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When studying and solving practical problems in continuous
environments, through modeling methods, the vast majority of
problems lead to models described by partial differential equations, i.e.
models that contain differential operators. For a very small class of
problems corresponding to simple models and boundary conditions, we
can obtain a direct solution of the problem through analytical methods,
while the vast majority of complex problems can be obtained through
analytical methods. Methods of discretizing differential operators to
convert to systems of difference equations. Then the approximate
solution will be obtained through solving the system of difference
equations based on the tools of an electronic computer. With the need
to obtain solutions with high accuracy, the issue of researching methods
to discretize differential operators with high precision is a research area
of special interest to mathematicians. In this paper, we propose an
algorithm to discretize the n-th order derivative with high-order
accuracy. Theoretical results and experimental calculations have
confirmed the accuracy of the algorithm.
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Khi nghién ciru giai quyét cac bai toan thuc té trong cac moi truong lién
tuc, thong qua phwong phap mé hinh hoa thi dai da sb cac bai toan déu
dua dén mo6 hinh dwoc mé ta boi cac phuong trinh vi phan dao ham
riéng tirc 13 cac moé hinh c6 chira toan tir vi phan. Mot 16p rt nho cac
bai toan ng véi mo hinh va diéu kién bién don gian, ta c6 thé thu dugc
loi giai truc tiép cua bai toan thong qua cac phuong phép giai tich, con
dai da s6 cac bai toan phirc tap déu thong qua cac phuong phap roi rac
hoa cac toan tir vi phan dé chuyén vé cac hé phuong trinh sai phan. Khi
d6 nghiém xap xi s& thu dugc thong qua viéc giai cac hé phuong trinh
sai phan dya trén cong cu cua may tinh dién tir. V&i yéu cau can thu
duoc 101 giai véi do chinh xac cao thi van dé nghién ciru cac phuwong
phap r6i rac hoa cac toan tir vi phan véi d6 chinh xac cao la mét hudng
nghién ctiru dugc cac nha toan hoc dac biét quan tdm. Trong bai bao
nay, ching t6i dé& xuat mot thuat toan roi rac hoa dao ham cac cap véi
d6 chinh x4c bac cao. Cac két qua 1y thuyét va tinh toan thuc nghiém da
khang dinh do chinh x4c cta thuat toan.

DOI: https://doi.org/10.34238/tnu-jst.9516

" Corresponding author. Email: nddung@ictu.edu.vn

http://jst.tnu.edu.vn

22 Email: jst@tnu.edu.vn


https://doi.org/10.34238/tnu-jst.9516

TNU Journal of Science and Technology 229(07): 22-30

1. Introduction

The vast majority of problems in continuous environments, through discretization of
differential operators, result in models of systems of difference equations based on a suitable grid
space. Then the use of formulas to discretize differential operations with what order of accuracy
will determine the order of accuracy of the discrete solution obtained through algebraic methods
or iterative methods of solving the system of differential equations. Therefore, studying methods
to approximate the derivative value at a point of a function is an important research direction that
mathematicians are especially interested in. In the literature on numerical methods [1], formulas
for approximating the first and second derivatives of the function u(x) with accuracy order
0(h?) have been given, which uses the value of the function at 3 neighboring points of point x
and h is denoted as the grid step on the grid space. Based on the interpolation polynomial
approximation method, in the document [2], the m-order derivative approximation formulas with
accuracy order O(h®>~™) are given, which uses value of the function at 5 neighboring points of
point x. Recently, in the document [3], a set of formulas for approximating derivatives of all
order with accuracy order O(h™~™) has been introduced, which uses the value of the function at
n+1 neighboring points of point x. Based on the published formulas, numerical solutions for
differential problems with nonlinear differential equations of all order have been improved. In [4]
— [8], algorithms for numerically solving 3rd and 4th order nonlinear differential equations with
accuracy order 0(h®) were published.

However, the published results of the above derivative approximation formulas are all results
obtained by the direct method, results obtained by direct calculation of analytical expressions, not
general. Thus, to improve the accuracy of derivative approximation, it is necessary to build a
general algorithm to provide formulas for approximating derivatives of any degree with arbitrary
order of accuracy based on the support of the computer.

The main content of the article will present theoretical research results based on interpolated
polynomials to provide a derivative approximation method, thereby proposing a general algorithm
for approximating mesh derivative vectors with orders of magnitude. Arbitrarily accurate based on
the mesh function at n + 1 neighboring points, proceed to build general derivative approximation
formulas based on the coefficient matrix determined from the algorithm.

