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AN ALGORITHM TO APPROXIMATE DOUBLE INTEGRALS
BY USING ADAPTIVE QUADRATURE METHOD

ABSTRACT

Dinh Van Tiep”
University of Technology - TNU

For the numerical integration in one variable, the Adaptive quadrature is a well-known method,
which is superior in the sense of reducing the number of the evaluations of the function than other
methods using equally-space nodes, and thus increases the accuracy of the approximation. This
method takes the functional variation into account when controlling the subdivision of the given
interval into suitable step sizes, in which the subintervals with larger variation have smaller step
sizes in regarding that the obtained approximation is within a given specified tolerance. That is,
this procedure distributes the error uniformly into equal subintervals. In this article, we develop an
algorithm applying Adaptive quadrature method, which bases on the Composite Simpson’s rule, to
approximate double integrals over a general region in the plane. We will prove that this algorithm
works for double integrals. Besides, the article gives the pseudocode for the algorithm and an
interesting example to illustrate the use of the algorithm. The examples is implemented by using
Matlab code.

Keywords: double integrals, numerical integration, Adaptive quadrature method, Composite

Simpson’s rule, quadrature.

INTRODUCTION

The methods of calculating the numerical
double integrals are developed by basing on
ones of the numerical integrals in one
variable. They include the numerical quadrature
methods such as Trapezoidal Rule, Simpson’s
Rule (or more general, Newton-Cotes
formulas), Composite Methods, Romberg’s
Method, and Adaptive quadrature. The

guadrature methods use the sum of the form
n

z aif (x;)

i=1

to approximate the integral f: f(x) dx, where

the coefficients a; and the nodes x; € [a, b]
are chosen in an appropriate way. Adaptive
quadrature is one of quadrature methods,
which is often a good choice in considering to
reduce the evaluation of function at mesh
points, so it decreases the round-off errors. In
this article, we are going to develop the latter
to the numerical double integrals. First, we fix
a tolerance ¢ > 0, and check that whether the
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accuracy of the error estimate is within the
given tolerance ¢. If it is, then we can take
that approximation of the integral. If it is not,
we divide the region of integration into four
subregions, then determine if the error on
each subregion is within the tolerance ¢/4. If
the error on a subregion is not, then we
continue dividing it into four smaller
subregions and require the tolerance on each
now is within £/42. That means, we distribute
the error basing on the variation of the
function integrated on each small region. The
process is continued until we reach the
requirement.

DOUBLE INTEGRALS OVER RECTANGLES

First of all, we consider the simple case,
where the region of integration is only a
rectangle. Assume that we want to
approximate the double integral

1= || reoya- fb f £, y)dydx.

[a,b]x[c,d]

For each x € [a, b], by Simson’s Rule for the
integral of one variable, for some &, € (¢, d),
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k
| reyidy =3 1rGun) + 4G

5 4f
+ [y = gaor (o)

[7 £y dx =21 (xo,y0) + 4f Gy, v) +

1 s .
f (2, 3] = 007+ (m.fxl) vi=10,12.

where h =22 k— ,yo c,y,=c+

k,y2:c+2k d,xo—a,xl—a+
h,x, =a+2h =b.

So,1 = - {[f (xo,¥o) + 4f (1, %) +

(2, ¥0)] + 4lf (xo, ¥1) + 4f (x1,y1) + (1)
fGy)] + [f (x0,¥2) + 4f (x1,2) +
f(x2,¥2)1} — E; =:S; — E.

where the error estimate is

El: k 3 [a4f

390 |34 (Uo:fxo) + 4 (Th; fxl) +
b atf

6x4 (772' fxz)] +— 90 a 9yt — Ex)dx

By Mean Value Theorem, there exists
ﬁe[a b] such that

4f
S (0 &)dx = (b — a) (ﬁ, ¢n)-

By the Intermedlate Value Theorem, there

exists (7, € X [c, d] such that

6x4 L (10, 62,) + 46x4 (’Il'fxl) +

L (n28,) = 655 (7.9).

