Nguyén Thi Phuong va Dtg

Tap chi KHOA HQC & CONG NGHE

173(13): 73 - 79

BIEN POI LAPLACE VA UNG DUNG TRONG KY THUAT
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Duogc dat theo tén cuia nha todn hoc va thién van hoc ngudi Phap noi tiéng Pierre Simon Laplace
(1749-1827), bién d6i Laplace 1a cong cu toan hoc cé nhiéu trng dung trong cac linh vyc nhu toan

hoc, vt ly, co hoc...

,.cho nhirng bai toan c6 diéu kién dau lién quan téi ham cudng birc, cac bai

toan gia tri bién. Nguon goc cua ing dung ndy la ¢ chd bién d6i Laplace cho phép chuyén tir phép
tinh vi tich phan trén ham sang cac phép tinh dai s6 trén anh ctia ham qua bién ddi Laplace, do d6 s&
lam cho viéc giai cac phuong trinh, hé phuong trinh vi phéan, bai toan ¢6 diéu kién dau, vi tich phan
tré nén don glan hon. Trong bai bao ndy, chiing t6i nghién ctru mét sé tmg dung ctia phép bién dbi
trong k¥ thuat: Ung dung trong cac bai toan dao dong, nghién clru cac qué trinh xdy ra trong mot
mach dién lién tyc, tim nghiém cua bai toan bién co sir dung su hd trg cia phin mém toan hoc.

Tir khéa: Bién doi Laplace, phwong trinh vi phdn, phwong trinh dao déng, mach dién, Matlab

GIOI THIEU

Bién d6i Laplace 1a phép bién ddi tich phan
cho phép chuyén tir phép tinh vi tich phan
trén ham f(t) cia bién thuc t sang cac phép
tinh dai s6 trén anh F(s) cua bién phirc s, do
d6 phép bién doi gitip dua cac bai toan va cac
diéu kién dau (phuong trinh, hé phuong trinh
vi phan; phuong trinh, hé phuong trinh tich
phan, ..). vé bai toan m&i chira ham can tim 1a
phuong trinh dai sé trong mién phuc s. Tuy
cac hé phuong trinh vi phan tuyén tinh déu co
thé duoc giai bang phuong phap cb dién,
nhung voi cc bai todn vé tin hiéu va phan
tich hé k§ thuat 13 tuyén tinh gitra dau vao va
dau ra dugc biéu dién boi cac phuong trinh vi
phan tuyén tinh, phép bién doi Laplace co
ung dung dac biét. Mat khac khi dung phép
bién d6i dé giai phuong trinh, hé phuong
trinh vi phan cac diéu kién ban dau duoc dua
vao ngay trong qué trinh bién ddi nén s& xuit
hién ludn trong biéu thic nghiém... Phép
bién ddi nay 1a cong cu hidu qua dé giai bai
toan v6i diéu kién ban dau thuong gip khi
nghién ctru cac mach dién lién tuc, cac hé¢ dao
dong co hoc. .. nhét 1 khi ham kich dong dau
vao 1 cac ham gian doan, tuan hoan, hoic 1a
ham xung. Ngoai ra, phép bién doi Laplace
con co thé cung cip cong cu tinh toan, cong
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cu dd thi dé viéc phan tich, tong hop va thiét
ke hé thong duoc dé dang hon.

Xét cac ham gdc f(t) cua bién thuc t, d6 1a cac
ham lién tyc tig khoang véit > 0; IM >0, 3
s > 0 sao cho [f(t)] < Me™ v t= 0 va f(t) = 0
khit<0 [4].

Phép bién ddi Laplace: Gia sur f(t) 1a mot

ham gdc. Khi d6 F(s)=[e™f

0

(t)dt 1a ham giai

tich trong nira mat phang Res>s, va duoc goi
1a anh cua f(t) qua bién d6i Laplace, ky hiéu
LIF®1 [4]. [5]-

Phép bién doi Laplace ngwoc: Phép bién d6i
F(s) thanh f(t) duwoc goi 1a phép bién ddi
Laplace nguoc, f(t) = L[F(s)] [4], [5].

