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The higher order topological complexity is Y.B. Rudyak introduced in
2010, this is a top ological invariant that has many relations with other
invariants. To compute higher order topological complexity we
usually have to introduce upper bounds by inequalities or by
constructing section over the space and lower bound using the
congruence property of topological space. In this paper, by using the
inequalities for the upper bound of the product space and the property
of the homogeneity of the product space, we give the results of the
calculation of the product of topological spaces which have large
topological complexity. These are important topological spaces in
robot theory.
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Do phirc tap topd bac cao duge Y.B. Rudyak dua ra ndm 2010, day la
mot bat bién tdpd cd nhiéu lién hé voi cac bat bién khac. Dé tinh toan
dugc @ phuc tap topd bac cao ta thuong phai dua ra cc chan trén
bing cac bat dang thirc hoac bang cach xay dung cac nhét cit trén
khong gian d6 va chan dudi bang viéc sir dung tinh chit vé déi dong
diéu cua khong gian t6pd. Trong bai bdo nay, bang viéc sir dung céc
bit ding thirc vé& chan trén cua khong gian tich va tinh chit vé ddi
ddng diéu cua khong gian tich, ching t6i dua ra két qua viéc tinh toan
cua tich cac khéng gian tépd c6 do phuc tap topd lon. Pay la cac
khong gian t6pd quan trong trong Iy thuyé t rd bét.
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1. D6 phiic tap topo bac cao

Cho khong gian topo lien thong duong X, dat J,,n € N 1a tich két ctia n doan don vi [0, 1];,
i=1,..,ntai diém co s 12 0. Goi X/ 1a khong gian cac anh xa lién tuc ti J, vao X véi topo
compact md. Xét anh xa

en: X — X",

’Y — (’7(11)777(171))

v6i 1; 1a don vi cia [0, 1] thi ¢ twong tng. Khi d6 e, 1a mot phan thé theo nghia Serre.
Dinh nghia 1. [1] Do phiic tap topo bac cao T'C,,(X) clia khong gian topo X 1a s6 nguyen
duong nhé nhat k théa man ton tai mot phtt mé {X;,7 = 1,...,k} cia X" sao cho trén mdi tap
X; ton tai nhat cit lien tuc s; : X; — X7/ clia e, (nghia la, e, 0 s; = idy,).

Dinh nghia nay dugc Y. Rudyak dua ra trong [1]. Trong trusng hop n = 2, TCo(X) trung véi
khai niém do phic tap topo 7T'C(X) dugc M.Farber dua ra trong [2].
C6 thé hiéu TC,,(X) la gibng Schwarz ctia phan thé e,,.

Chu y 1. Chu y réng e, la cai thé phan thé clia d,, : X — X™ (nghia la ton tai mot tuong
duong dong luan h : X — X7 sao cho d,, = e, o h) va do d6 T'C,,(X) ciing la gibng Schwarz
ctia adnh xa d,, (xem [1]).

Sau day 1a mot s6 tinh chat quan trong ciia T'C,,.

1. Cho X la khong gian lién thong dudng cé kiéu dong luan ciia polyhedron n chiéu thi
TC,(X) <dimX + 1. (1)

2. Vi e, 1a cai thé phan thé ctia &nh xa d,, : X — X" nén ta c6 tinh chat sau: Gia st m 1a mot
s6 nguyen duong, u; € H*(X™) v6i i = 1,...,m la cac 16p d6i dong dicu théa méan dfu; = 0 va
uug..up #0 € H*(X™). khi d6 TC,(X) > k + 1.

Cha y 2. Gia st X la khong gian lien thong dudng va u mot 16p doi dong diéu trong H*(X).
bat

i=319.010u810..01) -19..01e (-1, 2)
i=1
v
=1018..010u8..0l—u®le..0lel (3)

Day la cac 16p ddi dong diéu trong H*(X") =2 H*(X)®...® H*(X) théa man diu = 0 va

n lan
dituy =0 v6imoit =2,..,n.

Viéc tinh todn do phiic tap topo truong hop téng quat rat phitc tap. Do d6, thong thuong ta
chi ¢6 thé dua ra cac chin trén v chin dudi cho bat bién nay. Trong [3], [4], [5] cac tac gid da
dua ra mot s6 két qua vé do phic tap topd bac cao cho mot sé khong gian cu thé.
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2. Do phitc tap cuaa tich cac khong gian t6 po6

Dinh nghia 2. Cho X la khong gian topo, k 1a s6 nguyén duong sao cho ton tai cac 16p doi
dong diéu uy, ..., ux, € H*(X") thdéa man

1. dyu, =0;
2. uyp...up # 0.
S6 k 16n nhat théa man diéu kien trén duge goi 1a do dai tich cap n ciia X. Ki hi¢u cl,, (X).