So, E, = ZZO"g L(7,8) +—(b —a) X
oy (o) = =2 [ S (.6) +

46 (.80

By Comp051te Simpson’s Rule, with p =
bea . _d-c
PREL B
ip,y;=v,+1iq,i=0,1,..4, for each

x € [a, b], there is y, € (c,d) such that

[ eeyydy =21 ye) +4f (e yn) +

2f(x,y2) +4f(x,y3) + f(x, y4)] —
(d-o)q* a4f(
T 2 Vx)»

1 Xg =, Yo =€, X = Xg +
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ff flx,y)dy = §[f (x0,¥) +4f (x, ) +
2f (x2,yi) +4f (x3,¥) + f(xa, )] —

(b-a)p* 3*f .
Wﬁ (ﬁi! )/xl.), Vi = 0,1, ,4.

So, I = % fomulf (oo, yi) + 4f Cer, ) +
2f (x2,yi) +4f (x3,¥0) + f (x4, ¥)] — E
=:S, — E,. (2)

where my =my =1,m; =mg =4,m, =2,
and the error estimate

L om lax4 (Bu Vxl) +

E, = q (b-a)p*

3 180
(d-c)g* b 3*f
180 f a gy* oyt (0 ¥x)dx.

Similar to E;, by the Mean Value Theorem
and the Intermediate VValue Theorem, we can
rewrite

E; =

(b—a)(d C)[ 64f(ﬁy)

a
+q* oyt (ﬁ. Vﬁ)],

for some (B,7), (4, va) € [a, b] X [c, d].
Compare (1) and (2) with h = 2p, k = 2q and
assume  that (7€) = (B.7), (&) =
(Ava), we have S,—I=E;,S —I=
E,, E; = 16E),. Therefore, [S; = 1| =
1

= |S; — S,|. That is, S, approximates I about

15 times better than it agrees with S,. So, if
|S; — S,| < 15¢, we can believe that |I —

Sal = g ixjea f oY) dxdy = 55| <&,
and be confident enough to approximate the
double integral I by S,.
If |S; —S,| = 15¢, we divide the rectangle
into four subrectangles by mesh points

a+b

a=x9<x= <x, =D,

c+d

C=Yo <Yy = <y, =d.

Now, on each subrectangle, we required that
15¢

_ stubrectangle| < T (3)

subrectangle
S
1
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and expect that this assures the requirement
|S;ubrectangle _ Isubrectanglel < &/4. Here,

brect l brect l
Sfu rectangle and S;u rectangle are

approximations for the value of the double
integral over the considered subrectangle
obtained by applying and on this
subrectangle, respectively, and denote
[subrectangle the exact value of this double
integral. We continue the above process. That
is, if the condition is not met, we persist
in subdiving this subrectangle into four
smaller subrectangles. And if it is met, then
accept confidently the approximation

subrectangle
S g
2

DOUBLE INTEGRALS OVER GENERAL
REGIONS

We limit our consideration to the region of
integration with the following form

Q={(xyla<x<bclx) <y<dx)}
where c(x),d(x) are functions defined on
[a,b]. By setting 2p =h = bz;a,Zq(x) =
k(x) = w (Vx € [a, b]), and rewriting

g fx, J/)dA I, fc(g)f(x,y)dydx, we
can modify (1) and (2) to get
[ 2

2
h —_
25 [Sonpcsnto] -
i=0

~ Isubrectangle

~
I
S
ip]-
E

[ 4
i zijI(xj)f(ijYi) —EE
| /=0

=:5; — .
Whel’e Ng =n, = 1,711 = 4, and Mmo =My =
1,m, = 2,m3 = m, = 4, the error estimates

E; =

e [htk(f (7,€) + k5 (@) 54
52 =
D prq) 3L (7€) +

(u, Vu)] and

HOE= (u,m)]
116 b90a [h4 @ ) (77 O+
AOE-A Vﬂ)]

for some (7, £), (& 7z), (4.€). (A.va) €
By assuming that (77,¢) = (,€), (L yg) =
(ﬁ,yﬁ) we get E, ziE}, and thus |5, —
I| = | — S;|- So the above process in the

case of integrated rectangular region can be
reapplied to get the requirement for the
accuracy of the approximation.

