A(C,p).
2
We denote by Ny, (r, f) the reduced counting function of poles of f whose multiplicities
are at least m. Namely

— _ 4 ﬁ(m(t, f)
N(m('ra f) - / 3 dt,

po
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1 i B .
where T, (7, f) = T (7, E) Let k be a positive integer and a € C,p, we set

1 . 1
m)+N(2(T? g

Ny(r, f) = N(r, £) + Na(r, f).

1 .
Ny (r, m) = N(r,

Our results are stated as follows:
Main Theorem. Let f, g be p-adic transcendental entire funciions and k= 1,¢ = 1,n =
2k+ 4+t are integers. If (F*(2)f(z+b1) ... Fz+b.))® and (¢"(2)g(z + b1) ... g(z + b))
share 1 — CM, where and by,...,b are nonzero distinct constanis. Then f = hg, where
BFTE = 1,

2. SoME LEMMAS

In order to prove theorems, we need the following lemmas.

Lemma 2.1. (|1]) Let f be a non-constant p-adic meromorphic function. Then

m(r, %) =O(1) end T(r; f(z +¢)) =T(», f) + O(1).

Let f and g are two non-constant p-adic meromorphic functions, we set

1" / " !
H:f__ f _g__|_29 .
FF-1 ¢ -1

Lemma 2.2.([1|) If H £0 and f and g share 1-CM then

T(r, f) < Nao(r, f) + No(r, %) + Na(r,g) + Na(r,

T(r, g) < Na(r, f) + Na(r, %) 1 Na(r, g) + Nafr,

) —logr+ O(1)

) —log# + O(1).

Qg | =

By using the property of the p—adic Nevanlinna functions, we easy prove the following
lemmas.

Lemma 2.3. Let f be o non-constant p—adic meromorphic function and f(k) #= 0. Then

we have

(2.1) N —5) < BN £) + Nowa(r, ) + 01

2.2) F(r, ) < Newa () + T, £9) = 70, £)+ O(L)
(2.3) No(r, 755) < KIV(r, £) + Niga(r, 3) + O(1);

(2.4) Na(r,g7) < Nesalr, 3) + T(r, ) = T(r, 1) + O(1).
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3. PrROOF OF MAIN THEOREM
First we prove statement 1. Set
F(z)=f)fz+b1)...f(z+b), G(z)=g"(2)g(z+b1)...9(z+b;).

By hypothesis, we have F® and G share 1 — CM. Set
FR+2) F(k+1) G (k+2) Gr(k+1)
S FEm CFRm o1 Ge e o1
We first prove H = 0. Indeed if H Z 0, by Lemma 2.2, we get

3.1) T(r, F®) 1T (r, G®) < 2(Na(r, F<k>) 3 I ﬁ))

+ 2(Na(r, el )) + Na(r, —2logr+ O(1).

G(k) )

By using Lemma 2.3, (3.1} becomes

(3.2) T(r, F) 4+ T(r, G) <2Na(r, F®) + 2No(r, G®) + kN (r, F) + kN (r,G)
+ 2N a(r, ) + 2Nkl ) — 2logr + O(1).

By hypothesis that f(2), g(2) are entire functions, we have from (3.2)

(3.3) T(r, F) + T(r, G) < 2Niya(r, ) + 2Nipalr, ) — 2logr + O(1).
£(2)

—— ) = O(1), 0, so from Lemma
o) = OW,e £ 0,

By the argument as Lemma 2.1, we have (7,

2.1, we have

i LEED ) fete) ()
Fers) TR TG
flete), o )
< Ty T g ey) = OW

for any 7 € {1,...,n}. So

(n+)T(r, f) = (n +)T(r, f(z +¢)) + O(1) = T(r, f** (2 + ¢)) + O(1)
= m(r, f”"'t(z +c))+ O(1)
<m(r, ffz+c)f(z4+b1)... f(z+ b))

o 5} o)

)
=m(r, ffz+c)f(z+b1) ... flz+ b)) + O(1)
<m(r, f"(2)f(z+b1) ... f(z + b)) ( e
— i, () F (o 4 Br) - £ 4 B)) + O(L).

flz+ )

7@ )>+O(1)

It is easy to see that

m(r, fP(2)f(z4+b1) ... f(z4+ b)) < (n+ )T (r, f) + O(1).
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Hence
(3.4) T, FY=T(r,f"(2)f(z4+b1)...f(z+ b)) =(n+ )T (r, f) + O(1).

