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m-polar sets the Schauder fixed point Theorem way by creating a suitable convex compact

Complex m-Hessian operator ~ Set and constructing a continuous map from the aforementioned convex
compact set into itself. The techniques for solving weighted m-Hessian
equations without the monotonicity assumption on the function F(t, z) in
the first variable are quite different from those used in the case with the
monotonicity assumption on the function F(t, z) in the first variable. We
also solve the above-mentioned weighted m-Hessian equation in the case
where the measure g is bounded by a suitable function of the m-capacity
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1. Pit vén dé

Toan tr Monge-Amp “ere phirc (dd°u)" déng vai trd quan trong trong ly thuyét da thé vi.
Trong [1] E. Bedford and B. A. Taylor dinh nghia toan tr Monge-Amp ‘ere trén 16p cac ham da
diéu hoa dudi bi chan dia phuong va chi ra tinh lién tuc cta no trén cac day giam cac ham da dicu
hoa dudi bi chin dia phuong. Sau do trong [2], [3], U. Cegrell gidi thiéu I6p cac ham F(Q) va
E(Q) khong nhit thiét bi chin dia phuong ma trén d6 toan tr Monge-Amp e re van xac dinh.
Giai phuong trinh Monge-Amp ere (dd°u)" = ¢ va céc phuong trinh dang Monge-Amp €ere la
bai toan duoc nhiéu nha Toan hoc nghién ciru (xem [4]-[7]).

Trong [8] Z. Blocki gigi thiéu 16p ham m-diéu hoa dudi 1a sy mo rong cua I6p ham da diéu
hoa dudi va nghién ctru todn tir m-Hessian phac H_ (u) = (dd°u)™ A ™™ trén 16p cac ham m-
diéu hoa dudi bi chin dia phuong va chi ra tinh lién tuc caa no trén cac ddy giam cac ham m-diéu
hoa dudi bi chan dia phuong. Trong bai bao [9] Lir Hoang Chinh gigi thiéu lop Cegrell
F (Q),&,(Q) cac ham m-diéu hoa dudi khong nhét thiét bi chan dia phuong ma toan tir m-
Hessian phtrc xac dinh va lién tuc dudi day giam. Trong ly thuyét vé cac ham m-diéu hoa dudi,
Viéc giai phuong trinh m-Hessian phuc dong vai trd quan trong. Trong [10] Vi Viét Hung va
Nguyén Vin Phu da giai phuong trinh m-Hessian phac H_(u) =z trong I6p & (€2) khi ton tai
dudi nghiém trong 16p nay. Trong [11] A. El. Gasmi giai phuong trinh trén trong 16p N, (f)
néu ton tai dudi nghiém trong I6p nay. Trong [12], L& Mau Hai va Vii Van Quén giai phuong
trinh dang m-Hessian phac F(u, z)H, (u) = u trong I6p D, () néu ton tai dudi nghiém trong
I6p ndy. Gan day, H. Amal, S. Asserda va A. El. Gasmi [13] d4 giai phuong trinh dang m-
Hessian phuac o trén trong 16p N (f) néu ton tai duéi nghiém trong 16p nay. Tiép tuc husng
nghién cuu cta cac tac gia trén, trong bai bao nay chdng téi nghién ctu giai phuong trinh m-
Hessian c6 trong —F (u, z)H,,(u) = & trong lop F,,(f)khi d§ do  triét tiéu trén tap m-cuc va
bi chan bai todn tir m-Hessian cua mot ham thuge I6p F (f). Chung tdi cling nghién ctru giai
phuong trinh m-Hessian c6 trong trong trudng hop d6 do x bi chan bai mét ham cua Cap,, .

2. Phwong phap nghién ciru

Van dung, cai tién cac phuong phap truyén thdng caa 1y thuyét da thé vi cho cac ham da diéu
hoa dudi dé &p dung cho cac ham m-diéu hoa dudi. o

Van dung sang tao cac ky thuat cua Giai tich ham dac biét 1a &4p dung nguyén ly diém bat dong
Schauder.

3. Két qua va ban luan
3.1. Céac kién thirc chudn bi

Céc kién thuc can thiét vé da didu hoa dudi doc gia c6 thé tham khao trong [14], cac kién thuc
co ban vé ham m-diéu hoa dudi doc gia cd the tham khao trong [9], [15]. Mot tom tit cac tinh
chat ciia ham m-diéu hoa dudi duoc st dung trong bai bao nay, doc gia c6 thé tham khao trong
phan Premilinaries tir muc 2.1 dén muc 2.6 cua bai béo [16].

Trong bai bao nay ching ta ludn gia thiét € 1a mot mién m-siéu 16i bj chan trong C".