Remark 1. A similar process can be use to
approximate the double integrals where the
integrated region can be described as
O={xylc<sy<daly)<x<b®)}
where a(y), b(y) are functions of y, defined
on [c,d].

Remark 2. The error estimate is vanished if

the partial derivatives s and s are both
p dx* oy*
vanished. In this case, Simpson’s

approximation become exact. Therefore, the
Adaptive quadrature method stop by the first
recursion and give an exact result for the
integral. lllustration for such a function is a
polynomial of two variable x, y of the degree
with respect to only x and y less than 4. For
example, f(x,y) = x% + 3xy3 + y5.
ALGORITHM

The following pseudocode describes the
algorithm for the Adaptive quadrature
procedure based on Simpson’s Rule to
approximate the double integral over a
rectangle

I = j f f(x,y)dA.
[a,b]x[c,d]
One can easily construct the algorithm for the
case where the integrated region is generally
describes as in the above Section.
INPUT rectangle a, b, c, d, tolerance ¢, limit
N to number of levels.
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OUTPUT approximation AP of I, or message
that N is exceeded (the procedure fails).
Step 1 (Initiate the procedure)

AP :=0;i:=0,L; = 1;¢; :== 15¢; (Here, L;
indicates the recent level of the subdivision.)
Ri1 == a;Riz = b;Ri3 == C; Ry == d;
for the initiated rectangle.)

(Data

ng = 1;n; :=4;n,:=1; (These are the
coefficients in Simpson’s Rule.)

mg:=1my; =4,m, = 2;myz =4,my =
1. (These are the coefficients in Composite
Simpson’s Rule.)

Step2 Whilei > 0 do Steps 3-5.

Step 3

h; == 0.5(R;z — Ri1); ki = 0.5(Ris — Ry3);
Forj=0to2do

xj = Ri1 + jhi; y; = Riz + jk;
(Set up data for the mesh points.)

End do;

S, =20;S, :=0; (Initiate the values for
Simpson’s and Composite Simpson’s Rule.)

Forl=0to2do
Forj=0to2do

hik;
S =8+ #nlnjf(xl,xj)

(Simpson’s Rule)
End do;
End do;
Forl=0to4do
Forj=0to4do

h;k;
Sy, =8, + #mlmjf(xl,xj).

(Composite Simpson’s Rule)
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End do;
End do;

Up = Ry Uy = Rip; Uz = Rz Uy = Ryy;
(Save data.)
Uus = hj; ug == k;;u; = €;;ug = L;.

Step4 i:=i—1. (Delete the level))
Step5 If |S, — S| < u; then
AP == AP + S,
Else
if ug > N then

OUTPUT(“LEVEL IS EXCEEDED.”);
STOP.
else (Add one level.)
i=1i+1;
(Data for the Subrectangle R, cf. Figure 1.)
Ri1 = uq; Rjp = uq + 0.5ug;
Ri3 = u3; Ry = u3 + 0.5ug;
€; ::%;Li =ug+1;
i=1i+1;
(Data for the Subrectangle R,.)
Ri1 = uq; Rjp = uq + 0.5ug;
Riz = uz + 0.5ug; Rjy = Uy;
€ = €i—1;Li = Li_q;
i=i+1;
(Data for the Subrectangle R5.)
Ri1 = uq + 0.5ug; Ry = uy;
Ri3 = u3; Ry = u3 + 0.5u;
€ = €i—1;Li = Li_q;
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(Data for the Subrectangle R,.)
Ri1 == uq + 0.5us; Rjp = uy;
Riz = uz + 0.5ug; Ry = Uy;

Ei =
€i-1;Li = Li—4.