Similarity we have

(35)  T(r,G) =T(r,g"(2)g(z + b1) ... gz + b)) = (n+ )T(r, g) + O(L).
By definition of F' and G, we have
. > 1 —_ 1
(3.6) Net2(r, f) = Niey2(r, f"(z)f(z + by) + f(z F bt))
(k+2N(r +ZN(T e +b ))
« 1 — 1
(3.7) Nzl @) = Nealhs e+ B0 Gz 4 )
e 4 > 1
< (k + 2)N(r, 5) + > N(r, m).

j=1
Combining (3.3), (3.4}, (3.5). (3.6) and (3.7) we obtain

(n— 2k +44+))T(r, f)+T(r,9)) + 21logr < O(1).

This is contradiction with n > 2k + 4 4 ¢. Hence H =0, so
1 a
FH_1~ ag®m_1

where a, b € C,, are constants, a # 0. From (3.8), we get

G+ 1)GP +a-b-1 4 @G—a)F®t+a-b-1
bG*) £ a—b B bF®R) — (b+ 1)

We consider the following cases

Case 1. b#£0. If a =b=—1, we get F® G¥) =1, This implies that

e Tt ] o PLEF bt))(k).(gn(z)g(z +b1)...9(z+ bt))(k) —1.

In this case f and g have no zeros. Indeed if zo be a zero of f with multiple p = 1, then

20 is the zero of (f*(2)f(z + b1) ... f(z + b)) with multiple at least np — k > 0. Hence

(308) + b7

(3.9) F® =

20 is the pole of (¢™(2)g(z + b1) ...g(z + b)), s0 20 is the pole of one of g, g(z + b1),.. .,
g(z + bt). Since g is entire function, g(z + b1),..., g(z + b) and g have no poles. Hence f
has no zeros, so f is constant. This is contradiction.

If a =b# —1, from (3.9), we have

I bG(F) ..
F& G+ 1DGEH -1’ bE®) — (b+1)

(3.10)
So

— 1 1 == 1
N(r, m) — ( ﬁ) < kN(r, F)+Nk+1(raﬁ)+ O(1).

N(r, R = N(r =

o)
TF() oL
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By the second main theorem for entire function F®), we have

- 1 s 1
‘ (k) s — -
(3.11) Tie, ) £ Nz, F(k)) + N(r, 70— bil) logr 4+ O(1).
By Lemma 2.3, (3.11) becomes
1
(3.12) T(r, F) < Niga(r, f) —logr 4 O(1)

< (k+ 1+ OT(r, f) — logr + O(1).

Combining (3.4) and (3.12), we have (n—k—1)T'(r, f)+1ogr < O(1). This is a contradiction
with n > 2k +4 4 ¢
If a £b, b=—1. From (3.9}, we have
a 1 —F®
6P 1o+l GO @+ F® ta
If a £b, b# —1. From (3.9), we have

k) —

—Q

b2 (G +

a® _ (b—a)F® 4a—-b-1

a—b’ bFR) — (b+ 1)
=)

By the analog method as above, we get a contradiction.

F® _(14+3)=

Case 2. b =0, since (3.8) we have

1 dl
(3.13) FR =-g® +1_ =

a a
This implies that

1
(3.14) F= ;G + Q(=),

where Q(z) is the polynomial with the order is at most k. It is easy to get
T(T?g) == T(T? f) + S(/r7 f)
If Q(2) £ 0. By the second main theorem for p-adic small function, we obtain

i | 1
,ﬁ)JFN(Tam)JrS(T:f)-
It implies that (n —t — 2)T(r, f) < S(r, f). This is a contradiction with n > 2k + 4 + ¢.

1 1
Then Q =0, thus F = —G. So F(H = —g®),
a a

T(r,F)< N(r,F)+ N(r

1
From (3.13), we get 1 — — =0, thus a = 1, implies that F' = G. So we have
a

(3.15) P f(z+b) ... flz4+b) =g"(2)9(z +b1) ... g(z + bs)-
1

g h(z+b1)...h(z+bt)
get nT'(r,h) = tT(r,h) + O(1). This is contradiction with n > 2k + 4 + ¢t. Then h is the

Let h = i If h is not constant, then h"(z) = . By Lemma 2.1, we

constant. This implies that f = hg, where b1t = 1. Main Theorem is proved.
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dué6i diéu kién da thic dao ham
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TOM TAT
Theai gian gan day c6 kha nhiéu téc gid da cong bd két qua vé van dé duy nhat cho ham
phan hinh p-adic. Trong bai bdo nay ching t6i chitng minh mot két qué vé van dé duy nhés
cho ham phén hinh p-adic dudi didu kien da thic dao ham béc cao cia né.
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