The structure of the article consists of four parts: In Section 1, we introduce some published
results on the method of approximating higher order derivatives. Section 2, we present the
theoretical basis of interpolated polynomials, based on which we propose an algorithm to
approximate higher order derivatives in the case of regular and irregular grids. Section 3, we
present some experimental calculation results to evaluate the accuracy of the proposed algorithm.
Finally, there are conclusions and references.

2. Proposed method

Consider the function u(x), x € [a, b]. Use a grid to divide segment [a, b] into N + 1 points
by dividing points a =xy < x; <...<xy =b. Let X = (xy,xq,...,xy) IS the grid space,
U = (u(xg), u(xy)...,u(xy)) is the grid function defined on the grid space, D™u(x;) is the
approximate value of the derivative u™(x;) at point x; (i =0,1,2,..,N); D™y =
(DM™u(xg), DM™u(xy)..., D™u(xy)) is the m-order derivative vector approximated on the
grid space.

Let Z = (zy,24,..-2z,),n < N is the set of neighboring points of point x;, (i = 0,1,2, ..., N).
We need to build an algorithm to determine the grid derivative vectors D™ U when we know the
grid function U with high-order accuracy using (n + 1) neighboring points Z.
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2.1. Lagrangian interpolation polynomial [1]

Consider points x in the neighboring grid Z = (zg,zy,...2,),n < N. Then suppose n + 1
interpolation points are given
Zg Zq Zy Zn_q Zy
u(zo) u(z;) u(z;) : u(zp—1) u(zp)
Consider the function approximation method usmg Lagrang interpolation polynomials in the
Z neighborhood.

The symbol for Lagrange multipliers is n-th degree polynomials that satisfy the property
1,x

X = Zj,
Li(x) - {O,X * Z;.
Lagrange multipliers are determined by the formula
L) = (x —29)(x —21) oo (¥ — Zi—1) (X — Zj3q) . (X — 2p) = 12,.m-1
(zi — 20)(zi — 21) . (2 — 2i-1) (21 — Zi41) - (21 — 2)
Then we have the formula for approximating the function u(x) in neighborhood Z using an n-
th degree Lagrangian interpolation polynomial

u(x) = Xizo Li()u(z;) + Rny1 (1), 1)

where R, 1(x) is the error of the interpolation method.

Theorem 1 [1]. Let u(x) € C™**1[z,,z,],. Then the error of the interpolation method is
u™©)
(n+1)!

point dependent on x, w,4+1(x) = (x — zp)(x — z1)... (x — z_1) (x — 2,).

From the formula for approximating the function using the Lagrange interpolation polynomial
u(x), we obtain the formula for calculating the m order derivative of the function u(x) in the
neighborhood Z.

determined according to the formula R,,.,(x) = Wne1(x), Where z; < &<z, is a

U™ (x) = Tk, L ()uz) + Ry (%), ¥
So we get the formula to approximate the m-order derivative
DM (%) = Ty L™ (0)u(z) ©)

Theorem 2 [2]. The error of the first derivative approximation is determined by the formula
P _ n uM D (x-z)" !
Tl+1( ) (Tl+1)' 0,k¢i(zl Zk) Z} =0 j#—'l l—[ —o kii'j(zk—Zj) . (4)
Since formula (3), inorder to approximate the m -order derivative of the function u(x) at
every grid point, we need to develop a method to calculate the m- order derivatives of factors.

2.2. Method for calculating factor derivatives

(x=20)--(x=2i—1) (X—Zj41) - (X—2Zn)
(2i=20).-(zi=2i—1) (2i=Zi41) . (2i=2n)’

Consider factor L;(x) =

Let
Ti(x) = (x = 29)(x — z1).. (x = 2;-1) (X = Zj41) .. (X — 2p) ,
M; = (z; — 20)(z — z1).. (z; — 2i-1) (21 — Ziy1) - (2 — Z3),
Zi = {(.X - ZO)I (x - Zl)l L) (.X - Zi—l)' (.X' - Zi+1)' ] (.X' - Zn)}'

It is easy to see that T;(x) is the product of n elements in the set Z;, in which all elements
are present. We set T;(x) to correspond to a binary sequence H consisting of n bits that all
receive the value 1. We have T/ (x) = (x — 2) (x — 2) (x — 23) .. (X — 25) + (¥ — 20) (x —
z2)(x—2z3)(x—z)+(x—2zp)(x —2z))(x —23) . (x —2Z) + -+ (x — 2p)(x — 1) (x —
Z3) . (X — Zp_1).