Step 6 R, R,

OUTPUT(AP)
(AP approximates R, R;
| to within €.)

STOP. Figure 1

EXAMPLE

We illustrate the above algorithm to
approximate the following double integral.

I = X 4a
B x2+y+1 7
[1,3]X[-1,3]
Here, we take a tolerance € = 0.0004, N = 4.
The above algorithm gives:

% WhenL; =1,5; = 5565190364,
S, = 5.526992146,
|S; — S,| =~ 0.0382 > 15¢ = 0.006.
% When L; = 2, we have
» On subrectangle R, =[1,2] x [-1,1],
(“the requirement is exceeded”)
S, ~ 1.914412603,
S, = 1.909983661,
IS, — S,| =~ 0.00443 > 15¢/4 = 0.0015.
» On subrectangle R, = [1,2] x [1,3],
S; = 1.133635232,
S, = 1.133629682,
|S; — S,| ~ 5.55 x 1076 < 15¢/4 =
0.0015.
» Onsubrectangle R; = [2,3] x [—1,1],
S; = 1.396528503,
S, = 1.396452056,
|S; — S| = 7.64 x 107° < 15¢/4 =
0.0015.
» On subrectangle R, = [2,3] x [1,3],

S; = 1.082415808,
S, = 1.082511495
|S; —S,] ® 9.57 x 107° < 15¢/4 =
0.0015.
< When L; = 3, (Continue subdividing R,
into 4 smaller subrectangles.)
» On subrectangle R,; = [1,1.5] x [—1,0],
S1 = 0.6201355326,
S, = 0.6197711285,
IS; — S,| ~ 3.64 % 107* < 15¢/16 =
3.75 x 1074,
» On subrectangle Ry, = [1,1.5] x [0,1],
S, ~ 0.4092542639,
S, = 0.4092359667,
|S; —S,] =~ 1.83 x 1075 < 15¢/16 =
3.75x 1074,
» On subrectangle R;5; = [1.5,2] x [—1,0],
S1 = 0.4960067062,
S, = 0.4959783424,
|S; — S, = 2.84 x 1075 < 15¢/16 =
3.75 x 1074,
» On subrectangle Ry, = [1.5,2] x [0.1],
S; =~ 0.3845871583,
S, ~ 0.3845901215,
IS; — S| = 2.96 X 107 < 155/16 =
3.75 x 1074,

Thus, the procedure succeeds at the level 3 of
recursion, and it returns the approximation AP
within the given tolerance € = 0.0004 for the
integral, where AP = 5.522168792. That
means,

|AP — I| = |5.522168792 — I| < ¢
= 0.0004.

Figure 2 7
(Figure 2 illustrates the integrated region and
the graph of the function.)
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COMPARISON AND ANALYSIS OF THE
OBTAINING RESULT OF THE EXAMPLE

For the comparison purpose, we list out
results (represented in Table 1) produced by
some other methods, which are quite popular.
Those methods are Simpson’s rule,
Trapezoidal rule, and Midpoint rule (also
known as the open Newton-Cotes of order 0),
applied with different number of partitions.
Table 1 shows the approximations of the
double integral I produced by different
methods applied on the number of
subdivisions m=n from 1 to 9. Table also
presents the corresponding error of these
approximations. Here, m and n are the
number of equal subintervals of the intervals
[1,3] and [—1,3], respectively.

First, for this example, by a simple
calculation, we can find the exact value of the
double integral,

P B S

- —1f1 xZ+y+1 xay
3

=.[ [In(y + 10) — In(y + 2)] dy
-1

=13In13-9In9—-51In5
~ 5.52213088809.

The absolute error of the approximation
produced by Adaptive quadrature is

|AP —I| = 0.000037903.

