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VE DIEU KIEN TOI UU CHO NGHIEM HUU HIEU HENIG VA SIEU HUU
HIEU CUA BAI TOAN CAN BANG VECTO CO RANG BUOC
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Bai bio nay cung cip mot didu kién cdn v du t6i wu cho nghiém htu hiéu Henig
va nghiém siéu hitu hiéu cta bai todn can bing vecto ¢6 rang bude (bao gém rang
bude tap va bat ding thic téng quét) thong qua ngon ngi cia dao ham theo huéng
trong khong gian v6 han chidu. Dau tién ching t6i ching minh céc két qua vé tinh
16i téng quét ciia cac ham 161 theo nén trén maot tap 16i cho trude. Tiép theo ching
t6i ddn cac didu kién t6i wu cho nghiém httu hidu Henig dudi céc gia thiét phu hop.
Cudi cung, ching t6i thu duge két qua didu kién t61 wu cho nghiém sidu htu hiédu.

T khéa: Bai todn cin bang vecto cé rang budc, diéu kién can va di 161 wu, nghiém

hitu hiéu Henig, nghiém siéu hiu hiéu, dao ham theo hudng, ham 16 theo nén.
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1 MO DAU

Bai todn cin bing vecto bao ham nhidu bai
toan khéc nhau xem nhu trudng hgp dic biét,
chfing han, bai todn t6i uu vecto, bai toan bat
dfing thic bién phan vecto, bai toan bl vecto,
bai toan diém can bing Nash vecto, bai toan
diém cb dinh vecto, v.v... Do dé, bai todn can
bing vecto cé vai trd quan trong trong giai
tich phi tuyén va céic linh vyc nghién ctu cla
né bao gdm: Su ton tai nghiém, clu truc tap
nghiém, do nhay nghiém, didu kién t6i wvu va
thuét toan tim nghiém. Trong cac linh vuc
nghién cu nay, didu kién t6i wu cho céc loai
nghiém httu hidu clia bai todn can bing vecto
la mot trong cic chti d& quan trong cin duge
quan tam nghién cu, xem, ching han, Gong
2008, 2010, Gong va cong sy 2010, Jahn 2011,
Long-Huang va Peng 2011, Luu-Hang 2015 va
cac tham khéo trong d6. Nam 2008, Gong [1]
thiét 1ap khai niém nghiém hitu higu yéu, hitu
hiéu Hening, httu hiéu toan cuc, gigdu hiu higu
clia cac bal todn cidn bing vecto va cung clp

céc didu kién cin va da téi wu cho céc loal
nghiém nay dusi gia thiét vé tinh 15i téng quat
clia cae ham rang bude. Nam 2010, Gong [2, 6]
thu duge két qua vé didu kién cin va da t6i wu
cho bai todn can bing vecto khong tron chi
¢6 rang budc tdp cho nghiém siéu htu hidu
v6i ham rang budc kha vi Gateaux va kha vi
Fréchet. Nam 2011, Long va cong sy [4] d& st
dung tinh 18i suy rong téng quat dé din cac
didu kién can va da ti wu cho nghiém siéu hitu
higu v& nghiém httu hiéu Henig. Gan day nhat,
Luu-Hang [5] thu duge két qué diéu kién can va
du t6i wu cho céc loai nghiém httu hiéu ctia bai
toan can bing vecto khong tron véi rang budc
can bing duéi ngon ngt ctia dao ham Michel-
Penot, v.v... Truong hop dung ngén nga dao
ham theo huéng dé nghién ciu didu kién can
va di t61 wu cho nghiém hitu hidu Henig va siéu
httu hiéu clia bai todn can bing vectd cé rang
bude tap va bat ding thitc téng quét hién nay
van con 1a cau héi mé (xem [1], 2], [3], [4], [5],
[6]). Muc dich cta bai béo nay 13 st dung céc
cong cu clia dao ham theo hudng cho cac ham
18i theo nén dé cung cép didu kién can va da
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t61 wu cho nghiém hittu hiéu Henig ctia bai todn
can bing vecto ¢6 rang bude. Nhu mot sy tng
dung, diéu kién cin va du t61 wu clia nghiém
siéu hitu hiéu clia bai toidn can bing vects c6
rang buoc cling nhan dude két qué t6t.