Tl.(l)(x) is the sum of the terms, each term is the product of (n — 1) elements taken from the
set in the set Z; in which the identical terms are repeated once. We let Ti(l) (x) correspond to a
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binary matrix Hy, each line is a binary vector consisting of n bits, of which 1 bit takes the value
of 0. Number of rows in matrix H; equals C;. For example
(x—z)x—2)...(x—2z,) «(0,1,1,1,...1)
x—2z))(x—2)...(x—2,) & (1,0,1,1,....1)

T2 () = (= 22)(x = 23) . (6 = 2) + (6 = 20) (¢ = 23) . (6 = 2) + (¥ = 20) (x —
z)(x—2zy) (x—2z) + -+ (x—2p)(x —2)(x — 23) ... (X — Z5_3).

Obviously Ti(z)(x) is the sum of the terms, each term is the product of (n — 2) elements
taken in the set Z;, in which the overlapping terms repeat 2! time. We let Ti(z)(x) correspond to
a binary matrix H,, each line is a binary vector consisting of n bits which 2 bits receive the value
0. Number of lines in matrix H, is equal to C2. For example

(x—2z)(x—23)...(x —z,) «(0,0,1,1,....1)
(x—2zp)(x —23)...(x —z,) < (1,0,0,1, ....1)

In the general case

T (@) = (¢ = Zm) (X = Zmg1) o (6 = Z) + (8 = 20) (¥ = Zyna1) o (X — 29) +
(x = 29)(x = 21) (X = Zma2) . (X = 2p) + -+ (X — 20) (x — 21)(x — 22) ... (X = Zp—).

Ti(m) (x) be the sum of the terms, where each term is the product of (n — m) elements taken in
the set in the set Z; where the duplicate terms repeat m! time. We let Ti(m) (x) correspond to a
binary matrix H,,, each line is a binary vector consisting of n bits which m bits take the value of
0. Number of rows in the matrix H,, equals C;*.

(m)
After determining the values Ti(m) (x) then Lgm) (x) = m! & M@ , We obtain approximately

the m-order derivative of the mesh function determined by the formula
DY) = Y1 L™ ()Vym = 1,2,... (5)
where V = (u(zy), u(zy), ..., u(zy,)) is the value of the mesh function on neighborhood Z.

2.3. Proposed algorithm in case of irregular grid

According to the method analyzed, the matrix H,, is common to all Tl.(m) x),i=0,.,..,n If

the matrix H,,, can be determined, then determining the derivatives Lgm) (x) can be done using
the algorithm.
function Lgm) =Factorial_Derivative(Z, x,n,m)
begin
T (x) = 0; M; = 1;
fork =0:n
if (|<>k) then Mi = Mi * (Zl - Zk)'
end
for p =1: size(H,,)
sp =1,
forg=1l:n
if Hyp(p,q) = 1then sp = sp * Zg;
end
Tl.(m) (x) = Ti(m) (x) + sp;
end
(m) 7™ (x)
Ly =mlx- ;

i

end
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It is easy to see that the matrices H,, obtained from the backtracking algorithm generate
binary sequences corresponding to m convolutional combinations of the set {0,1}.
function H =Geneeating_Algorithm(T, n, m, i, H)
ok=ones(1, n);

forj=1:n

if (i ==1)
T (1)= j;0k(j)=0;
if (m==1)

H=[H;T];

else H = Geneeating_algorithm (T, n, m, i +1, H);
ok(j)= 1,

end;

if and((ok(j)==1),(T (i — 1)<j))
T ()= j;0k(j)=0;
ifi==m
H=[H;T];
else H = geneeating_algorithm (T, n, m, i + 1, H);
end;
ok(j)=1;
end;
end;
From the above results, we propose a general algorithm to approximate the mesh derivative
DMy,
Algorithm 1.
Input: U —grid function, N —Number of dividing points, (n+1) —Number of neighboring
points, X - Irregular grid
Output: D™ U — m -order derivative m on grid X
begin
Step 1: Determine the H,, according to the procedure Geneeating_Algorithm(T, n, m, i, H)
Step 2: Forj =1,2,.., N +1
2.1 For each grid point x;, determine (n+1) neighboring points Z; and the corresponding
grid function V.
2.2 Determine the -coefficients L(im) (x), i =0,2,..., n according to the algorithm
Factorial_Derivative(Z, x,n, m).
2.3. Determine the mesh derivative D(m)U(xj) according to formula (5).
end
2.4. Proposed algorithm in case of regular grid

In case the grid is uniform with step h, consider points x;,k = 0,1, ...,n. We have some
comments below:

Since xx = zo + (k — 1)h,k =0,1,...,n, it follows that x;, — z; = (k — j)h, Vk,j. Given a
set of neighboring points Z = h™{k, (k — 1), (k — 2),..,(k —n)}, if we have k = [2] then
obviously Z is fixed. determined and the Z; generated from Z depends only on i. Therefore the
coefficients L™ (x;) will be fixed for all Z.