B6 dé& dudi day 1a mot két qua doc 1ap réat tha vi va 1a céng cu quan trong duoc sir dung dé
ching minh cac két qua chinh cua bai bao. Két qua twong tu cho cac ham da didu hoa dudi co thé
xem trong [17].
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Bo dé& 3.1. Cho w 1a mét dé do duong, cé trong hiru han trén Q va triét tiéu trén cac tdp con
m-cuc. Gida si rang day ham {u;} € SH, (Q) théa man cdc diéu ki¢n sau:

(i) supJ'—ujd/,l <00,

[

(if) U, héi tu hdu khdp noi t6i ham u e SH (Q) theo dV, .

Khi do chung ta co

mjgwj —uldx=0.

Chizng minh:

Chdng ta chia chirng minh thanh hai budc.
Budc 1. Chlng ta chirtng minh

lim [ udu=] udu (1)

joo

That vay, tir gia thiét (i), ton tai day con cia day u; ( dé don gian ta van st dung ki hiéu u;)

sao cho !mjgujd,u:a.

Mat khac theo Binh ly hdi tu don diéu chlng ta c6

leojgmax{u,—N}dy = jQudy.

Véi N >1 ¢b dinh cho trudc néu ching ta co

!m'[g max{u;,—N}du = '[Q max{u,—N}d

thi str dung qua trinh lay diy duong chéo "diagonal process" chung ta c6 dang thic (1). Do
d6, chung ta chi can chimg minh dang thac (1) cho day u;va U bj chan dudi déu.

Do gia thiét () < oo va ddy u;bi chan dudi déu ching ta ¢6 tap A:={u}., l1a bi chan
trong khong gian Hilbert L*(€, ) . Do d6 theo Dinh Iy Mazur, ton tai day 0; thugc bao 18 ciia
tap Asao cho U;hoi tu dén 0 trong L*(, z2) . Tir d6 ton tai ddy con cua ddy 0, (dé thuan tién
cho vigc trinh bay ta van ki higu day con d6 bang ki hi¢u day ;) sao cho day U hoi tu hau khap
noi dén 0 theo d .

Mt khéc, theo gia thiét (i) changtacé U, —u trong L*(Q2,dV,,). Do d6

(supl,) Y u tréen Q

k> j
Theo Dinh ly hoi tu don diéu két hop véi do do g triét tiéu trén cac tap con m-cuc chiing ta ¢6
Joudu=tim|. (supd,ydsu=lim [ (supa)due= [ udu=a.

Tir d6 ching ta c6 dang thic (1).

Buérc 2.

< . * gy A N 1
bat v, = (ili?uk) . Khido v; 2u;,v; dutrén Q va V; —>u trong L'(Q,dV,,).
Theo Bude 1 ching ta cé

IimIijdy:IQudy:!mjgujdy. @)

j—)oo

Bai bét dang thirc tam giac chung ta c6
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jQ|u,. —u Hysjg(vj —u)dy+L2(vj —uj)dyzzjg(vj —u)dy+jg(u—uj)dy.
Két hop voi dang thirc (2) chiing ta ¢6 diéu phai ching minh.

3.2. Phwong trinh m-Hessian pharc co trong

Choham F:R™ xQ-—>R lahamsé lientucva f €& (Q)NMSH_(Q) NC(Q).

Trong Pinh ly dudi day, ching t6i giai phuong trinh m-Hessian phiic ¢d trong trong truong
hop d¢ do g triét tiéu trén cac tap m-cuc trong 2 va bi chan boi toan tir m-Hessian cua mot ham
thuoe lop F (f). Cha y rang cac két qua vé giai phuong trinh dang m-Hessian trong [12] va
[13] can dung gia thiét ham F 1a ham don digu theo bién tht nhat. Trong bai béo nay chiing toi
giai phuong trinh dang m-Hessian ma khéng can gia thiét ham F don diéu theo bién thir nhat.

Pinh ly 3.1. Cho w la dé do khong am, cé trong hiru han va triét tiéu trén cac tap con m-cuc
trén Q. Néu cdc diéu kién sau ddy théa man:

(i) Ton tai ham w e F (f) N L'(Q, u) saocho u<H_(y).

(i) F(t,2) <—1véi moi t<0,z Q.

Khi do phwong trinh
~F(U,2)H,, () =
¢6 nghiém

ue F2(f)nL(Q, u).

Chung minh: Bat

A={ueF (f):y<u< f}.

Dé thiy A = & do w e A. Tir Ménh @ 3.3 trong [10], chiing ta suy ra rang néu u € %, (f)
thi uel'(Q,dV,,). Do d6 A la tap con 16i, compact trong L'(€,dV,, ). Theo Bo dé 3.1,
chiing ta suy ra A 1a tap compact trong L' (Q, ).