2 KIEN THUC CHUAN BI

Phén nay chi yéu trinh bay cc khai niém vé
ham 15i téng quét, ham kha vi theo huéng va
kha vi Gateaux tai diém cting v6i mét sé tinh
chét clia chiing lién quan dén tinh 15i theo nén
trong cac khong gian topd tuyén tinh thue;
trinh bay khai niém co 88 ctia nén, khai niém
nghiém hdu higu Henig va sidu hitu higu cla
bai todn cin bing vectd c6é rang buoc, dude
ky hiéu la (VEPC). Céc khai niém & day duge
trich ra tit cac bai bao [1], [2], [3], [4] cta Gong;
Long et al.; Jahn trong danh muc cac tai lidu
tham khao. Xuyén sudt bai bdo nay, néu khong
c6 phét bidu nao khée, ky hieu X,Y, Z va W la
cac khong gian t6p6 tuyén tinh thuye, trong do6
Y, Z dudc sap thi tu bdi cdc nén 161 déng nhon
¢6 phan trong khéc réng C, K tuong tng. Cho
A 14 mot tap khéc réng ctia X. Khong gian
d6i ngau topo ctia Y ky hidu Y*, non déi ngiu
cltia C' 14 C* va duge dinh nghia bdi

*={E e ¥ 260 Nec B))

Tuong tu cho Z* va K*. Tua phan trong cla
nén C* duge ky higu bai

Cr={€eC* :(£,c)>0 (YeeC, c£0)).

Nén theo tdp con B trong khong gian topd
tuyén tinh Y duge ky higu bsi

CAB)={¢cC":3t>0, (&b >t(Vbe B)}.

Dau tién, tinh 16i theo nén clia mot 4nh xa f
ti tdp A vao khong gian Y duge dinh nghia
nhu sau.

Pinh nghia 2.1 ([1], [2], [4]) Mot anh xa
f: A — Y duge goi 1a C-16i trén A néu véi
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moi z,y € A, t €[0,1], ta 6

tf(@)+(1-2)f(y) € f(tz+(1-t)y)+C. (2.1)

Trudng hgp ¥ = R, ¢ = R4, quan hé phu
thuoe trong (2.1) trd thanh bat déng thie:

tf(z) + (1 =) f(y) = f{tz + (1 - t)y),

va 4nh xa f duge goi 14 161 trén A theo nghia
théng thudng.

Vi du 2.1 Céc ham s6 thue f,g : R — R
duge dinh nghia tuong tng bdi f(z) = 22 va
g(z) = |z| v6i moi z € R 13 161 trén tap xéc
dinh ctia né. Tuy nhién, cac ham —f va —g 1&
khong 16i trén tap x4c dinh cla do6.

Vidyu 22 Cho A = {z ¢ R : |z < 1}
va ham 86 thuc f : A — R xic dinh bdi
f(z) = —2* + 622 Vo € A. Ta c6 f 1a 10
trén A béi vi f(z) = —4a® + 12z, f(z) =
—1222% + 12 = 12(1 — |z)(1 + |z|) = 0 moi
x €A

Dinh nghia 2.2 ([3]) Cho 4nh xa f: A =Y
va didm 7 € A. Khi d6, (a) Véi méi b € X,
néu gidi han sau:

. . f@+th)— f(@)
D@ = tim TEHE

ton tai, thi ta néi Df(z)(k) 1a dao ham theo
huéng ctia ham f tai diém Z theo huéng h.
Néu gisi han nay ton tai véi moi h € X, thi f
duge goi 1 kha vi theo huéng tai diém z.

(b) V6i méi T € A va moi h € X, néu gidi han
sau:

L
Dgf(@)(h) = lim ;
ton tai vd Do f(z) : X — Y 1a mot anh xa
tuyén tinh lién tuc, thi Dgf(Z) goi la dao ham
Gateaux clia f tai diém Z. Trudng hop nay,
ham f duoge goi 1a kha vi Gateaux tai diém z.