Let Z0 = {a,a + h,...,a + nh} be the first neighbor set, we will calculate the coefficients
Lgm)(xk),i =0,1,..,n at points k = 0,1,.., E]l are used to calculate D™ U(x,) at points
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corresponding to k < E] coefficients Lgm) (x[n]) is used to calculate D™ U(x,) at points
2

n

corresponding to [2] <k<N- E] At the points corresponding to k > N — E] we can prove
that L™ () = L™ (xy_i0) ).

Since the coefficients L(im)(xk) always contain a him Let B(k,i) = thEm)(xk) then the
derivatives at every grid point will be determined through the formula

DY) = 1o L (V) = 5 Xy B, DV () ©)
V = Uy, Uy, .., Up), k= 0,1,.., [g] —1;
n n
V= (Uk—[%]'Uk—[g]+1' ...,Uk+[g]), [E] <k<N- [E]'

n
V = (UN—n, UN_n+1, ’UN)IK 2 N —_ I:E:I'

From the above comments, we build an algorithm to calculate mesh derivatives
function D™ U=Mesh_Derivative(B, U, N, n)

begin
n
k=1Ll
fori=0: N
ifi<k
V =U (0: n); D™U(0: k)= B(0: k,))*V;
elseifi > N-k
V =U(N -n: N); D™WU(N- k: N)= B(N- k: N,:)*V;
else
V=U(-k:i+k); D™U(®i)= B(k,)*V:
end;
end
end
From the above results, we propose an algorithm on a regular grid
Algorithm 2.

Input: U —grid function, N —Number of dividing points, n+1 —Number of neighboring points,
X - Irregular grid
Output: D™ U — m -order derivative m on grid X
begin
Step 1: Determine the H,,, according to the procedure Geneeating_Algorithm(T, n, m, i, H)
Step 2: For i=0:n
2.1 Determine vecto V = (U,, U4, ..., Uy), Z = (Xg, X1, ..., X)-
2.2 For k=0:n
+ Determine Lgm) (xx).
+ Determine matrix B:

( Lgm) (xp) k < E],
sty = i () ] <= ]

=L Genmid ke = N = [3].
Step 3: Perform the procedure Mest_Derivative(B, U, N, n)
end
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Theorem 3 [1]. The error of the m-order derivative approximation in the case of a regular grid
is determined by the formula:
(_1)n—mm! pn-m+1 n+l u(n+1)(f)
(n+1)! L (=1)Jjt(n =)
Jj=1,j#i
From theorem 3, it can be evaluated that the accuracy of D™ U is equivalent to O (R™*~™*1),

Ry™(h) =

(i = D™ ()

3. Experimental results and discussions

In this section, we verify the accuracy of the proposed algorithms. We give the function
ug(x),x € [a, b], thereby determining the derivative of arbitrary order ug")(x). Divide the
interval [a, b] by n + 1 points a = xy < x; < -+ < x,, = b, determine the grid function value
U = (ug(x), ug(x1), o, g (%)) and the value of the derivatives
DMy, = (uflm)(xo),u;m)(xl),...,ufim)(xn)). Using the algorithm to calculate approximate
derivative values on the grid D(™U = (D™ (x,), D™ (x,), ..., D™ (x,)), thereby evaluating
the error of the method.

Example 1: Given the function ug (x) = sinZ + e, xe[0,1], then

Wyl X x @y 1o X _x
u?)(x)—zclos2 e ", uy ((a)c) %51n2+e :

3 _ 1 X _x (4 _1l . x —x
uy’(x) = SCoss—e ", uy (x) Gsins +e™.

Divide the interval [0,1] by the grid points
0<0.05<0.08<0.1<0.2<0.25<0.3<0.4<0.47<0.6<0.75<0.8<0.91<1.
Use algorithm 1 to calculate the derivatives D™ U (x;) then compare with the exact derivative
value DU, (x;),i = 0,1,2,...,13. In table 1, we set &, = [D™U(x;) — D™ U, (xy)|.