UNG DUNG CUA PHEP BIEN DOI
LAPLACE TRONG KY THUAT

Ung dung trong céc bai toan dao dong

a. Dao dong diéu hoa: Xét diém P co khéi
lugng m chuyén dong thang trén truc Ox, co
toa do x(t), va bi hut béi luc phuc hdi fy(t) =
kx(t). Khi do

mx" =—f,(t) < X"+ o’x=0, véi k/ m=0’[1]

b. Dao dong tat dan: Xét suc can cia moi

truong véi dao dong ti I¢ bac nhat vdi van toc
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tc thoi cua chat diém f,(t) = av(t) . Khi do
< mx"+ax'(t)+kx=0 = x"+ 2Bx'+ ©’x =0
véi k/m=0’, a/m=2p [1]

c. Dao dong cudng buc khi khong co luc can:
Xét truong hop diém con chiu tac dong cia
ngoai lyc tudn hoan f (t) = Hcos(a,t) ).
Khido mx"=—kx—ax'+ Hcos(ayt)

= X"+ 28X+ w’X = Heos(apt) /m  [1]

Vidu 1:

Xét hé 1o X0 nhu hinh 1,
m =m, =1k =k, =3k, =5/2. Chon chiéu
duong bén phdi va gia su cac vat ndng & thoi
diém ban dau

% (0)=x"(0),%,(0)=1x,'(0)=0 va co vi tri
X1(t) VA X,(t) tai thoi diém t.

my iy

Hinh 1
Tac dong luc fy(t) = 0 va fr(t) = 2(1 - H(t - 2))
tuong ting vao 2 vat, theo dinh luat I Newton thi

mX, " :_(ki + kz)xl + kzxz + 2(1_ H (t - 2))
m,x, " = k2X1 _(kz + ks)xz

x1“=—Ex1+§x2 +2(1-H(t-2))
N 2 2
. 5 1
X2 ZEXl—EXZ

Lay bién ddi Laplace ta duoc

_a2s
32x1:_1_1x1+§x2+2w
=1 s,
SZXZ =§X1—EX2
X - (-9/2)s* +2s%e* —11+11e™
' s(24 +s* +11s?)
—
_ 5-5e 7 +(11/2)s® +s*
2 s(24+s* +11s?)
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Lay phép bién ddi ngugc ta dugc

X, (t) =11/ 24 - (5/8)cos(v/22t) + (1/ 6)cos(«/3t) +

(1/ 24)(~11+3c0s(~22(t - 2) +8cos(v/3(t - 2))H (t - 2)

X, (t) =5/ 24+ (5/8)cos(\/22t) + (1/ 6)cos(+/3t) +

(1/ 24)(-5—3c0s(~/22 (t — 2) + 8cos(\3(t — 2))H (t - 2)

Viéc tinh todn thu cong 13 can thiét nham
nang cao nang luc tu duy, tuy nhién viéc st
dung cac phin mém toan hoc ciing rat hitu ich
trong qua trinh hoc tap cling nhu nghién curu.
Pé co duoc két qua nhanh va khao sat trong
truong hop thay d6i cac thong sd nhu khoi
lugng cac vat, hé s6 dan hoi cua cac 10 xo,
chung t6i tién hanh tinh toan, 1ap ham trén
mot sb ph?m mém toan hoc nhu Matlab,
Maple (hodc dung cac 1énh ctia maple dugc
tich hop san trén Matlab)

Lap ham trong Matlab

function [x1
x2]=funexl (ml1,m2, k1, k2, k3,x10,
x20,dx10,dx20)

d2x1l =
sym('diff(diff(x1(t),t),t)");
d2x2 =
sym('diff(diff(x2(t),t),t)");
x1 = sym('xl(t)"); x2=
sym('x2(t)");

syms t s

H2=sym (Heaviside (t-2));
eql=ml1*d2x1+ (kl+k2)*x1-k2*x2-
2* (1-H2) ;
eq2=m2*d2x2-k2*x1+ (k2+k3) *x2;
L1 = laplace(eql,t,s);

L2 = laplace(eg2,t,s);

syms Lxl Lx2

Nx1 =

subs (L1, {'x1(0)"','D(x1) (0)"', 'x
2(0)"','D(x2) (0) "},
{x10,dx10,x20,dx20}) ;

Nx2 =

subs (L2, {'x1(0)",'D(x1) (0)"', 'x
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2(0) "', 'D(x2) (0) "},
{x10,dx10,x20,dx20}) ;
Nxl=subs (Nx1, {'laplace(x1(t),t
,s) "', "laplace(x2(t),t,s) '}, {Lx
1,Lx2});
Nx2=subs (Nx2, { "laplace (x1(t), t
,s) "', "laplace(x2(t),t,s) '}, {Lx
1,Lx2});