R 1 )
V6i moi ham u e A, ching ta c6 ﬁd 4 1a @9 do triét tiéu trén cac tap m-cuc va co
-F(u,z
trong hitu han. Do d6, theo Dinh 1y 4.4 trong [11], ton tai duy nhat ham v e Z2(f) 1a nghiém cia
phuong trinh H_ (V) :ﬁdﬂ' Hon nita, boi gia thiét (i) va (ii), ching ta co
-F(u,z

H_(v)<u<H_(y). T Ménh dé 2.13 trong [13] chdng ta suy ra V>y. Do d6 chung ta co
ve A

Tur Iap luan trén, chlng ta xét toan tor 7 : A — .4 bién mdi mot ham u e A thanh ham

1
—du
—F(u,2)

Tiép theo ching ta s& chung minh toan t 7 lién tuc trén L'(Q,d ). Xét ddy ham
{u;}= A, u;hoi tu tei utrong L*(Q,d ). Ta cin chiang minh T(u;)>7(u) trong

v:=T (u) € A langhiém duy nhit ctia phuong trinh H_ (V) =

L*(©, d ). That vay, tdn tai mot ddy con cua day {u ;}(dé thuan tign vé mit trinh bay ta van
dung ki hi¢u day con do 1a {u;}) sao cho u; - u hau khip noi theo d 2. Vi méi z € Q ta dat
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. 1
Y(2) :=inf _,
¢;(2)=inf Fu.2)

1

2
(Z)=Sup————.

¢;(2) kz?—F(Uk,Z)

Khi d6, chung ta co:

(i) 0<¢i(2)< <@f(2) <1 véimoi j=1.

_
—F(u;,2)

(i) limg;(z) =limg:(2) __r hau khap noi theo d .
joo joo _F(u Z)

Theo Dinh ly 4.4 trong [11] ton tai cac ham v} e F. (f) la nghiém cta cic phuong trinh
1y 1 N 2 N . , \ 2y 2 N N
H, (v;)=¢;du, ham vi e 7 (f) la nghi¢m cua phuong trinh H_ (Vi) =¢jdxu vaham v, la
1

——du
-F(u;,2)

Theo Ménh dé 2.13 trong [13] ching ta ¢6 v; 4 V',vZ T v?. Hon nira, két hop Ménh dé 2.13
trong [13] va (i) chung ta cé

nghig¢m ctia phuong trinh H, (v;) =

vixv, =T (u) >V, (3)
Mat khac, theo (ii) va Binh Iy hoi tu don diéu chlng ta cé
1
H V)—> ——dyg,
(V) Fu2) 7
H () ——
" TRu

Do d6, theo Dinh ly 3.8 trong [10] chung ta cé

N _
H ()=~ gy 84 = Ha (T

M () =~ = HalT @)

Theo Ménh dé 2.13 trong [13] ching ta c6 V' = (v*)" =7 (u) trén Q.

Két hop véi bét dang thic (3), ching ta cé 7 (u;) — 7 (u) ngoai mot tap con m-cuc cia O

Do d¢ do w trigt tiéu trén cac tap con m-cuc, chung ta c6 7 (u;) — 7 (u) trong L, d ).
Nhu vay ta da chimg minh duoc toan tr 7 : A — A lién tuc.

Theo Dinh 1y diém bat dong Schauder ton tai ue.A sao cho U=7 (u). D& thiy H_(u)
tri¢t tiéu trén cac tap m-cuc, do d6 ching ta c6 U € F-(f). Pinh Iy dugc chitng minh.

Tiép theo ching t6i giai phuong trinh m-Hessian c6 trong trong trudng hop do do x bi chan
béi mot ham cta Cap,, . Két qua caa Dinh 1y sau day lay ¥ tuéng tir [18].

Pinh ly 3.2.

Cho wla @ do Borel khéng dm trén Q véi trong hitu hgn va G :[0,00) —[0,00) la ham

khéng giam sao cho G(0) =0 va J?G(Sim)ds < o,
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Néu cac diéu kién sau day dwoc théa mén
(@) u(X)<G(Cap,,(X))voi moi tdp con Borel X cua 2.

(b) Ton tai ham do dwec H : Q—[0,00] sao cho

CF(t,2)> H(2), V(t, 2) € (—0,0)xQ va ¢ = j%dﬂ <oo.
Q

Khi do phuwong trinh m-Hessian phuc cé trong

—Fu,)H, () =x

c6 nghiém u e F (Q).

Chizng minh:
bat

A={ue £,©): [ H,W=c}.

Chuing ta s& ching minh rang A 1a tap 16i. That vay, voi a €[0,1], ta can ching minh
j H, (au+(1-a)v)<c.