Table 1. Error results of the derivative on the irregular grid (Number of neighboring points n = 8)

X &1 & &3 &4

0 2.0e-12 2.9e-10 2.0e-08 1.0 e-06
0.05 1.0e-13 2.0e-11 2.0 e-09 8.0 e-08
0.08 2.0e-14 1.0e-12 2.0 e-09 4.0 e-08
0.1 1.0e-13 1.0e-11 2.0e-09 2.0 e-08
0.2 2.0e-13 2.0e-12 4.0 e-09 1.0 e-08
0.25 3.0e-13 1.0e-12 9.0 e-09 1.0 e-08
0.3 1.0e-12 4.0e-11 1.1e-08 6.0 e-08
0.4 3.2e-12 1.4e-12 4.0 e-08 5.0 e-08
0.47 6.1e-12 1.4e-10 4.1 e-08 1.4 e-07
0.6 15e-11 4.0e-11 8.6 e-08 3.0e-08
0.75 9.8 e-12 2.5e-10 1.0 e-07 1.0 e-07
0.8 l.1le-11 4.7e-10 5.2 e-08 5.1e-07
0.9 6.4e-10 1.9e-09 1.0 e-07 2.4 e-06
1.0 4.3 e-09 2.4e-08 8.4 e-06 1.9 e-05
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%107 Error graph N=14, n=§
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Figure 1. Error graph with first derivative on irregular grid

Example 2: Given the function u,(x) = sing + e™*,x€[0,1]. The number of points divided

on the regular grid is (N + 1) points. We calculate the derivatives D™U using algorithm 2.
After calculation, we compare with the correct derivative value DU, calculation results error
are in table 2, in which E,, = |[D@™U — D™y,||, || || is determined as the max norm.

Table 2. Error results of the derivative on the regular grid (Number of neighboring points n = 8)

N E, E, Es E,

10 7.7568e-010  4.2324e-008 1.3767e-006 3.1636e-005
20 3.6441e-012  3.9606-010 2.60386-008 1.1798e-006
30 7.7716e-014  1.8229¢-011 2.3907e-009 1.5935€-007
40 6.5050e-014  1.2019e-011 1.34826-009 2.2535€-007

% 107 Error graph N=40,n=8
T T T T

Error

f L L L L L L
0 0.1 0z 0.3 04 05 0.8 07 0.8 0.9 1
ES

Figure 2. Error graph with first derivative on regular grid

The results in table 1 and table 2 show that algorithm 1 and algorithm 2 provide approximate
derivative results on the grid with very high accuracy, equivalent to 0(h™~™*%1), these results are
consistent with the proposed theory, the largest error always occurs at the two ends. This is
consistent with the properties of interpolated polynomials.

Example 3: In the case of a regular grid, we create a coefficient matrix B with 7 neighboring
points, from which we get an approximate first derivative formula with 0(h®) accuracy over the
entire grid:

u®(0) = %(-2.45u0+6.00u1-7.50u2+6.6667u3-3.75u4+1.20u5-0.1667u6)

u®(1) =+ (-0.1667u,-1.28331; +2.50u,-1.666713+0.833314-0.2515+0.033314)
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u®(2) = %(0.0333u0—0.40u1—0.5833u2+1.3333u3—0.50u4+0.1333u5—0.0167u6)

uM (i) = - (-0.01671;_3+0.151;_5-0.75u; 1 +0.75u;,1-0.15u;,+0.0167u;, 3)

uM(N=-2) = %(O.167uN_6—0.1333uN_5—0.5uN_4—1.3333uN_3+0.5833uN_2+0.4uN_1—
0.0333uy)

uM(N — 1) = +(~0.033uy_s+0.25uy_5-0.8333uy_4+1.6667uy_s-
2.50uy_,+1.2833uy_,+0.1667uy)

uM (V) = %(0.1667uN_6—1.20uN_5+3.75uN_4—6.6667uN_3+7.50uN_2—6.OOuN_1+2.45uN)

Similarly, we can build all the formulas that approximate the m-order derivative with (n +1)
neighboring points. These formulas coincide with all known formulas. Derivative approximation
formulas will be used to improve the accuracy of approximate solutions for applied problems that
use numerical derivatives.

4. Conclusion

The main content of the article provides a method for determining the derivative of Lagrange
factors by mapping with binary matrices. Based on that, we have proposed two higher order
derivative approximation algorithms. on the grid space with high order accuracy in the cases of
irregular and regular grids. We have performed experimental calculations on examples with exact
solution functions. Through calculation results, we confirm that the proposed algorithm provides
approximate m-th order derivative values with high order accuracy. These results will be used to
improve the accuracy of solutions for the class of problems using derivative formulas on discrete
data sets.
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