[Lx1,Lx2] =

solve (Nx1,Nx2,Lx1,Lx2);

x1= ilaplace(Lx1l,s,t)

x2= ilaplace (Lx2,s,t)

Tai ctra s6 1énh, nhap nhu sau:

>>[x1
x2]=funex1(1,1,3,5/2,3,0,1,0,0)
>> t=[0:0.05:61;

>> xl=subs(x1l,t);

>> x2=subs(x2,t);

>> plot(t,x1,t,x2)
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3
Hinh 2
Hinh 2 cho biéu din nghiém cua bai toan dao
dong theo bién thoi gian t trén Matlab.

Hodc dung Maple hay cac 1énh cua Maple luu
trit san trén Matlab nhu sau (trong phwong
trinh c¢6 ham gian doan nén khong dung
dsolve truc tiép dugc):

>>maple ('d:=diff (x1(t),ts$2)=-
11*x1(t)/2+5*x2(t) /24+42* (1-
Heaviside (t-

2)),diff (x2(t),t$2)=5*x1(t)/2-
11*x2(t)/2;");

>> maple ("f={x1(t),x2(t)}");
>>maple ('dsolve ({d,x1(0)=0,D(x
1) (0)=0,x2(0)=1,D(x2) (0)=0}, {x
1(t),x2(t)}),method=laplace;"')

Vidu 2:
Cho dao dong trong moi truong khong co luc
can, chiu luc cudng bic bién doi tudn hoan

f (t) = H,cosapt . Co phuong trinh vi phan la
n 2 HO 1
X"+ @ x=Hcos(ayt),H =—,x(0) =a,x'(0) =b
m

Lay bién doi Laplace ta duoc

s
s’X —sa—b+w’X =H ——
s+,

x__8 b N H S

s+a’ P+t S+’ s+,

V6i o # @, thi

X_

as b H S S
=+ +
S“+w

s+0’ 0 -0’ \S+at S+

Lay phép bién ddi nguogc ta duogc

= X(t) = Acos(wt — @) + % cosat
[0

2

A= |l a+ H 2+b—2 tan —E a+ H
o’ -0 ) o " o, - @

. H .
Véio=aw, X(t)=Acos(at-g) +2—tsm ot
(0]

. b b

A=,la"+—, tanp=—
w aw

Nghiém cuia bai toan gia trj bién:
Phuong phap bién doi Laplace ciing rat hitu
ich trong viéc tim nghiém cua cac bai toan
bién. Céc bai toan nay thuong xuat hién nhiéu
trong 1y thuyét chuyén vi ciia dim chiu udn,
hay bai toan phan phdi nhiét do trén mot
thanh véi ngudn nhiét cho trudc.
Xét mt dam c6 chiéu dai I, va xét mot diém
K trén truc dam trude khi bién dang. Sau khi
bién dang diém K di chuyén thanh diém K.
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Hinh 3
Thanh phan v vudng goc véi truc dam goi 1a

dd vong cua K. Phuong trinh vi phan cho d6

vong thiang ding y(x) ciia dim chiu tic dung

clia tai trong W(X) trén mot don vi chidu dai

tai mot khoang x duogc tinh tu géc toa do trén
4

d'y

tryc ctia dam 1a El o W(x) 0<x<I véi El
X

12 d6 ctng chiu uén cia dam [2].

Vidu 3:

Cho mét dam c6 chiéu dai |, ¢6 khéi lugng M
bi ngam hai dau muat va chiu tai trong tap

. 2 .
trung c6 do 16n Q tai X = EI trén truc dam.

Xéc dinh d6 vong cua dam?