Ménh dé 2.1 Céc khing dinh sau 13 ding:

(i) Néu f kha vi Gateaux tai diém Z thi né
kha vi theo huéng tai diém dé.
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(i) Néu f la C-16i trén X va kha vi theo
huéng (tuong tung, kha vi Gateaux) tai
moi didm 7 € X thi Df(z) : X = Y
(tuong tng, Do f(z) : X — Y) 1a C-161
trén X.

Chitng manh. Truong hop (i): St dung dinh
nghia, két qua thu duoe 1 hién nhién.
Truong hop (ii): Ta chi xét cho truong hop
anh xa f kha vi theo huéng tai moi diém
Tz € X, v trudng hgp con lai duge suy ra
truc tiép tit (i). Dé ching minh ta lay tuy
yz,y € X, ¢t € (0,1], A € [0,1] va dat
z(t) = T + tz, y(t) = T + ty. St¢ dung tinh
C- 16i cia ham f trén khong gian X, ta c6
biéu dién sau:

fE+te+ (1-Ny)) — f(=@)

t
fO(t) + (1= Ny(t) — @)
t
- M)+ U= N0) =) g
_ Af(a(t) — F@)] + (= V() - /@)
t
—C

Cho t — 071 va st dung tinh déng clia nén C
ta nhan duge:

i FE+ 00+ (1= Ny) — @)

t—0t t
o3 i A1) 1@
- i AU 1D

Theo dinh nghia dao ham theo huéng ctia ham
f tai = ta thu dugce

ADf (@) () + (1 - A)Df(@)(y)

e Df @)(xe+(1—A)y)+C.

Diéu nay cho ta két qua can chiing minh. O

Vi du 2.3 Xét ham gia tri thuc f xac dinh
tren tap A = R? véi

fla,y) =W 120y + 32 -1 V(z,y) € A

Chon diém z = (0,0) v& &p dung khai niém
dao ham theo huéng ciia f tai difm nay, ta
tinh duge

Df(@)(z,y) = Daf(@)(=,y) = 4z + ly|
V(z,y) € A.

Tiép theo ching t6i nhéc lai khai niém co sd
ctia nén, nghiém httu hiéu Henig va siéu hau
hiéu clia bai to4n can bing vectd c6 rang buoc,
va duge phét bidu nhu sau.

Dinh nghia 2.3 ([1, 2, 4, 5]) Mot tap loi
B C Y dudc goi 14 mot co 8¢ clia nén C néu
C =coneB va 0 & cl B, trong d6 cl B ky hiéu
bao déng cta tap B va cone B la hinh nén ginh
béi tap B véi

coneB={tb:t>0, b€ B}.

Néu B 14 mét co s ctia nén C thi ton tai mét
phiém ham tuyén tinh lién tuc y* € Y*\ {0}
8ao cho

r =inf{{y*,b) : be B} > (y*,0) =0.

Tiép theo ching toi xét va ¢ dinh trong bai
b4o nay mot lan can 161 md can déi cta goc O
trong Y :

T
VB:{?JGY:|<?J*7?JH<§}

Dé thay (xem Gong [1, 2| hodic Long et al.
[4]), v6i mbi lan can 16i U clia O théa méin
U C Vg, ta c6 cone(U + B) la nén 16i nhon va
el(U + B) khong chia gée O. Do do, C'\ {0} C
int cone(U + B).

Bai to4n can bing vecto cé rang buoc trong bai
béo nay duge ky hieu bdi (CVEP) duge dinh
nghia nhu sau: Cho song ham F: Ax A —Y
théa méan didu kién can bing F'(zg, zo) = 0 véi
moi g € A, vA cdc hadm muc tidu

g:A—2Z, h:A—W
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Tap chdp nhan duge cha bai todn (CVEP)
dugc ky higu béi

S={zxecA:g(x)e—K, h(z) =0}
D2 cho tién, v6i méi 7 € X ta ky hiéu

Fe(S) =F(z,5) = | JF@, ).

zeS

Dinh nghia 2.4 ([1], [2], [4]) Mot vectoz € S
dudc goi 14 nghiém siéu hiu hiéu ctia bai toan
(CVEP) néu v6i méi lan can V cta 0, ton tai
mot 18n can U cha 0 thdéa méan

cone(F(z,S))n (U —-C)cCV.