Tt dinh nghia va Cha y 2 ta dé dang suy ra TCy(X) > cln(X) + 1.

Dinh nghia 3. Cho X la khong gian t6 po, X dudc goi 1a khong gian ¢6 do phic tap topo
16n néu TC,,(X) = clp(X).

Ménh dé 1. Cho X va Y la cdc khong gian topo lién thong duong va cé kiéu dong luan cia
cic CW— phic hau han. Khi do

(X X Y) > elp(X) + clp(Y). (4)

Chaing minh. Tt X va Y c6 kiéu dong luan ciia cac CW — phitc hitu han nén ta c6 ding cau
H*((X xY)") 2 H*(X")®@ H*(Y™) (xem [6]). Ta s& dong nhat cac phan ti tuong tng. Gia st
cn(X) =pvacy(Y) = q. Goi uy,...,up € H*(X™) va v1,...,0, € H*(Y™) la cac 16p ddi dong
diéu théa méan Dinh nghia 3. Khi do6, cac 16p d6i dong dieu u; @1, ...,u, ®1 va 1@y, ..., 1@y,
1a cac 16p do6i dong diéu trong H*(X") ® H*(Y™) théa man diéu kién 1 ctia Dinh nghia 3. Mt
khac ta c6
U @l up ®1L1Qu...1 ®vy = eur...up @ v1...74.

Do d6 cac 16p déi dong diéu nay cling thdéa man diéu kién 2 trong Dinh nghia 3. T d6 ta c6
(X xXY) >p+qg=cly(X)+clp,(Y). O

Tiép theo ta dua ra chin trén ctia khong gian tich

Bé6 dé 1. Cho (E,p, B, F) la khong gian phan thd néu ton tai hai phii md v = {C14, ..., Cs} va
§ = {D1,..., Di} théa man trén méi tap C; N Dj véi (i = 1,...,8,7 = 1,...,t) ton tai nhat cdt
ciia p thi g(p) < s+t —1. O day g(p) la gidng Shwarz cia phan thd (zem [7]).

B6 dé dugc chiing minh chi tiét trong [7]. St dung bé dé nay ta dé dang nhan duge Menh dé
Ménh dé 2. [7] Cho hai khong gian phan thé (Ey,p1, B1, F1) va (B, p2, Ba, Fs,). Goi khong
gian phan thd tich la (Ey X Eq,p1 X p2, B1 X Bo, F} x Fy). Khi dé

g(p1 x p2) < g(p1) +g(p2) — 1. (5)

Chiing minh. Gia st g(p1) = s va g(p2) = t. Khi d6 ton tai cac phit mé a = {Uy, ..., Us} cia
By va B ={Vi,...,V;} clia By sao cho trén moi U; ton tai nhat cdt clia py, trén mdi V; ton tai
nhat cit clia po. Dat C; = U; X Bo,i = 1,...,s va Dj = By x V},j = 1,...,¢ 1a hai phil mé cta
B x By. Trén moi tap ¢6 dang C; N D; ton tai nhat cit clia py X po. Ap dung bé dé tren ta
dugce (5) O
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Ap dung menh dé tren cho do phiic tap topo bac cao ta co.
Ménh dé 3. Cho X va Y la hai khong gian lién thong duong. Khi do :

TCH(X X Y) < TCp(X) + TCr(Y) — 1. (6)

Tt Ménh dé 1 va Ménh dé 3 ta co
Hé qua 1. Cho X va Y la cdc khong gian topo c¢6 do phic tap topo ldn. Khi do
TC,( X xY)=TCh(X)+TC,(Y) -1

Dic biet TCp(X™) = mTCp(X) —m + 1.

3. Két luan

Trong bai bdo nay, bing phuong phap st dung cac tinh chat chin va chan duéi ctia do phiic
tap topd bac cao clia tich cac khong gian topo, ching toi dua ra chan trén va chan dudi vé do
phiic tap topo bac cao clia tich cac khong gian topo thong qua cac khong gian thanh phan.
Trong truong hop cac khong gian thanh phan c6 do phic tap topo bac cao 16n thi ching toi
da chi ra két qua tinh toan cu thé ctia khong gian tich thong qua cic khong gian thanh phan.
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