Hinh 4
Do bi ngam 2 dau mut nén d6 vdng va goc
xoay & tai cac diém d6 bang 0.
4

El ‘;X}{ :I\I/I—+Q5(x—§lj ),
O<x<I vo6iy0) =y’(0)=0, y(l) =y’'()=0
(2), Q 1a hang sb. Str dung phép bién do6i
Laplace

Khi d6

4 n " g _%ls
'Y (s) —sy"(0) - y"(0) = mstEt
(5=YQ YO Qe M1

S S El s IEI
. XZ " X3
=>yX)=y (O)?+y (O)E
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+i(x—2—|) H(x—2—|j+ M_ (3)
6EI 3 3 241El

Pao ham, thay diéu kién bién tai | suy ra

n 0 —
y'0)= 108El

y"(0 )——
Thay vao (3)

|
A T (oM +

+i x—2—I H x—2—I + M
6El 3 3 24IEl

Sir dung Matlab:

Co thé ding S:éc lénh ctia Maple luu trit sin
trén Matlab d¢ giai bai toan bién nay

>>syms EI M Q 1;

>>maple ('d:=EI*diff (y(x)

M/1+Q*Dirac (x-2*1/3);");
)=
}

——(9M +8Q)

= (27M +14Q)

8Q)x’ —32:1—5(27M +14Q)x°

x*0<x<l.

,X$4) =

y (1)
, ( %)),

>>maple ('dsolve ({d, y (0
=0,D(y) (0)=0,D(y) (1)=0
method=laplace;"')

UNG DUNG TRONG MACH DIEN

Phép bién ddi Laplace 1a mét cong cu hiéu
nghiém khi nghién ctru cac qua trinh qua do
trong cac mach dién tor khi chung dugc tac
dong mdt cach dot ngdt boi cac xung dién
ngin han hay trong qua trinh chuyén mach.
Qua trinh do goi 1a dap Gng cua mdt mach
dién tir d6i v6i mot xung nhay bac & thoi
diémt >0.

Theo dinh luat Ohm luong giam dién thé khi
dong dién qua dién tré R 1a vg(t)=Ri(t), qua

(t)

cudn cam L 1a v, ()= L—— va khi qua tu dién

Clav, (t)_Q(t) (t)_M

31, [31, [6]
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Theo dinh luat Kirchoff
L$+ Ri(t)+ Q( ) =v(t)

Ap dung bién dbi Laplace cho phuong trinh
nay ta dugc RI(S)+ Lsl(s) +Ci 1(s)=U(s).
S

bat Z(s)=R+Ls +Ci la trd khang dac
S

trung cua mach thi U(s)=2Z(s)I(s) la biéu
thirc cia dinh luat Ohm du6i dang toan tir cua
mach dién.

Ham truyén ciia mdt hé thong tuyén tinh:
Pap ung ciia mot hé théng ddi véi mot tac
dong xac dinh ¢ 16i vao phu thudc vao dic
tinh cua hé thdng do, dic tinh nay chira trong
mot dai lugng goi 1a ham truyén cua hé théng.
Ham truyén H(s) ciia hé théng dwoc xac dinh
bang ti s6 cua bién d6i Laplace cua tin hiéu
16i ra trén bién ddi Laplace trén tin hiéu 16i
vio H($) =2 [3),[5], [e]
E(s)

Vi du 4. Tim dién ap 15i ra vo(t) cia mach
dién trong hinh biét dién 4p ban dau cua tu C
la vc(0) =6V, khoa K dong tai t = 0.

. i(t)
= +
1Q
12v

IF =—=C vilt)

'[ v(t) ‘

Hinh 6

Pién 4p O hai dau ty 16i ra thoa man
dv, (t)

+V(t) =12,
” (t)=
16i vao ¥+vo(t):12.

Ly bién ddi Laplace 2 vé thi

12 6s+12

V3 (5) Vo (0) +Vo(8) =~ =V (5) = oD

Lay bién d6i Laplace nguwgc ta duoc
V,(t)=12-6e™, t>0

Ta ciing ¢ thé giai quyét bai toan nay bang
cach dung so dd mach dudi dang bién d6i
Laplace

KIs) R
—»—F ]—J_—‘:l +
sC
L2 N V(s) s Vol©)
S
g o
Hinh 6
12 6
Khi do ( jl(s)————:l(s):iA
s s+1

A 1A 16 6 , .
Vay dién ap 16i ra V,(S) =———+—, lay bicn
ss+1 s

doi Laplace nguoc ta thu dugc két qua nhu trén.
Vi du 5: Cho mach biéu dién nhu hinh v§,
tim ma tran truyén ddi vé6i cac bién ra Y1, Y2
g voi bién

vao u. Tinh déap lai ctia hé khi u=H(t) véi diéu
kién dau khong va

R =2R,=15C=3/7,L=1/7

Y
—p

Hinh 7
Ap dung dinh lut Kirchoff
e=R (X, +Cx,")+x +R,Cx,'
e=R (X, +Cx )+ x +Lx'