Dinh nghia 2.5 ([1], [2], [4]) Mot vectoz € S
dugc goi 14 nghiém hdu hidu Henig cta bai
todn (CVEP) néu ton tai mot 1an can 161 can
déi U cta 0, U C Vp théa mén

cone(F(z, S)) N (—int cone(U + B)) = 0.

Mbi quan hé gita nghiém siéu hitu hiéu va
nghiém htu hidu Henig duge mé ta dudi day
nhu sau.

Meénh dé 2.2 ([1], [2], [4]) Cho B la mot co
83 clia nén C. Ta c6

(i) Néu z € S 1a nghiém siéu hitu hiéu cia
bai toan (CVEP) thi né cling 14 nghiém
htu hiéu Henig.

(i) Néu B déng va bi chin, thi mét nghigm
hitu hiéu Henig cla bai todn (CVEP)
cling 14 nghiém siéu htu hiéu cta bai
toan d6. Ngoai ra, ding thic sau ding
inte> =05 (8),

Chi y 2.1 Trong bai bao nay ching to6i chi
nghién ctu didu kién cdn va da t6i wu cho
nghiém hiu hiéu Henig bai toan (CVEP) véi
rang budc tap va nén (xem h = 0). Déi véi
didu kién can va du t6i wu cho nghiém siéu
hitu higu chiing t6i xem nhu hé qua truc tiép.
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3 KET QUA MOI CUA BAI
BAO

Dé&u tién ching t6i cung cip mot diéu kién cin
va di t61 wu cho nghiém httu hiéu Henig cla
bai todn (CVEP) duge phét bidu trong tidu
muc 1 nhu sau.

Dinh 1i 3.1 Gidst 7 € S, F() = F(7, .) :
A — Y la ham C—15i trén A, ¢ 14 ham
K—16i trén A va tdn tai x; € S sao cho
Dg(z)(z1 — ) € —intK. Gia st thém ring
nén C cé co sd B, K 1a noén 161 déng va nhon
trong Y va céc anh xa Fz(.) va g 1a kha vi
theo huéng tai diém z. Khi d6, vecto Z 1a mat
nghiém hitu hiéu Henig clia bai todn (CVEP)
khi v& chi khi tdn tai cdc phiém ham tuyén
tinh lien tuc y* € C2(B) va z* € K* théa
méan

Z*(9(@)) =0,
minges |y DFa(@) + #4Dy(@)| (2 —7) =0.

Chatng minh. Didu kién cin. Gid stivectoz € S
la mét nghiém hau hiéu Henig cta bai toan
(CVEP). Khi d6, ton tai mot 1an can 16i can
déi U ctia gbe O trong Y v6i U C Vp théa mén

cone( Fx(S)) N (—int cone(U + B)) = 0.
Diédu nay tuong duong vdi
Fz(S) N (—int cone(U + B)) = 0.

Dat D = clcone(U + B). Khi d6 D 1a mét nén
16i déng va nhon trong ¥ théa mén C C D do

C'\ {0} Cintcone(U+ B) C D
va,
F5(8) N (—intD) =10, (*)

béi vi int cone(U + B) = intclcone(U 4 B).
Tu Ménh dé 2.1, suy ra DF(z)(x — %) 1a C—
16i trén A nén né ciing la D-101 trén A, va
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9()+ Dg(z)(z—7) 1a K—
ring hé phu thude sau
DFx(z)(x — %) € —intD,
9(x) + Dg(z)(x — T) € —intK

16i trén A. Ta thay

khéng c6 nghiém trong A. That vay, ta gia si
ngugce lai ton tai & € A théa man he

{DFE(E) (& —%) € —intD,
9(®) + Dg(@) (& — &) € —intK.