From the Table, we can see that obtaining a
better approximation than AP requires
applying Simpson’s rule on at least 8
subintervals on each side of the rectangle
[1,3] x [<1,3]. For the other two methods,
the requirement becomes infeasible when
they are applied on at least 8 subintervals on
each side of this rectangle. This feature
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clearly shows that Adaptive quadrature is
much superior to the other three methods in
reducing the number of calculation needed to
obtain an approximation within a given
tolerance.

SUMMARY

This method based on Simpson’s and
Composite Simpson’s Rule, can also be
constructed based on other method of the
Numerical Integration, such as Trapezoidal
Rule, Midpoint Rule. The idea used basically
does not change. That is, we require the
distribution of the error over integrated region
with respect to the variation of the integrated
function, large variation is corresponding to a
smaller region, and small variation is
corresponding to a bigger region. By the way,
we often reach the requirement of the
accuracy.
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Table 1. The approximations for the integral in Example produced by different methods

m=n m:gpomt Error :'Jlaepe20|dal Error Simpson’s rule  Error

1 5555555557 0.033424668  5.584459984 0.062329095 5.565190365 0.043059476
2 5541276320 0.019145431  5.498423800 0.023707089 5526992147 0.004861258
3 5.531547187 0.009416298  5.507005307 0.015125582 5.523366556 0.001235667
4 5527541247 0.005410358  5.512648185 0.009482704 5.522576888 0.000445999
5 5.525607164 0.003476275  5.515770460 0.006360429 5.522328257 0.000197368
6 5.524543773 0.002412884  5.517605037 0.004525852 5.522230854 0.000099965
7 5.523900866 0.001769977  5.518758245 0.003372644 5.522186671 0.000055782
8 5.523483800 0.001352911  5.519525437 0.002605452 5.522164430 0.000033541
9 5.523198278 0.001067389  5.520059824 0.002071065 5.522152185 0.000021296
TOM TAT

MQT THUAT TOAN XAP XI TICH PHAN KEP SU DUNG PHUONG PHAP
CAU PHUONG THICH UNG

Pinh Vin Ti¢p”
Truong Pai hoc Ky thugt Céng nghiép - PH Thdi Nguyén

Trong cic phuong phép tich phan sb dbi voi truong hop mot bién, phuong phap Cau phuong
Thich tng da rat pho bién. Phuong phap nay ¢ uu diém vuot troi so véi cac phuong phap khac
ma sir dung cac phép chia cac khoang bang nhau la: né lam giam di cac phép tinh gia tri ham sd,
do @6 giam duoc céc sai s6 1am tron va ting hiéu qua cua phép xap xi tich phan. Phuong phéap nay
xem xét dén sy bién thién cua ham s dé diéu chinh viéc phan chia khoang ban dau thanh cac
khoang con co kich ¢ thich hgp twong ing, trong d6 khoang con cd kich c¢& nho hon s& twong tng
véi sy bién thién 16n hon cua ham s6 trén khoang d6. Viéc phan chia nay van dam béo rang sai s
cua phép xap xi trong khoang Chap nhan duoc cho trude. Noi cach khic, phuong phép nay dua
trén y tuong phan phdi déu sai s6 trén cac khoang bang nhau. Bai béo nay sé phat trién mot thuat
toan ap dung phuong phép Céau phuong Thich g, dya trén quy tic Két hop Simpson, dé xap xi
tich phan kép trén mot mien tong quat trong mat phang. Ta s& chimg minh tinh ding dén cua thuat
toan trong truong hop nay. Ngoai ra, bai bao cling dua ra phan ma gia cua thuat todn va mot s6 vi
du tiéu biéu dé minh hoa cho thuat toan nay. Cac vi du nay dwoc thuc hién bang cach sir dung ma
1énh cua Matlab.

Tir khoa: tich phan kép, tich phan so, phwong phdp Cau phwong Thich g, quy tac Két hop
Simpson, cau phwong.
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