1 R 1
XZI Rl RlRZ XZ RZ
LR +R,) C(R+R,) LR +R,)
V6i bién ra
|:yli|: _1 —Rl |:X1:|+ C(R1+R2) u
21 |R+R, R+R, |® L
2 T R +R,

7
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Thay cac gia tri s6 vao dugc

T
S I

Khi d6 ma tran truyén

9s+14
2
__40s/7-8 N 2
3s* +20s+28 7
x(0)=0 nén Y(s)=G(s)(1/s), 1dy Laplace ngugc
y %+ %en _%em/s
:>y(t)={ 1} A
Y, O Tgtaus
14 2

Sir dung Matlab. Ta lap ham sau, két qua tra
vé 12 ma tran truyén vay

function[y G]=funex2(R1l, RZ2,

C, L, u)

A=[-1/(C*(R1+4R2)) -
R1/ (C* (R1+R2)) ;R1/ (L* (R1+R2))
-R1*R2/ (L* (R1+R2)) ] ;

Cl=[0 1;-1/(R1+R2) -
R1/(R1+R2)1;

b=[1/(C* (R1+R2));R2/ (L* (R1+R2)
)1;

d=[0;1/(R1+R2)];

syms s

G=Cl* (s*eye (2)-A) " (-1) *b+d
U=laplace (u);

Y=G*U;

y=ilaplace (Y);

Tai ctra s6 1énh, nhap nhu sau:

3/7,

>> [y G]=funex2 (2, 1.5,
(L) '"))

1/7, sym('Heaviside (t
t=[0:0.05:5];

>> yl=subs(y(1,1),t);
>> y2=subs(y(2,1),t);
>> plot(t,vl,t,y2)
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Hinh 8 cho biéu dién nghiém ciia bai toan trén
phan mém, giup ta hinh dung rd rang hon vé
dap lai cia hé.
Viéc két hop tmg dung cua coéng cu toan hoc
bién ddi Laplace va phan mém hd trg Matlab
cho bai toan k¥ thuat thé hién dwoc nhiéu wu
diém, ddc biét 1a v6i cac bai toan can phan
tich hé théng, hay khi tin hiéu dau vao 1a cac
ham gian doan, tudn hoan, ham xung. Budc
th nhit, ta 1ap phuong trinh (hé phuong
trinh) vi phan mo ta ddi twong cua bai toan,
sau d6 ap dung bién d6i Laplace dé chuyén tir
phép tinh vi tich phan trén ham sang cac phép
tinh dai s6 trén anh cta ham qua bién déi, kho
do viéc giai cac phuong trinh, hé phuong
trinh vi phan, bai toan co didu kién dau, vi
tich phan tré nén don gian hon. Sau cung, str
dung 1ap trinh trén cac phdn mém hd trg nhu
Matlab, Maple... khéng chi ding lai ¢ viéc
kiém tra két qua ma con co tac dung khao sat
d6i tuong khi c6 cac dai lugng thay doi hay
gitp dinh huéng dé giai quét vin dé. Bidu
dién do thi cta nghiém trén cac phan mém
toan hoc ciing giup viéc mé ta ddi twong mot
cach truc quan dé hiéu hon.
L&i cdm on
Nghién ctru nay dugc tai tro boi Truong Dai
hoc K¥ thuat Cong nghi€p Thai Nguyén trong
dé tai cap co s& nim 2016-2017 mi s6
T2016-71.
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SUMMARY
THE LAPLACE TRANSFORM AND THE APPLICATION IN TECHNOLOGY

Nguyen Thi Phuong”, Phan Thi Van Huyen
University of Technology - TNU

Named after Pierre Simon Laplace, a famous French mathematician and astronomer (1749-1827),
the Laplace transform is an important mathematic tool which has much application in many areas
as mathematics, physics, mechanics.... The sources of the application is the transformation of the
differentialand integral caculus of the funtions to algebraic caculus of their imagine, hence it
makes solving linear ODEs, system of linear ODEs and related initial value problems,
differentialand integral equations simplier. In the paper, we study some of the application of the
transform in engineering: The application in oscillation problems, the process which happen in
electrical continous time circuit, solving boundary problems... with using the mathematical
softwares.

Keyword: The Laplace transform, differential equation, oscillation equation, electrical networks,
Matlab
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