Hién nhién he (H1) tuong duong véi

hmt F wHTH(E— :Jc)) —Fz (n:) 7,ntD
(HQ)
Vi intD va intK la cic tAp md nén ton tal
to € (0,1) théa man

Fi (a:-l—to(x T))—F&(T)
Bisoteo)-a(o )mw (H3)
g} SR R
Heé (H3) trén kéo theo
9(T + to(2 — 7)) € —intK. (3.1)

Bai vi A 1a mot tAp con 101 va 7,4 € A, to €
(0,1), nén tu (3.1) suy ra
Z+t(@—7) €S (3.2)

Mat khéce, Fz(z) = 0, tointC =
duge

intC, ta nhan

Fe(@+ to(2 — 7)) € —intD. (3.3)

)
Két hop diéu kién (3.2)-(3.3), ta nhan duge sy
mau thudn véi (*). Didu nay din dén két qua
sau ding:

DF5(A—7) x (9(z) + Dg(z)(A —7))N
(—intD) x (—intK) = 0.
Do dé,
(DFz(A—7)+ D) x (9(Z)+ Dg(@)(A—Z)+ K)N

(—intD) x (—intK) = 0.

Ap dung dinh 1f tach céc tap 181, tdn tai
(y*,2*) € Y* x Z* \ {(0,0)} sao cho moi
deDkeK,zeA:

(y*,—d) + (z", k) < (y*, DFz(z — Z)) +
(2",9() + Dg(z)(z — ) + k).
D& dang thiy ring y* € C2(B), z* € K* véi
(2*,9(x)) =0 va
(v", DFx()(z — 7)) + (7,
Ve A

Didu kien dt. Lap luan tuong tu nhu trong
Gong [1, 2] hay Long-Huang v& Peng [4]. O

Dg(z)(z—7z)) >0

Mot didu kién cin va di t6i wu cho nghiém
sieu hitu hidu ciia (CVEP) c6 thé duge phét
biéu nhu sau.

DPinh 1i 3.2 Gidstz € S, Fg(.) = F(z, .) :
A — Y la ham C-16i trén A, g la ham
K—16i trén A va ton tai ;1 € S sao cho
Dg(z)(zy — Z) € —intK. Gia st thém ring
nén C' cé co 88 déng va bi chdn B, K 14 nén
161 déng va nhon trong ¥ vA céc anh xa Fg(.)
va ¢ 14 kha vi theo huéng tai diém z. Khi do,
vectd Z 14 mdt nghiém sigu hitu higu cta bai
toan (CVEP) khi va chi khi ton tai cdc phiém
ham tuyén tinh lién tuc y* € intC* va ¥ € K*
théa man

{Z*(g(ﬂf)) =0,
mingea {yODF (Z) + zODg(m)} (—Z) =0

Chatng mank. Ap dung Ménh dé 2.2 va Dinh ly
3.1 ta thu duge két qui can ching minh. [

4 KET LUAN

Bai béo da thiét 1ap duge diéu kién can va du
t61 wu cho nghiém httu hiéu Henig v& nghiém
siéu hitu higu ciia bai to4n can bing vecto cé
rang budc tap va nén dua trén tinh 18i téng
quat cdc dao ham theo huéng clha céc ham
rang buoc. Két qua clia bai bao duge 4p dung
dé thiét lap céc thuat toan sé sau nay.
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SUMMARY

ON OPTIMALITY CONDITIONS FOR HENIG EFFICIENT SOLUTION AND
SUPPEREFFICIENT SOLUTION OF CONSTRAINED VECTOR EQUILIBRIUM
PROBLEMS

Dinh Dieu Hang!’*,Tran Van Su?

University of Information and Communication Technology, Thai Nguyen University

2Quang Nam University

Abstract: This article provides a necessary and sufficient optimality condition for Henig efficient solution and
supperefficient solution of vector equilibrium problems with constraints (it includes set and general inequality
constraints) in terms of directional derivatives in infinite-dimensional spaces. We first proof the results on general
convexity of cone-convex functions over a convex set given. We next derive an optimality condition for Henig

efficient solutions under suitable assumptions. Final, we provide an optimality conditién for superefficient solution.

Keywords: Vector equilibrium problem with constraints, necessary and sufficent optimality conditions, Henig

efficient solutions, superefficent solutions, directional derivatives, cone-convex funtions.
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