Q

Theo Ménh d 3.3 trong [10] chiing ta c6

j H, (au+(1-a)v)= j dd®(au+@L—a)V)" A B" "

J‘Q ( jﬂ (1 a)m k(dd u) /\(dd V)m k/\ﬂn m

( ]a(l a)mkj (dd°u)* A (dd°V)™* A BT

m

Z[ ja(l o)™ [[ H oG [J,H ol
<[Z( ja(l a)™ k]c C.

Do d6 chung ta c6 A la tap 16i.

Tiép theo ching ta s& chiing minh A 1a tap compact trong L*(€, z). That vay, theo Ménh dé
3.3 trong [10] ching tacé A < L'(Q,dV,,).

L4y mot day {u;} trong A.Véi s >0 theo Dinh ly 3.1 trong [19] chung ta c6

Cap,,({y; <—s})£simJ'QHm(uj)£S£m. (4)
Do d6 u; khong thé hoi tu déu dén —oo trén cac tap con compact cia Q. Tir do, t0n tai day
con cua U, (dé tign trinh bay ta van ki hi¢u Ia u;) hoi ty dén u e SH_ (Q)
trong L, (Q,dV,,). Theo B dé 4.7 trong [20] ching ta suy ra u € F, (Q).
Tiép theo ching ta s& chung minh u; hoi tu dén U dén trong (€, 2). That vay, tir gia thiét

(@) va G(0) =0chung ta cd u 1a do do triét tiéu trén cac tap m-cuc. Theo B6 dé 3.1 ching ta chi
can chtng minh rang
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sup jQ (~u;)d p < oo, (5)

i>1
That vay, theo gia thiét (a) va ap dung (4) voi chl y rang G 1a ham khéng giam, chiing ta c6

c
u{u; <-s}) <G(Cap,({u; <-s}) < G(S—m)-
Do d6 theo gia thiét LwG(Sim)ds < o0, chiing ta ¢6

sup [ (—u;)du=sup j: p({u; <—s})ds <.

j=1 i1

Nhu vay ching ta c6 bat dang thic (5).

Theo B6 dé 3.1 ching ta ¢6 u; —>u trong L'(€, x). Nhu vay chiing ta c6 A I tap 16i va
compact trong L*(Q, 12).

Mt khac, chung ta dd c6 x 1a do do triét tiéu trén cac tap m-cuc. Hon nira tir gia thiét (b)

1 s
chiing ta suy ra d¢ do ﬁdy c6 trong hiru han. Theo Dinh |y 4.4 trong [11], ton tai
-,z

ve F () saocho H_ (V)= % d £. Hon nira, tir gia thiét (b) chlng ta c6
-F(u,z

1 1
H (V)=|——du<|—du=c.
-[Q " l—F(u, z) i H
Do d6 ching taco v e A.
Ching ta xét toan tod 7 :. 4 — . Abién mdi mot ham ue. A thanh nghiém duy nhat
1
—du
—F(U, Z)
Str dung 1ap luan nhu trong ching minh caa Binh Iy 3.1 (chi ¢6 mét sy thay d6i nho la thay

vi=7(u)e F, (Q) ciaphuongtrinh H_(v)=

. 1
thé chan trén cia ddy {¢;}1a 1 trong Dinh Iy 3.1 boi ﬁ)’ chiing ta c6 7 14 lién tuc. Theo Dinh
ly diém bat dong Schauder toan tir 7 c6 diém bat dong la nghiém cia phuong trinh
—F(u, z)H,,(u) = g Pinh ly dugc chung minh.

Nhan xét

. n . C
Theo Ménh dé 2.1 trong [21], véi moi p € (0, ——) ton tai mot hang s6 k chi phu thuoc
n—-m

vao p sao cho V,, (X)<kCap, (X)" v&i moi tap con Borel X cia Q. Do d6 d§ do Lebesgue
ik _— . Lt s 1 n
dV,, théa man gia thict (a) vsi ham G(x) =kx® &do p la mot s6 bat ki thuoe (—, ——) .
m n-m

4. Két luan

Trong bai bao nay, ching toi da giai phuwong trinh m-Hessian c6 trong —F(u, z)H_ (u) = u
trong lop F, () khi do do w triét tiéu trén cac tap m-cuc va bi chan boi toan tir m-Hessian cua
mét ham thuoc 16p F, (). Ching t6i cling da giai phuong trinh trén truong hop d6 do u bi
chan bai mot ham cua Cap,, .
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Loi cam on

Cong trinh nghién ctru nay da dugc truong Dai hoc Dién luc tai tro thong qua dé tai nghién
ctu Khoa hoc cap Truong nam 2023.
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